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Abstract

The aim of this paper is to define and study of new class of maps called pairwise minimal continuous,
pairwise maximal continuous, pairwise minimal irresolute and pairwise maximal irresolute maps in bitopological
spaces and investigate the relations between these kinds of continuity.
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1. Introduction

Inthe years 2001 and 2003, F. Nakaoka and N.Oda>®”in-troduced and studied minimal open (resp.

minimal closed) sets and maximal open (resp. maximal closed) sets, which are subclasses of open (resp.
closed) sets. The complements of minimal open sets and maximal open sets are called maximal closed sets
and minimal closed sets respectively. Alsoin the years 2011 and 2012 2, S. S. Benchalli, Basavaraj M.
Ittanagi and R. S. Wali, introduced and studied minimal open sets and maps in topological spaces and
pairwise minimal open and pairwise maximal open sets in bitopological spaces.

J. C. Kelly?, in the year 1963, first initiated the concept of bitopological spaces. He defined a
bitopological space (X, t1, 12) to be a set X equipped with two topologies t1 and 12 on X and initiated the
systematic study of bitopological space. He extended the notions of separation axioms of single topological
space to bitopological space. Alsointhe year 1999, Maki, Sundaram and Balachandran® have introduced the
concept of tj — ok continuous, bi-continuous and strongly bi-continuous maps in bitopological spaces. Here
we present some of the definitions, which are used in our study.

This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-sa/4.0)
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In this paper, we introduce and investigate a new class of maps called (ox, 61) — Mi O(Y) —1i-
continuous, (ok, 61) — Ma O(Y) — tj-continuous, (ok, 61) — Mj O(Y') — (i, 7j )-irresolute and (ok, 1) — Ma O(Y)
— (i, 7j)-irresolute maps in bitopological spaces.

2. Preliminaries:

2.1 Definition®: A proper nonempty open subset U of a topological space X is said to be a minimal
open set if any open set which is contained in U is ¢or U.

2.2 Definition®: A proper nonempty open subset U of a topological space X
is said to be maximal open set if any open set which contains U is X or U.
2.3 Definition”: A proper nonempty closed subset F of a topological space

X is said to be a minimal closed set if any closed set which is contained in F is
¢ or F.

2.4 Definition”: A proper nonempty closed subset F of a topological space X is said to be maximal
closed set if any closed set which contains F is X or F.
The family of all minimal open (resp. minimal closed) sets in a topological space X is denoted by

M; O(X) (resp. M;C (X)). The family of all maximal open (resp. maximal closed) sets in a topological space
X is denoted by My O(X) (resp. M C (X)).
2.5 Definition:
i) Atopological space (X, t) issaid to be Tmin space if every nonempty proper open subset of X is minimal
open set.
i) Atopological space (X, t) is said to be Tmax Space if every nonempty proper open subset of X is maximal
open set.
2.6 Definition’: Let X and Y be the topological spaces. Amapf: X — Y is called
) minima continuous(briefly min-continuous) iff X (M) is an open setin X for every minimal open set
MinY.

ii) maximal continuous (briefly max-continuous) iff ~* (M) isan open set in X for every maximal open set M in
Y

iii) minimal irresolute (briefly min-irresolute) iff =X (M) is minimal open set in X for every minimal open setM
inY.

iv) maximal irresolute (briefly max-irresolute) if f =X (M) is maximal open setin X for every maximal open set
MinY.

2.7 Definition®: Let X be asetand t; and 1, be two different topologies on X. Then (X, 11, 12) is called
a bitopological space.

2.8 Definition Let i, j e {1, 2} be the fixed integers and (X, 11, 12 ) be a bitopological space.

i) Aproper nonempty zj -open subset Min X issaid to be a (tj, 7j)- minimal open (briefly (zj, tj)-min open) set
if any tj -open set which is contained in M is either gor M itself.

ii) Aproper nonempty tj-open subset M in X is said to be a (tj, 7j)-maximal open (briefly (zj, 7j)-maximal open)
set if any tj -open set which contains M is either X or M itself.

i) Aproper nonempty tj-closed subset F in X is said tobe a (zj, 7j )-minimal closed (briefly (zj, 7j)-min closed)
set if any 7j -closed set which is contained in F is either ¢ or F itself.

