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Abstract

We study the new concept of total outer independent geodetic number of a graph. A geodetic set
S cV issaid to be total outer independent geodetic set if (S)has no isolated vertex and (V —S) is an
independent set. We investigate the total outer independent geodetic number of some special graphs.
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1 Introduction

In this paper, we use a finite undirected simple connected graph G. Thedistance d(u, v) between
two vertices u and v in a connected graph G is the length of a shortest u —v path in G. Au—v path of length
d(u, v) is called a u—v geodesic of G and for a nonempty subset S of V (G), I[S] = Uyyes I[u, v]. A set S of vertices
of G is called a geodetic set in G if I[S] = V(G) and ageodetic set of minimum cardinality is the geodetic
number g(G). The geodetic number was introduced in®,

Avertex v is an extreme vertex in a graph G, if the subgraph induced by its neighbors is complete. The
minimum number of vertices in a vertex cover of G is the vertex covering number ao(G) in G. Also Bo(G) is the
minimum number of vertices in a maximum independent set of vertex of G in*®. A vertex of degree one
is called a pendant vertex. Caterpillar tree is a tree of order three or more, the removal of whose end-vertices
produces a path called the spine of the caterpillar.

A set of vertices of G is an independent geodetic set if S is an independentsetand I[S]=V .
The minimum cardinality of an independent geodetic set is the independent geodetic number ig(G), it was
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introduced by P.Kazemi and doost Ali mojdeh?.
A geodetic set S c V (G) is a total geodetic set if the subgraph G[S] induced by S has no isolated
vertices. The minimum cardinality of a total geodetic set is the total geodetic nhumber gt(G) and it was

introduced by Abdollahzadeh Ahangar and Vladimir Samodivkin. A set of vertices S in a graph G is a
nonsplit geodetic set if S is a geodetic set and the subgraph G[V —S] induced by <V (G)-S > is connected. The
minimum cardinality of a nonsplit geodetic set, denoted by g_ (G), is called the nonsplit geodetic number of G
was studied by Tejaswini, Venkanagouda in’.

In this paper we define total outer independent geodetic set. For any undefined term in this paper,
see*®.
The following theorems are used in the sequel.

Theorem 1.1 .2 For any cycle C, of order n>3,

2 if nis even,
3 if nis odd.

Theorem 1.2 .* For any cycle C, of order n >3,

g(Cn)z{

% if nis even,
@0C)=1 0a it nis odd.

2
Theorem 1.3.3 For any graph G, ap + o = n
Theorem 1.4.2 Every geodetic set of a graph contains its extreme vertices.

2 Total outer independent geodetic number of a graph:

Definition 2.1 A geodetic set S c V is said to be total outer independent geodetic set [TOIGS] if (S) has no
isolated vertex and ¢V — Sy is an independent set. The minimum cardinality of a total outer independent geodetic

set and it is denoted by giwi(G) is called the total outer independent geodetic number of G

Example 2.2 We depicted a graph G in Figure 1and Sy = {vy, vz, v4, Vs, 7} isa g, -setsothatg, (G) =5.

Vi
\% \"
Ve P 2
v5 V3
Vaq

Figurel: G
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Remark 2.3 For the graph G given in Figure 1, S = {v1, v4, v7} is a geodetic set of G so that g(G) = 3. Thus the
g(G) and gui(G) are different.

Remark 2.4 For any connected graph G, g(G) < gwi(G).

Remark 2.5 Every pendent vertex and its supporting vertex of a connected graph G belongs to every total
outer independent geodetic set of G.

Remark 2.6 For any connected graph G, 2 <g(G) < ig(G) < gti(G).
3 Main Results

Theorem 3.1 LetW, =K; +C,_1 isthe wheel,n>5, then

”T” if nis even,

"T” if nis odd.

Otoi Wh) =

Proof. Let W, =Kj+Cp_1 be the wheel of order n > 5 and V (Wp) = {X, v1, V2, ...Vn_1}, Where deg(x) = n-1
and deg(vi) =3 foreachi € {1, 2, ...n—1}. We have the following cases.
n

Case(i) Suppose nis even. Consider S =Hi U Ky, where H is a geodetic set of Wy, with |H:|= 5 andK; =

{x} vertex. Clearly I[S] =V [Wy]. Hence (S) has noisolated vertex and (V —S) is an independent set. Thus

S is atotal outer independent geodetic set in W,,. Therefore gioi(Whn) = % +1= ”T”

Case(ii) Suppose n is odd. Consider S=H; U Ky, where H; is a geodetic set of Wy, |H1| = ”T‘l and K; ={x}
vertex. Clearly I[S] =V [Wy]. Hence (S) has no isolated vertex and (V —S) isan independent set. ThusS is

a total outer independent geodetic set in Wy,. Therefore gioi(Wn) = ”T‘l +1= ”T” Hence the proof.

