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Abstract

In this paper group semirings using distributive lattices as
semirings is studied. The condition on the distributive lattices as well as
on the groups are given for the group semiring to have zero divisors,
idempotents, S-zero divisors, S-anti zero divisors and S-idempotents.
This is the first time such analysis has been carried out on these group

semirings.
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1 Introduction

In this paper the study of group
semirings is made using finite or infinite
distributive lattices. Group rings and semigroup
rings have been studied by several authors.
Both these structures are only studied over
rings with unit or a field. In case of group rings
several researchers have studied about the
zero divisors, idempotents, units etc;>*.
Likewise study of semigrouprings that is
semigroups over rings or fields have been
studied and also special elements like zero
divisors, units are analysed by several
researchers®*. However® have studied
semirings and group semirings.

In this paper study of group semigroups
where the groups over semirings wherc

semirings are taken as distributive lattices is
carried out. This study is very new for group
semirings have been studied by researchers
very sparingly’. In this paper a systematic
study of this type is carried out. This paper
has four sections. Section one is introductory
in nature. Section two studies group semirings
where semirings are chain lattices. Section
three introduces the new study of group
semirings by taking semirings which are
distributive lattices as well as Boolean
algebras. The conclusions are given in the
final section.

2 Group Semirings of Semirings which are
chain lattices and their Properties :

Throughout this section C, will denote
a chain lattice of length n and G will denote a
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group under multiplication. First for the sake
of completeness the definition of group
semiring is recalled.

Definition 2.1: Let S = C, be the
chain lattice, a semiring. G be any group.
The group semiring C,G = SG of the group
G over the semiring C, ( = S) contains all
finite formal sums of the form

" s5;€8§=C,
{Zl: 58

8 €G
binary operations ‘+' (the union in the
lattice C,) and % (the M on the lattice C,)
are defined on SG as follows.

}; on which two

n m
Let a = ZS,.a,. and f = Z r.a; where
= =1

s, r,€C,=Sand o € G

n n
i) a+f= Z 8,4, +Z he;
i=1 i=1

morn

= z (s; Y K)a; (which ever m or

i=1

n is greater)

=DM, m; € Cy=S5).

i=1
I (Zl s,a,‘]x[zl r,.aj]
3

t
s, M) o= Z Ve &
k=1 k=1

where oy = o o € Gand y, € S.
iii) For e = 1 € G (the identity of G)
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Ixs;=sixI=s; forall s; € C, and s;g =
gao; forall ge G
iv) Forl € C, =S we have
l-gi=gi-1=gi forallg G
v) For 0 € C, = S we have
0-gi=gi-0=0foralg G
vi) Further 1 -G <SG and S.1 c SG
(Here 1 of G and 1 of C,=S is defined 1).

The identity element 1 of SG = C,G
SG is a semiring.

Some examples of the group semirings
is given in the following.

Example 2.1: Let
el

L =3

®3a,

be the semiring (chain semi lattice) and G =
( g| g2° = 1) be the cyclic group of order 20.
C;G be the group semiring of the group G over
the semiring Cs.

Clearly number of elements in C;G is
finite so the group semiring is of finite order.
Since G is a commutative group so is the group
semiring C,G
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Let
a=ag'+ag’+ag+aandf=ag +
ag’+tag+leCG
a+B=(a,g +ag +tagta)+(ag +ag
+tag+1)
=ag +(,Va)gtag+(a,Ua)g
+a,U1
=ag +ag’+agi+ag+leSG

axpP=(ag' +ag +ag+a,)x(ag +ag
+ag+1)
=@,Nna) g’ xg' +(a,ne) g’ xg +
(a,na)gxg
+(a,na) g’ +(a,na) g’ x g°+(a,
Nna)g xg
+(a,Nna)gxglt+(a;na)gs+(a,n
2,) g’ % g
t(a;na)g’ xg+(a,Nna)gxg+(a,
Na)g
t@,Nn)g+@ng+(a,nl)g
+ta,nl
= a, gl + a3g9+ a, g8+ asg7 + a4g12 +
a8 +ag +ag
tag +ag+agt ag+agt+
a,g' +ag+a
= a3g13 L a4g12 ¥ a3g9 + a4gs + (a5g1 +
a,g’ +a,g)
+(ag’+a,g) ta g+ (a8 +ag)
+t(agtag) +a,
= aagl3 + a4g’2+ a3g’ + a4gs + a2g7 +
agitag’+ag’+tagt+a €CG

This is the way sum and product are
performed of the group semiring using the
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semiring as the chain lattice C,.