iv) A proper nonempty tj -closed subset F in Xis said to be a (tj, 7j)- maximal closed (briefly (zj, 7j )-maximal
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closed) set if any 1 -closed set which contains F is either X or F itself.
The family of all (zj, 7 )-minimal open (resp. (i, 7j)-minimal closed) sets in a bitopological space (X,
11, 12) is denoted by (zi, 7j) — Mij O(X) (resp. (ti, 7)) — MiC(X)). The family of all (zj, 7j)-maximal open
(resp. (i, 7j)-maximal closed) sets in a bitopological space (X, 11, 12) isdenoted by (zi, 7j) — Ma O(X) (resp.
(ti, 77) ~Ma C (X)).
2.9 Definition? Leti, j < {1, 2} be the fixed integers.
i) Ahbitopological space (X, 11, 12)issaid to be pairwise-Tmin Space if every nonempty proper t -open set
is (1j, 7j )-minimal open set.
i) Abitopological space (X, t1,12)issaid to be pairwise-Tmax space if every nonempty proper i -open set
is (ti, 7j)-maximal open set.

2.10 Definition*: Amap f: (X, 1, 12) ! (Y, 61, 62 ) iscalled
) 1j —ok-continuous if f* (V) e 1j for everyV e ox,
i) bi-continuous if f is 11 — o1 -continuous and t; — 62 -continuous,
iii) strongly-bi-continuous (briefly, s-bi-continuous) if f is bi-continuous, 11 — o2 -continuous and t; — o1

- continuous,

Throughout this chapter (X, 11, 72 ), (Y, 61, o2 ) and (Z, n1, n2) denote nonempty
bitopological spaces on which no separation axioms are assumed, unless other- wise mentioned and the fixed
integers i,j,k,I,m,n €1, 2.

3. Pairwise minimal continuous and pairwise maximal continuous maps :
3.1 Definition: Let i, j, k, | € {1, 2} be fixed integers. Let (X, t1,12) and (Y, o1, o2) be two

bitopological spaces. Amap f: (X, 11, 12)— (Y, 01, 62) is called

) (ok,o1) —M;O(Y) - 1j -continuous (pairwise minimal continuous) if f~*(M) e 1; -open set in X for every M
€ (ok, 01) —M;i O(Y).

i) (ok, o1)-Ma O(Y )— 1 -continuous (pairwise maximal continuous) if f * (M) e j -open set in X for every M
€ (ok,01) =M, O(Y).

iii) (ok, 61)-M; O(Y )—(1j, 1j)-irresolute (pairwise minimal irresolute) iff 1 (M) e (1, 7j) — Mj O(X) for every
M e (ok, o1) —M;O(Y).

iv) (ok, 01)-Ma O(Y )—(i, 1j)-irresolute (pairwise maximal irresolute) if f1(M) e (1, 7j) — Ma O(X) for every
M e (oK, 01) — Ma O(Y).

3.2. Remark: Ifty =12 =t and o1 =02 =o in the Definition 3.1, then the (ox, 01) - MiO(Y) -
Tj -continuous, (ok , o) — Ma O(Y ) — 1j -continuous, (ok , 61) — Mj O(Y ) — (1i, 7j)-irresolute and (ok , o1 ) — Ma O(Y)
— (i, tj)-irresolute maps coincide with minimal continuous, maximal continuous, minimal irresolute and
maximal irresolute maps respectively.

3.3 Theorem: Every ti — ok continuous map is (ok, o1) — Mi O(Y ) — 1i - continuous but not
conversely.

Proof: Letf: (X, 11, 12) = (Y, 01, 62) be ati — ok continuous map. To prove thatf is (ok, o1) — M; O(Y)—
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i -continuous. Let N be any (ok, o1 )-minimal open set in Y. Since every (o, o1 )-minimal open set is an
ok -open set, N isan oy -open setinY. Since f is tj— ok continuous, f 2 (N ) is an tj -open setin X. Hencef isa
(ok, 01) — M; O(Y ) —tj -continuous.