Theorem 3.2 For any wheel W, =Kj; +Cp.1,n>5,

) ATRS if nis even,
Jtoi Wn) = . .
MTH if nis odd.

Proof. Let W, = K; + Cy_1 be the wheel of order n > 5 and V (Wy) ={X, v, V2, ...vh_1}, Where deg(x) =

n—1> 3 and deg(vi) = 3 for each i €{1,2,..n—1}. Inawheel, A =n—1and§ = 3. We consider the following
cases.

Case(i) Let n be even. We have from theorem 3.1, goi(Wh) = ”T” = w = AT+8. Therefore gioi(\Wn) =AT+8.
(n-1)+2

Case(ii) Let n be odd. We have from theorem 3.1, gioi(Whn) = ”T” = >

= 801 Therefore gioi(Wn) =
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A+5-1
.

Corollary 3.3: For any wheel Wy, n>5, gwi(Ws) = g(Wn) + K1, where g(Wy) is the geodetic number of wheel.
Theorem 3.4: Let C, be the cycle of order n > 6, then

2 _
< for n= o(mod 6)

2n+l - for n = 1 or 4(mod 6)
Ot0i (Cn) = 3

2042 for n = 2 or 5(mod 6)

2n+3 _

o= for n = 3(mod 6)

Proof. LetV ={vy, Vs, ...vn} be the vertex set of C,, n >6. We consider the following cases.

Case(i) n=0(mod6). Let S ={v1, Vo, Vo241, Vai2s2}. be the total geodetic set. But the induced subgraph
(V =S) is not an independent set, which is a contradiction. LetH = Uyv;, i3k forallk e N and S;=SU
H be the total outer independent geodetic set. Thus (S;) has no isolated vertex and (V —S;) isan

independent set. Hence gi(Cn) = |S1|=|S U H|=|S|+|H|=4 + 2 (%6)= 20 Therefore gui(Cy) = 2—;

Case(ii) n=1,4(mod6). LetS=1{v1, Vo, Vn+1/2, Vne1/2+1, } {V1, V2, Viio+1, Vny2+2}. are the total geodetic set for
n=1(mod6), n =4(mod6) but not a total outer independent geodetic set because induced subgraph (V —S) is
not an independent set. Consider S; =S U H be the total outer independent geodetic set.

Now we construct the V (H) as follows?

H {vs, Vs,....... Vi} n=1(mod6),
| {va, Ve ViBUQVE43,vE 44, vj}  n=1(mod6).

with |H|= 2021 wherei=3kforallk N forn=5(mod6)andi=3k< §,j = 3k+1 § +2 <j<n for

all k € N for n = 4(mod6). Thus (S;) hasnoisolated vertexand (V — Si) isan independent set. Therefore

0ui(Cr) = 1811 = [SUH| = |8] + |H| =4 + 2034 = 205
Case (iii) n=2, 5(mod6). LetS={v1, Vv, vn/2+1, vn/2+2}— {V1, V2, Vnj2+1, Vi2+2, 1 {V1, V2, vn+1/2, vn+1/2+1}—
{V1, V2, Vns1/2, Vn+12+1} are the total geodetic set for n= 2(mod6), n = 5(mod6) but not a total outer

independent geodetic set because induced sub-graph (V —S) is not an independent set. ConsiderS; =SUH
be the total outer independent geodetic set.
Now we construct the V (H) as follows

b {v4, Vs,......Vi} n=2(mod®6),
| Ve Vs VUYL 43, v 44, v} n=4(mod6).

with [H| = % ,Where i = 3k forallk e N for n=2(mod6) and i = 3k < % “T” <j=#3k+2<nfor all

k € N for n = 4(mod6). Thus (S1) has noisolated vertexand (V — Si) is an independent set. Therefore
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0ui(Cn) = 1811 = [SUH| = |S| + [H| =4 + 20530 = 2022,
Case (iv) n = 3(mod6). Let S = {vi, vo, Vnt12, Vnr12+41} De the total geodetic set. But it is not a total outer
independent geodetic set. Since(V — S) isnot an independent set. Now consider S; = SUH be the total outer

independent geodetic set. Where H = {va, Vs, ...Vi} U {Vh+10+3, Vnsz24a,....Vi}, 1 2 3k < ”T” and ”T” +1<j #

2n+3

3k + 1 <n. Thus (Sy) has no isolated vertex and (V —Sy) is an independent set. Therefore gui(Cn) = <3

Hence the proof.
The total outer independent geodetic set is not defined for Pp, n <7. In the next theorem we discuss
the result of P, forn>8.