Example 2.2: Let G = S3 the permu-
tation group of degree three and S = C;j be
the chain lattice. SG be the group semiring of
the group G over the semiring C1¢. Clearly order
of SG is finite but SG is non commutative.

e e

b 2F By St 2t e paaryd
21 3)7P(2 3 |)%Pe(3 1 2)7Ps

be the symmetric group of degree three.

1
a;
a

a3

0

Leta=ap, +ap,+ap +a andB=ap, +
ap +ap +a e CG=SS,.
ot =(ap;+ap, +ap +a)+(ap,+ap,
+ap, +a)
= ap;tap, +(a,p; +ap)+(ap, +
ap)+(a, +a)
= alps i a8p4 + (a3 i az) p3 ¥ (a2 v aS)
p,ta,VUa,
= ap;+ap, +ap, +ap +a eSS,



284

Consider o x B
= (ap,tap,+ap +a)x(ap,+

a,p; + ap, +a)

(@, Na)p,xp,+(a,Nna)p,xp,+
(@,na)p xp, + (a,na)p, +
(almaz)psxp3+(asma2)p3xp3+
@ana)p xp,+(a,Na) p, +
(a, na)p;xp +(a,Nnajp, xp +
(@,na)p xp *+(@;Nna) p,+
(a,na)p, +(a,Na)p;+(a, a)p,
+a Nag
a,tap,+tagp,tap,tap,ta,-
1+ap,+ap,+ap; +ap +a.l
+tap tap,tap;tap +a
(a,Va,va)+(a,va)p,+(a v
a,Va;Ualp, +(a v a)p,
+(@a,Va)p, +(a,Va)p,

a3 +a2p2+35p3 +a5p4+3'5p5 +a6pl €
SS.. 1

3

Now find B x o

(a8p4 + a2p3 + aspl + aé) K (alp5 +a3p3
+ a2p1 + a7)

(a3, N a) p,ps + (2, N a) pxp, + (2
Nna)pxps+(a;Na)p,+
(as N a3)p4xp3 * (az M as) P; X P, +
(as S as) P, xpt (as a a3) P, *
(a,na)p,xp, +(a,na)p,xp, +
(a, na)pxp,+(aNna)p, +
(a;na)p,+(@,Nna)p,+ (a,N
a)p,* (@, N a,)

8 - 1+ a,p, tap,tap,+ap +a;
1+ap, +

ap,+ap,+ap,+a;: 1+ap, +ap,
+tap,tap ta
(a,va,va,va)+(a,VaVa U
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a,)p, + (a5 ayp, + (a; U a,)p,
+ (as = as) p4+ (a6 Y a7) Py

= a3 + a2p1 + aspz + azps + a5p4 + a6p3 €
SS.. 11

3

Clearly I and II are not equal so axf3
# Bxa for this a, B € SS3, hence SS3 is anon
commutative group semiring of finite order.

The following proposition characterizes
the group semiring of a group G over the
semiring which is a chain lattice.

Proposition 2.1: Let C, be a finite
chain lattice. G be a group and C,G be the
group semiring of the group G over the
semiring, C,

C,G is a commutative group semiring
if and only if G is a commutative group.

Proof: Given C, is a chain lattice so
C, is a commutative semiring. Let G be a
commutative group clearly the group semiring
C,G is a commutative group semiring.

Suppose let C,G be a commutative
group semiring of the group G over the lattice
C.. To prove G is a commutative group, it
enough to prove for every g, h € G; gh =hg.

Given SG is commutative let g, h €
SG (g, h € G)then gh=hgas SG is commutative.
This is true for every g, h € G hence Gis a
commutative group.

Next it is proved C,G is a finite group
semiring.
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Proposition 2.2: Let C, be a
semiring (chain lattice of order n) and G a
group. C,G be the group semiring. C,G is
of finite order if and only if G is a finite
group.

Proof. Given the group semiring C,G
is of finite order.

Clearly if G is not of finite order, since
G c C,G; C,G would be of infinite order.
Hence G must be a group of finite order.

Suppose G is a group of finite order
clearly C,G the group semiring will be of finite
order as C, is a finite semiring.

Now an example of group ring of
infinite order is given.

Example 2.3: Let G =R\ {0} be the
group of real numbers under product and Cys
be the semiring (chain lattice of order 15). C,G
be the group semiring. Clearly C,G is of infinite
order as R\ {0} is an infinite group; so C;G is
of infinite order.