3.4 Example: Let X =Y ={a, b, ¢, d} be with topologies 11 ={¢, {a}, {a, b}, X}, = ={4 {a}, {a, c}, X},
o1 ={¢ {a}, {a,b,c}, Y}ando, ={¢ {a}, {a,b}, {a,b,c}, Y} Letf:(X t1,72)— (Y,01,02)beanidentity
map. Then f isa (o1, 02) —M; O(Y ) —11 -continuous but itisnot at; — o1 -continuous map, since for the
o1-openset{a,b,c} e, fl ({a, b, c}) ={a, b, c} whichis notan 11 -open set in X.

3.5 Theorem: Let f: (X, 11, 12)— (Y, 01,02)bea(ok, o1) —M; O(Y) —1; - continuous, onto map and
(Y, 01, 02) be a pairwise-Tnj, space. Then f isatj —ok continuous.

Proof: Let f : (X, 11, 12)— (Y, 01, 62) bea(ok, o1) — Mi O(Y) —1j -continuous, onto map. Note that
the inverse image of ¢ and Y are always t; -open sets in a bitopological space X. Let N be any nonempty
proper Tt -open setinY. By hypothesis, (Y, o1, 62) is pairwise-Tmin Space, it followsthat Nisa (ok, o1)-
minimal open setin Y. Since f is (ox, 61) — M;j O(Y ) —7; -continuous, f (N ) isan tj-open set in X. Therefore
f isatj — ok continuous.

3.6 Theorem : Every tj —ox continuous map is (ok, 61) —Ma O(Y ) — i - continuous but not
conversely.
Proof: Similar to that of Theorem 3.3.

3.7 Example: Let Let X =Y ={a, b, c, d, e} be with topologies 11 ={¢, {a}, {a,b,c,d}, X}, 2 ={4 {b},
{a,b,c,d}, X}, 01 ={a{a,b} {a b,c,d}, Y}ando, ={4 {a,b}, {a,b,c} {a b,c,d}, Y} Let f:(X 11,1)
— (Y, 01, 02) be an identity map. Then f isa (o1, 02) —Ma O(Y ) — 11 -continuous but it isnot ati—o
continuous map, since for the o7 -open set {a, b} € Y, f * ({a, b}) = {a, b} which is not an t; -open set in X.

3.8 Theorem: Let f: (X, 11, 12) — (Y, 01, 62) bea (ok, 61) —Ma O(Y) —7i -continuous, onto map and
let (Y, 61, 02) be a pairwise-Tyax Space. Then f isatj —ox continuous.

Proof: Similar tothat of Theorem 3.5.

3.9 Remark: (ok, 61) —M; O(Y ) —1i-continuous and (ok, 61) —Ma O(Y ) —1i - continuous maps are
independent of each other.

3.10 Example: In Example 3.4, f isa (o1, 62) —M; O(Y ) —11 -continuous but it isnot a (o1, 62)
—Ma O(Y) —11-continuous. In Example 3.7, f isa (o1, 02) —Ma O(Y ) —t1 -continuous but it isnot a (o1,
62) —M; O(Y) — 11 - continuous.

3.11 Theorem: Let (X, 1, 12) and (Y, o1, 62) be two bitopological spaces. Amap f : X — Y isa (o,
o1) —M;i O(Y ) —1i-continuous if and only if the inverse image of each (ox, o1 )-maximal closed setin Y isa
tj-closed set in X.

Proof: The proof follows from the definition and fact that the complement of (ok, o1 )-minimal open
setis (ok, o1 )-maximal closed set.

3.12 Theorem: Let (X, 11, 72) and (Y, o1, 62 ) be two bitopological spaces. Amapf : X—> Y isa
(ok, 61) —Ma O(Y ) — i -continuous if and only if the inverse image of each (o, o1 )-minimal closed setin Y is
ati-closed setin X.
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Proof: The proof follows from the definition and fact that the complement of (ok , 5 )-maximal open
setis (ok, o1 )-minimal closed set.

3.13 Theorem: Let (X, 11, t2) and (Y, o1, 62 ) be two bitopological spaces and Abe a nonempty subset
of X. If f:(X,11,12) — (Y,01,02) isa (t, 7)) — Mj O(Y )—1; -continuous then the restriction map fa : (A, T1a,
©a) > (Y, 01, 62) isa (ok, o1) — Mi O(Y') — tja -cOntinuous map.