Theorem 3.5 If P, be the path of order n > 8, then

ZTn+1 for n multiple of 3,
Jtoi (Pn) = (

2%*1-‘+1 for n not multiple of 3.

Proof. Let P, : vy, Vo, ...vy arethe vertices of path for n > 8, we have the following cases.

Case(i) Let n =0(mod3). Let S = {v1, Vo, Vn-1, Vn} be the total geodetic set, such that (V — S) is not an
independent set. Consider S; = SUA, whereAcV (Pn)—S, A=Uv;j, i =3k —i= 3k be the set it (S1) has

no isolated vertex and (V (Pn) —S1) is an independent set. Thus [S1]| = |[SUA| =S|+ |A| =4 + 2—;—3=2—; +

1. Therefore gii(Pn) = 2—3n +1

Case(ii) Let n =1, 2(mod3). Let S = {v1, V2, Vn-1, Vn} be the total geodetic set, such that (V — S)is not an
independent set, which is a contradiction. Sowe consider S; =SU A, where A= {va, Vs, ..vif4 < i #3k<n-1}

forall k e N with |S;| = (%W +1. Hencethe setS; isa total outer independent geodetic set of P, because

(S1) has no isolated vertex and (V — Sjp) is an independent set. Therefore gwi(Pn) = [2n-1/3+1]. Hence the
proof.

Theorem 3.6 Fortheintegerspi < p2 <,...< pg, Pi = 2, where 1< i< k. Let G = Kpg, p2,..pk be a complete k-
partite graph, then gwi(G) =p, + p,+... +p, ;.

Proof. Let G=Kpy, p2,..pk such that U = {uy, Up,....Upr}, W = {Wr, Wa,... Wp2},... X = {X1, X2,...Xc} where py < p
< <peandV =UUW U, ... UX isasshown in Figure 2.

Consider the geodetic set S=U but (S) contains isolated vertex. Consider Sy = S+V (Kpz,.pk-1) is a
total outer independent geodetic set. Thus (S;) has no isolated vertex and (V — S;) is an independent
set. Hence |Si] =[S+ V (Kp2,.pk-1)| = [SI+ [V (Kp2,.pk-1) = p, +P, +... +p,_,. Thereforeg, .(C)=p, +

P, + . tP
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Figure 2: For Complete k-partite graph G =Kpy p2,..pk

Theorem 3.7 If G = K —{ej, ej} is the graph obtained from K, by removing an non-adjacent edges
{ei, ej}, n> 5, then gui(G) =n-2.

Proof. Let G =K, —{e;, ej}, where e;, ¢ are non-adjacent edges of K,. Letej =uvand e;= xy for someu, v, X,
y € V(G), then S = {u, v} = {x, y}is the geodetic set with minimum cardinality. But S has isolated vertex and
V —Sisnot an independent set. Consider S; =S U H, where H c V (G) — S having n — 4 vertices and these
vertices has maximum degree n — 1. So(Si) has no isolated vertex, such that I[S;] =V (G) and also the set of
vertices (V (G)-Sy) is an independent set. Thus by above argument, S; is a total outer independent geodetic
set. Hence it follows that |S1]| = |S U H| = 2+n—4 = n—-2. Therefore gwi(G) = n —2. Hence the proof.

Theorem 3.8 For a caterpillar tree T with all the internal vertices, v, of deg(vi) >3, there is no total outer
independent geodetic number.

Proof. Suppose T is a caterpillar with all the internal vertices of degree is greater than or equal to 3.
Let A = {v1, vy, ...vi} be the number of k pendant vertices, B = {ug, up, ...u;} be the number of | supporting
verticesin T. Then the minimum geodetic set S = {vi, v, ...vx}, but S is not a total outer independent
geodetic set, here (S) has isolated vertex and (V — S) is not an independent set. Consider S; =SUB=V
(T), thenV —S; = ¢ does not satisfy conditions. HenceS; = V (T) andV (T) —S1 = ¢. Therefore for a caterpillar
tree T with all the internal vertices, deg(vi) > 3, there is no total outer independent geodetic number.

Theorem 3.9 If T is a caterpillar tree with atleast two internal vertices v;, v; such that deg(vi) = 2 = deg(v;),

j# i+ 1, then gwi(T ) =k + |, where k is the number of pendant vertices and | is the number of supporting
vertices.