Ch=0<apjs<a,;<...<a;<1bethe
chain lattice of order n.
Let
a=a +a, 03+a 120+a, 6.2
and
Bp=a,+a,03+a,9eCG
atp=a +a,03+a,120+a 6.2+a +a,
03+a,9
=(a,va)+(a,Ua)03+a 120+
a,62+a.9
=a+a03+a/120+a, 62+a,9¢
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C. G
axfp=(a+a03+a 120+a, 6.2)x (a,+

a,03+a,9)

= a Na;+(a;na)03+(a,Na,)120
t(a,Mna)62+(a Nnay)i3
+(a,nay) (0.3 x0.3)+(a, N a,)
(120 x 0.3) + (a,, N ay) (6.2 x 0.3)
+(a,Na,)9+(a;na,)(03x9)+
(@a,na;)(120x9) +(a,,na,) 62
x 9.

= a,+ta,03+a,120+a 62+a 0.3
+a, x 0.09 +
a,36+a 186+a 9+a,27+a,
1080 +a, 55.8

= a,t(a,Ua)03+a,120+a 62+
a, 0.09+a, 3.6+
a,1.8+a 9+a 1080+a,627+
a,55.8eCG

This is the way product is defined on the infinite
group semiring.

There are several group semirings of
infinite order.

Justrecall all chain lattices are semifield.
For more about semifields refer’.

Theorem 2.1: Let C, be the semiring
which is a semifield G be a commutative group.
Cn G the group semiring is a semifield.

Proof: Given C,G is a commutative
group semiring.

Clearly if a, B € C,G; a+p = 0 is possible
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only when oo =0and B =0.

Forin C;a+a=0=a Ua ifonly
. n’ i ) i i
ifa,=0=a, for

C =0<a,<a,<..<a<L

Further o x B =0 is possible in C G
onlyifa=0and =0. ForinC;aa, =0=
a, M aif and only ifa,=0ora=0.

Thus C G is a semifield.

Corollary 2.1: Let C,G be a group
semiring of a group G, if G is a non commu-
tative group then C,G is a semidivision ring.

Proof: Since CyG has no zero divisors
and for every a,, B € C,G; o+ p=0 implies o
=0and B =0.C,G is a semidivisionring as G
is a non commutative group.

Example 2.4: LetG=<g|g’=1>
be the cyclic group of order 15. C ; be the
chain lattice of order 16. C, .G be the group
semiring of the group G over the semiring C .
C,G is a semifield of finite order.

Example 2.5: LetG=<a,b|a’=b’
= 1, bab = a > be the dihedral group of order
14. C,, be the semiring of order 27. C,,G is
the group semiring of finite order which is a
semidivision ring.

This proves that group semiring, C,G
where C,, is a chain lattice has no zero divisors.
This is in contrast with group rings for every
group ring of a finite group G over any field
finite or infinite field has zero divisors.

Next the units and idempotents in C,G
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are discussed in the following.

C,, the chain lattice has only idempo-
tents and has no units.

Foranyx,y € C,wehavexny=1
is not possible unlessx =y = 1.

So C, has no units. Further every
element in C_ is an idempotent as C as a, N
a=a foreverya € C asC isaisthe chain
lattice.

In view of this the following theorems
are proved.

Theorem 2.2: Let C, be the chain
lattice and G any group. The group semiring
C,G has no {zontrivial zero divisors.

Proof: Follows from the fact C,G is
a semifield.

Theorem 2.3: Let C,G be the group
semiring. The only units of C,G are 1 -g =
g for every g € G c C,G

Proof: Follows from the fact G ¢ C,G
and every g € G has a unique inverse.
However ifa € Cp\ {1} then it not a unit only
an idempotent as C,, is a chain lattice.

n
Ifa= Z o;g; then o?=1 is impo-

i=1
ssible as C,G is proved to be a semifield so no
zero divisors to cancel of or add to 1.

Hence the chain.
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However C,G has idempotents if G is
a group of finite order.

Example 2.6: Let G=<g|g?=1>
be the cyclic group of order 12. C, be the chain

lattice. C,G be the group semiring. Consider
a=(1+g)eqG

a? = (1+g)x(1+¢g°)
(I1+g'+g°+g?)
lul+dul)g
1+g°=a.

Thus a is an idempotent in C,G. Consider

B =l+g+g+gcCo
p? =(1+g+g+g) x(1+g+g+¢g")
=l+g+gt+g +g+gf+g
g12+g6+g9+g12+g3+g9+g12+g3+g6
=l1+gi+gf+g® (aslul=1)

Thus (3 is an idempotent. Similarly y=
1 +g* + g8 € C G. Clearly y> = y is an
idempotentin C G,

Finallyd=1+g+g?...+g'"eCG
is also an idempotent of C.G

Thus apart from all elements C_ as
C,c C.G are also idempotents of CG as
a,xa =ana forall aeC.