Proof: Let f : (X,11,12) = (Y, 01,02) isa(ok, o1) — Mi O(Y ) —ti -continuous. To prove fa : (A, t1a, T2a)
— (Y, 01,02) isa (o, 61) — Mj O(Y ) —tia -continuous map. Let N be any (ok, o1 )-minimal open setin'Y. Since
f is (o, o1)— M; O(Y )—- 7 -continuous, f1 (N) isan 7 -open setin X. By definition of relative topology, fal
(N)=Anf1(N). Therefore A~ f~1(N)isantia -open setin A. Therefore fa isa (o, o1) — M O(Y ) — Tia -
continuous map.

3.14 Theorem: Let (X,11,12) and (Y, o1, 62) be two bitopological spaces and let A be a nonempty
subset of X. If f: (X, 11,12) — (Y, 01,02) isa(ok, 01) — Ma O(Y ) —1i -continuous then the restriction map
fa: (A, 1A, ©2A) > (Y, 01, 62) isa(ok, 61) — Ma O(Y ) —1ja -cOntinuous map.

Proof : Similar to that of Theorem 3.13.

3.15 Remark : The composition of (o, 61) — M; O(Y ) —ti -continuous maps need not be a (o, o1)
— M; O(Y ) — ti -continuous map.

3.16 Example: Let X =Y =Z ={a,b, c,d} be with topologies 11 ={¢ {a}, {a, c}, X}, = ={4
{a}.{a,d}, X}, 01 ={¢,{a}. {a, b}, {a,b,c}, Y}, 02 ={¢, {a}. {a, b}, {a, c}, {a, b, c}, Y }, m: = {4, {a, b}, {a, b,
c}, Z}andno={o,{a, b}, {a,c,d}, 2} Letf:(X,11,172) > (Y,01,02)andg: (Y,01,02) = (Z,n1,m2) be
the identity maps. Then clearlyf isa (o1, 62) —M;i O(Y ) —11-continuous andgisa(ni,n2) —-MiO(Y) —o1-
continuousbutgo f: (X, 11, 12) = (Z, n1, m2) isnota(m1, n2) —M; O(Y ) —11 -continuous map, since for the
(N1, n2)-minimal open set {a, b} in Z, (gof ) ({a, b}) = {a, b} which is not a t; -open set in X.

3.17 Theorem: Let (X, 11, 12), (Y, 01, 02) and (Z, 11, n2 ) be three bitopological spaces. If f : X —>Y is
Ti —ok -continuousand g : Y — Zis (m, nn )—Mj O(Y )— ok -continuous maps, thengo f: X — Zisa (nm, Mn)
—M; O(Y )—1; -continuous.

Proof: Let Nbeany (nm, nn)-minimal open set in Z. Since g is (m, Nn) —Mi O(Y ) — o -continuous,
g (N) isan ox-open set in Y. Again since f istj —ox continuous, f (g7 (N)) = (gof)*(N) is an tj -open
setin X. Hencegof isa (nm, nn) —M; O(Y) — i -continuous.

3.18 Remark : The composition of (ok, 61) —Ma O(Y )—1j -continuous maps need not be a (ok, 1)
—Ma O(Y) —1i -continuous map.

3.19 Example: Let X =Y =2Z ={a, b,c, d} be with topologies 11 = {4 {a}, {a, b, c}, X},
2 ={¢ {b}.{a,b.c}, X}, 01 ={4,{a, b}, {a, b, ¢}, Y} o2 = {4, {a}, {a, b}, {a, b, ¢}, Y}, 1 = {4, {b}. {a, b}, Z}
and n2 ={¢ {a}, {a,b}, 2} Let f: (X, 11, 2) > (Y,01,02)and g: (Y,01,02) > (Z, 1, n2) be the identity
maps. Then clearly f isa (o1, 62)—MaO(Y) —11 -continuous and gisami,n2) —Ma O(Y ) — o1 -continuous
butgof : (X, 11, 12) > (Z,n1,n2) isnot a(mi, n2) —Ma O(Y ) —11 -continuous map, since for the (n1, n2 )-maximal
open set {a, b} € Z, (go f)* ({a, b}) = {a, b} which is not a t; -open set in X.