Proof. Let T be a caterpillar tree with A = {v1, vy, ...v}, k pendent vertices and B = {ug, up, ...u} supporting
vertices, then the geodetic set S = {v1, Vo, ...vk}, S0 (S) has isolated vertex and (V (T ) — S) is not an
independent set. Consider S; = SUB be the total outer independent geodetic set if and only if deg(v;) = 2,
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deg(vj)=2 and j #i+1. Clearly (S1) has no isolated vertex and (V (T )-Sy) is an independent set. Hence
Owi(T) = |S1] =|SUB|=|S| + |[B| =k + I. Therefore gii(T) =k + L.

Theorem 3.10 If T is a caterpillar tree with atleast two internal verticesv;, v; such that deg(vi) = deg(v))

=2, ] =i+1, then gwi(T)>k+ 1+ 1. where k is the number of pendant vertices and | is the number of
supporting vertices.

Proof. Let T bea caterpillar tree, by theorem 3.9, it is clear that gwi(T ) = k + 1 be a total outer independent
geodetic number of a graph T, if and only ifdeg(vi) = deg(v;)) = 2, j = i+ 1. Suppose deg(vi) = deg(vj
= 2 andj=i+1,then Sisnota total outer independent geodetic set, since V (T ) —Sis not an independent
set. Hence S; = S U{vi}, where v; is the internal vertex, deg(vi) =2, be the total outer independent geodetic
set of T sothat gwi(T) >|S1 U{vi}|=k+1+1.

Theorem 3.11 For any connected graph G of order n > 4, 2 < g(G) > gwi(G) <n<2.

Proof. A geodetic set needs atleast two vertices and therefore g(G) > 2. Since every total outer independent
geodetic set is also a geodetic set of G it follows that g(G) < gwi(G). Hence 2 <g(G) < guwi(G) <n -2.

Theorem 3.12 For any connected graph G of order n > 4, 3 < gi(G) <gi(G) <n-2.

Proof. Every total geodetic set need atleast 3 vertices , so gi(G) > 3. since every total outer independent
geodetic set is a total geodetic set, we have gi(G) < gwi(G). Since G is a connected graph, it follows that
Otoi(G) <£n—2. Thus 3 <gy(G) < gui(G) <n-2.

4 Shadow graph :

Definition 4.1 The shadow graph D»(G) of a graph G is obtained from G by adding, for each vertex v of G
a new vertex V', called the shadow vertex of v, and joining v' to the neighbors of v in G. Observe that
(1) a vertex of G and its shadow vertex are not adjacent in D2(G) and (2) no two shadow vertices are
adjacent in D2(G).

Theorem 4.2 For any path Py, n >4, the total outer independent geodetic number of shadow graph Dy(Py) is
given by gwi(D2(Pn)) =n + 2.

Proof. Consider S={vy, vp, Vi ...V4'}isthe vertex set of the path P, and {vi, v5, ...vp} is the set of shadow vertices
of path Py, respectively. Then |V (D2(Pn))| = 2n is as shown in Figure 3.

Vi \ V3 V5 vn
_____________ .
V' 1 1 T T .|
1 Y2 V3 Va vn

Figure 3: The shadow graph for path P,
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Let S = {vy,VvnVi, ...va} be the geodetic set, but not a total outer independent geodetic set. Since
(S) has isolated vertex and (V (Dz(Pn)) —S) is not an independent set. Now consider S' = {v, v3, ...Vn.1} <
V (D2(Pn)) — S having n-2 vertices, and let S; =SUS' is atotal outer independent geodetic set. clearly(S;) has
isolated vertex and (V (D2(Pn)) —S1) is an independent set. Hence [Si| = |[SUS'| = [S|+|S'| = 4+n-2 =
n+ 2. Therefore gii(D2(Pn)) =n + 2.

Theorem 4.3 For anycycle Cy, n>4,

A(D2(Cp))+n-=-2 if n=0(mod?2),

g“’i(DZ(C”)):{ A(D2(Cp))+n-1 if n=1(mod2).

Proof. Let G = Dy(Cy) be the shadow graph. Consider {vi, vp, vl'...vn'} and {us, Uy, ...un} are the vertex sets
of first, second copy C,. Then |V (D2(Cp))| = 4n — 1. We have two cases.
Case(i) n = 0(mod2). Let A(G) = 4 be the maximum degree of G. Let Sy = {Vv1, Vnj2+1, U1,Un2+1} bE the

geodetic set of G. But S; is not a total outer independent geodetic set. Consider S=S; U{vy, ...Vnp, Vn242,..Vn}
be the set of vertices makes (S) has no isolated vertex and (V (G) —S) is an independent set of G. Therefore
Gwi(D2(Cn)) = |S| =4 +n -2 =A(D2(Cyp)) + n -2

Case (ii) n = 1(mod2). Let A(G) = 4 be the maximum degree of G. LetS;={V1i, Vn+12, Vn+1/2+1, UL, Unsas2,
Un+1/2+41, be the geodetic set of G. But (S;) has isolated vertex and (V (G) —S1) is not an independent set

of G. Consider S=S; U {vy,...v nT+1 -1, vnT+1 +2, ...vn}is the set of vertices which makes a total outer independent
geodetic set. Therefore gwi[D2(Cn)] =S| =6 +n—-3=A(D2(Cy)) + n -1.