3.20 Theorem: Let (X, 11,12), (Y, 01, 02) and (Z,n1, n2) be three bitopological spaces. If f: X —



126 Basavaraj M. Ittanagi, JUSPS-A \ol. 30(2), (2018).

Y isti —ok-continuousand g:Y — Z iS (Mm, Mn) —Ma O(Y ) — ok -continuous maps, theng: X > Zisa
(Mm, Mn) —Ma O(Y') —1i - continuous.

Proof : Similar tothat of Theorem 3.17.

3.21 Theorem : Every (ok, 61) —M;j O(Y ) —(ti, 7j)-irresolute map is (o, o1) — M O(Y ) — tj -continuous
but not conversely.

Proof : Let f: (X,11,72) = (Y,01,02) be a (ok, o) —Mj O(Y) —(xi, 7j)-irresolute map. To prove
(ok, 01) —M; O(Y) —1j-continuous. Let N be any (ok, o1)- minimal open setin Y. Sincef is (ok, 1) —M; O(Y)
— (i, 7j)-irresolute, fL(N)isa(, Tj)-minimal open setin X. Since every (tj, Tj)-minimal open set is an tj-open
set, f 1 (N) isan tj -open setin X. Hence f isa (ok, o1 )—M; O(Y )—1; -continuous.

3.22 Example: Let X =Y ={a, b, c, d} bewith topologies 11 ={¢ {a}, {a, b}, X}, 12 = {4 {b}, {a, b},
X} o1 ={¢ {a b}, {a,b,c}, Y}Iand o, ={¢ {a,b} {a,b,d}, Y }. Letf : (X 1, 12)—>(Y,01,02)bean identity
map. Then f isa (o1, 62) — Mi O(Y ) —11 -continuous but itisnota (o1, 62) —M;i O(Y) — (11, 12)- irresolute
map, since for the (o1, 52 )-minimal open set{a, b}inY,f *{a, b}) = {a, b} which isnota (t1, T2 )-minimal open
setin X.

3.23 Theorem: Letf : (X, 11, 12) = (Y, 01, 02) bea(ok, o1) —M; O(Y )—(1i, 1j)-irresolute, onto map and
let (Y, 61, 02) be a pairwise-Tmyi, space. Then f isa 1j— ok -continuous.

Proof : Proof follows from the Theorems 3.21and 3.5.

3.24 Theorem: Every (ok, 61) — Ma O(Y ) — (zi, 7j)-irresolute map is (ok , o) —~Ma O(Y) — 7 -continuous
but not conversely.

Proof : Similar tothat of Theorem 3.21.

3.25 Example: Let X=Y ={a, b, c, d} be with topologiest1 ={¢, {a, b}, {a,b,c}, X}, 12 ={4 {a, b},
{a,b,d}, X}, o1 ={4 {a},{a b}, Y}and o, ={¢ {b}, {a, b}, Y}. Letf:(X 11,12)— (Y,01,02)bean identity
map. Then fisa (o1, 62) —Ma O(Y ) — 11 -continuous but itis not a (o1, 02) — Ma O(Y) — (11, 12)-
irresolute map, since for the (o1, 52 )-maximal open set {a, b} € Y, f *( {a, b}) ={a, b} whichisnota (11, 12)-
maximal open setin X.

3.26 Theorem: Let f: (X, 11,12) = (Y, 01,02)bea(ok, o) —MaO(Y ) (7i, 7j)-irresolute, onto map
and let (Y, o1, 02 ) be a pairwise-Tnax Space. Thenf isa tj — ok -continuous.

Proof : Proof follows from the Theorems 3.24 and 3.8.

3.27 Remark: (ok, 01) —M; O(Y) — (i, tj)-irresolute and t; — ox continuous maps are independent
of each other.

3.28 Example: Let X =Y ={a, b, ¢, d} be with topologies t1 = {¢, {a}, {a, b}, {a, c}, {a, b, c}, X},
2 ={¢ {b}, {a, b}, {a c}, {a,b,c}, X}, 01 ={g{a, b}, Y}and o2 ={¢ {a,c}, Y}. Letf:(X, 11, 72)—> (Y, 01,
o2 ) be an identity map. Then fisat; —o1 continuous but it isnot a(o1,02) —M;jO(Y) — (11, 12 )-
irresolute map, since for the (o1, 52 )-minimal open set {a, b} € Y, ({a, b}) = {a, b} which isnot a (11, 12
-minimal open set in X. In Example 3.4, f isa(c1,02) —M;iO(Y) —(t1, 12)-irresolute but itisnot a1y — o1
continuous map, since for the o1 -open set {a, b, ¢} € Y, f * ({a, b, ¢c}) = {a, b, ¢} which is not an
T1-0pen setin X.

3.29 Remark: (ok, o1 ) = Mg O(Y ) - (zi, tj )-irresolute and tj — ok continuous
maps are independent of each other.
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3.30 Example: In Example 3.28, f isat1 — o1 continuous but it isnot a(c1,02) — Ma O(Y) —
(1, 12)-irresolute map, since for the (o1, 52 )-maximal openset{a, b} € Y, f~!({a, b})={a, b} whichisnot a
(t1, T2 )-maximal opensetin X. In Example 3.7,f isa (o1, 62) — MaO(Y) — (11, 12)-irresolute but it is not a
11—61 continuous map, since for the o3-open set {a, b}eY, f 1 ({a, b})={a, b} which is not an t;-open set in X.

3.31 Remark: (ok, o1) — MjO(Y ) — (tj, 7j)-irresolute and (ok , o1) — Ma O(Y) — (1i, 7j )-irresolute maps
are independent of each other.

3.32 Example: In Example 3.4,f isa (o1, 062) — MiO(Y) — (11, 12)-irresolute but itisnota (61, 62 )—
Ma O(Y )—(t1, 2 )-irresolute map. In Example 3.7, f isa (o1, 62)—MaO(Y ) — (t1, 12 )-irresolute but it is not a
(01,02) — MiO(Y )— (11, 12)- irresolute map.

3.33 Theorem: Let (X, 11, 72) and (Y, o1, o2 ) be two bitopological spaces. Amapf: X —Y isa
(ok,o1) — MiO(Y') — (tj, 7j)-irresolute if and only if the inverse image of each (ok , 51 )-maximal closed setin'Y
isa (i, 7j)-maximal closed setin X.

Proof: The proof follows from the definition and fact that the complement of (o, o1 )-minimal open
setis (ok, o )-maximal closed set.

3.34 Theorem: Let (X, 11, 12) and (Y, o1, o) be two bitopological spaces. Amap f : X -Y isa
(ok, 1) = Ma O (Y) — (i, 7j)-irresolute if and only if the inverse image of each (o, 51)-minimal closed setin
Y isa (1, 7j)-minimal closed set in X.

Proof: The proof follows from the definition and fact that the complement of (ok , 61 )-maximal open
setis (ok, o )-minimal closed set.

3.35 Theorem: Let (X, t1,12),(Y,01,02)and (Z,n1,n2) bethree bitopolog- ical spaces. Iff : X —
Y is(ok,01)— MiO(Y) — (1, 7j)-irresoluteand g:Y — Zis(m,nn) — Mj O(Z) — (o o1 )-irresolute maps,
then gof: X —> Zisa (hm,nn) — MiO(Z) — (i, 7j)-irresolute.

Proof : Let N beany (nm, nn)-minimal open set in Z. Since g is (hm, Mn) — MjO(Z) — (ok, o1)-
irresolute, g‘1 (N)isa(ok, oy )-minimal open setinY.Againsincef is (o, 01) ~M;jO(Y) — (ti, 7j)-irresolute,
f~1(g*(N))=(gof)*(N)isa(xi,tj)-minimal opensetin X. Therefore gof isa (mm,nn) ~M;iO(Z)-(1i, 7j)-
irresolute.