Theorem 4.4 For star K1, N >3, gioi(D2(K1n)) = 9(D2(K1p)) + 2.

Proof. Consider two copies of K;, namely Ky, itself and Kl”n . Letvs, vy, ...vy are the vertices of Ki , with
central vertex c1 and V{,v},..v} are the vertices of K{ with central vertex ¢/ then |V (Da(Kyn))| = 2n.

Consider the geodetic set S; = {U vi’/ 1 <i<n}with minimum cardinality. But (S;) has isolated vertex and

<V (Kyn)— S1> i is not an independent set. Consider S = S;U{c1, vi} where 1<i <n, is the total outer
independent geodetic set. Therefore gii(D2(K1,n)) = |S|=[S1 U{c1, Vi}| =g(D2(K1n)) + 2.

Theorem 4.5 For star Ky, N 23, gioi(D2(K1,n)) = i9(D,(K1,n)) + 2.

Proof. Consider two copies of K1, oneis Ky p itself with V (Kqn) = {v1, V2, ...vn} having central vertex c; and
otheris K{ , with V(K{)={v/,v},..v} } having central vertex ¢ . LetS; ={Uv/ /1 <i<n} bethe geodetic

set of Ky It is obvious that (S;) is an independent set. So that S; itself forms the minimum independent
geodetic set. Hence the proof follows from above theorem 4.4. That is gwi(D2(K1n)) = g(D2(Kip)) + 2 =
i9(D2(Kyn)) + 2.
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Corollary 4.6 For star Kipn, N >3, gioi(D2(K1n)) = gt(D2(K1n))-

5 Crown graph:
Definition 5.1 The crown graph Hn, isagraph obtained from the complete bipartite graph Kn, by removing
a perfect matching.

Theorem 5.2 Let G =Hyp, be a crown graph of order n>4 then

4 forn=3,
n+2 forn>3.

Gtoi (Hnp) :{

Proof. LetV (G) = {vi, V2, V3, ...Vn, V{,V},..vh } be the crown graph with 2n vertices is as shown in Figure 4

Case(i) For n=3 it is obvious that the set S = {v1, n, vll ,Vh} <V (G) forms the total geodetic set and also

(V =S) is an independent set. Then S itself forms the total outer independent geodetic set of G. Therefore
Otoi(Hn,n) = 4.

Case (ii) For n > 3 let S = {v;, vi’,vjvﬁ } < V(G), where 1 <, j <n, be theminimum total geodetic set

of G but the induced subgraph (V —S) isnot an independent set. Consider A={UV/1<k <n-2} N(v(( ),
k =ior j and B =S UA form the minimum total outer independent geodetic set of G, clearly (S) has no isolated

vertex and (V —B) isan independent set. So |B|=|S|+|A|=4 +n—2. Therefore gii(Hnn) = n+ 2. Hence the
proof.

Figure 4: crown graph for Hy

Theorem 5.3 Let H,, be a crown graph, for n > 3 then gt(Hnn) <gtwi(Hnn).

Proof. It is obvious that S = {u, U, v, v} is the total geodetic set and itself forms the total outer
independent geodetic set of (Hnn). Hence gt(Hnn) = gtwi(Hnn) holds for n=3.

Forn>3letS; = {vj, vi’ ) Vi, vf /1<i,j < n} isthe minimum total geodetic set of H,,. Since the

induced subgraph (V—S;) is connected, the set S;is not atotal outer independent geodetic set of Hy . Now
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we consider a set Sy =S; U {vy, Vo, ...\k}, where 1 <k <n —2 which makes S, is a total outer independent
geodetic set of Hnn with minimum cardinality. It is clear that|Si| <|Sz|. Therefore gt(Hnn) < Qui(Hnn).
Hence the proof.

6 Conclusion

In this paper we determine the total outer independent geodetic set for crown graph, shadow graph
and also we odtained the relation between total geodetic set, independent geodetic set for total outer
independent geodetic set. To derive similar results in the context of other variants of geodetic number is an
open area of research.
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