3.36 Theorem: Let (X, 11, 12), (Y, 01, 62) and (Z, 1, 2) be three bitopological spaces. If f : X > Y is
(ok,01) = Mg O(Y) — (1i, 7j)-irresoluteand g: Y — Zis (\m,Mn) — MaO(Z) — (o, o1 )-irresolute maps, then
gof : X > Zisa(Mm,nn) - MaO(Z) — (i, 7j)-irresolute.

Proof: Similar to that of Theorem 3.35.

3.37 Definition: Let i, j, k, | € {1, 2} be fixed integers. Let (X, 11, t2) and (Y, o1, 62 ) be two
bitopological spaces. Amap f: (X, 11, 12)— (Y, 01, 62) is called
i)  minimal bi-continuous if (61, 62) —M; O(Y) —11 -continuous and (o2, 61) —M; O(Y ) —12 -continuous.
i)  maximal bi-continuous if (61, 62) —Ma O(Y ) —11 -continuous and (2, 61) —Ma O(Y) — 12 -continuous.
iii) minimal bi-irresolute if (61, 62) —M; O(Y ) —(t1, T2)-irresolute and (o2, 61) —M; O(Y) —(t2, 11 )-irresolute.
iv) maximal bi-irresolute if (61, 62) —Ma O(Y) — (11, 2 )-irresolute and (o2, 61) —Ma O(Y) — (12, 71 )-irresolute.

3.38 Theorem: Letf: (X, 11,12) — (Y, 01, 02) beamap.
i) If f isbi-continuousthen f is minimal bi-continuous.
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i)
i)

iv)
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If f isbi-continuousthen f is maximal bi-continuous.
If f isminimal bi-irresolute then f is minimal bi-continuous.
If f ismaximal bi-irresolutethen f is maximal bi-continuous.

Proof: i) Let f : (X, t1,12) > (Y, 01, 062) bea bi-continuous map. Therefore by definition, f is 11 — o1

continuous and t2 — o2 continuous and so by Theorem 3.3, f is (o1, 62) —M; O(Y ) — 11 -continuous and

(02
i)
ii)

iv)

, 61) —M; O(Y) —12 -continuous. Thus, fisa minimal bi-continuous.
Similar to (i), using Theorem 3.6.
Letf: (X, 11, 12)—(Y, 01, 62) be aminimal bi-irresolute map. Therefore by definition, f is (o1, 62) —-M; O(Y)
— (11, T2)-irresolute and (o2, 61) —M;i O(Y ) —(t2, t1)-irresolute and so by Theorem 3.21, f is (o1, 02)—
Mi O(Y)—1¢-continuous and (o2, 61) —M;O(Y ) —t2 -continuous. Thus, f isaminimal bi-continuous.
Similar to (iii), using Theorem 3.24.
3.39 Definition: Let i, j, k, | € {1, 2} be fixed integers. Let (X, 11, 12) and (Y, o1, o2 ) be two

bitopological spaces. Amap f: (X, 11, 12)— (Y, 01, 62) is called

i) minimal-s-bi-continuous if minimal bi-continuous, (1, 62) —M; O(Y ) —12 - continuous and (o2, 61) —
M; O(Y ) —11 -continuous.

i) maximal-s-bi-continuous if maximal bi-continuous, (61, 62) —Ma O(Y) —12 - continuous and (o2, 61) —
Ma O(Y ) — 11 —continuous.

iii) minimal-s-bi-irresolute if minimal bi-irresolute, (61, 62) —M;jO(Y) —(t2, 71 )- irresolute and (o2, 1) —
Mi O(Y ) — (1, T2 )-irresolute.

iv) maximal-s-bi-irresolute if maximal bi-irresolute, (61, 62)—Ma O(Y )— (12, 11)- irresolute and (o2, 1) —
Ma O(Y) — (11, T2 )-irresolute.
3.40 Theorem: Let: (X, t1,12) = (Y, 01, 62) be amap.

i)  Ifisminimal-s-bi-continuous then is minimal bi-continuous.

i) Ifis maximal-s-bi-continuous then is maximal bi-continuous.

iii)  Ifis minimal-s-bi-irresolute then is minimal bi-irresolute

iv) Ifis maximal-s-bi-irresolute then is maximal bi-irresolute
Proof: follows from definitions.
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