In view of this we have the following
theorem.

Theorem 2.4: Let Cy, be the group
semiring of the group G of finite order over
the chain lattice C,

) Al @ eC;C,cCG are idempotents
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of CG

ii) If H c G is a subgroup of G and H =
{Lh,. h}jthnB=1+h+. + h,
€ C,G is an idempotent of C.G This is
true for every subgroup of G

W IfG={,g,..g}theny=1+g + g,
t..+ g, € C,G is an idempotent of C G

Proof: Forevery a € C, itis clear a
X o= a N a is an idempotent of C,G as C,

GG

Further|G[<»ifG={l, g, e
thenB=1+g +...+g e C G is such that
B? = B. Finally every H. a subgroup in G is of
finite order and ifH,={1,h,h,,..., h} theny
=1+h +...+h e CGissuchthaty?=1y.

Hence the theorem.

Next subsemirings and ideals of the
group semiring C,G are discussed in the
following,

Example 2.7: Let C, be a chain
lattice and G = (g| g'* = 1) be the cyclic group
of order 18. C,G be the group semiring.

A={0,1,(1+g+...+gM}cCG
is a subsemiring of order 3.

A={0,1,(1+g+g+...+g9) ¢
C,G is again a subsemiring of order 3.

A={0,1,1+g+gs+g+ ...+
g"”)} c C,Gis also a subsemiring of order 3.

A, ={0,1,{1+g+g?} c C,Gis
also a subsemigroup of C,G.

A;={0, 1, {1+g3} cCGisa
subsemiring of order 3.
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Now let P, = {1, g%, g*, ..
be a subgroup of G. C it
subsemiring of C,G.

. 8%}
CG

LetP,={1,2°} cGbea subgroup of
G.CpP,c CGisa subsemiring of C,G.

et B = {1, g5 g7} = G be a
subgroup of G C,P,c C,Gisa subsemiring
of C,.G.

LetP,={1,¢g, &% .. 8"} cG be a
subgroup C.P, < C,G be a subsemiring of
C,G.

LetM, =
of C,=0<a,<a;<..

={0,a,,1} cC, is a sublattice

a2<al<1.

NowMP cCGisa subsemiring of
C.G.

LetM,={0,a,1} cC,isa sublattice
of C, and MzPl, M,P,, M,P, and M,P, are all
subsemirings of C,G.

Thus €,G has several subsemirings
but all of them are not ideals of C,G only a
few of them are ideals.

Further M,P,, M,P,, M,P, and M,P,
are only subsemirings and none of them are

ideals of C,G.

Example 2.8: Let C, be the chain
lattice. G =<g | g* = 1> be the cyclic group of
degree three. C,G be the group semiring of
the group G over the semiring C,.

P={0,1,1+g+g}cCGisa
subsemiring. This is not an ideal of C,G.
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In view of all these the following
proposition is proved.

Proposition 2.3: Let C,G be the
group semiring of the group G over the
semiring Cn. If M is a subsemiring of C,G
then M is not an ideal of C,G

Proof: Proved using an example. In
the example 2.7 of this paper there are several
subsemirings of the group semiring which is
not an ideal.

Next the concept of right and left ideal
exist only when C,G is a non commutative
group semiring. Consider the following
example.

Example 2.9: Let C.S, be the group
semiring of the symmetric group S, over the
semiring C,. C,S, has right ideals which are
not left ideal. Thus as in case of group rings
which are non commutative in case of group
semirings which are non commutative has right
ideals that are not left ideals and vice versa.

Another interesting feature is in case
of a field, field has no ideals other than (0) and
F but however semifields which are group
semirings of the form C,G has ideals.

In the next section the study of
groupsemirings using distributive lattices which
are not chain lattice is carried out.

3 Study of group semirings using
distributive lattices which are not chain
lattices:
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In this section a study of group
semirings using distributive lattices L which are
not chain lattices is carried out. Unlike chain
lattices in case of distributive lattices the group
semi rings in general are not semifields.
However in case of certain lattices the group
semiring can be a semifield.

Since the replacing of semiring (chain
lattice) by a distributive lattice will not alter
the definition of a group semiring so here the
definition of group semiring using distributive
lattices are not made once again'?.

First a few examples of them are
given.

Example 3.1: Let L

be a distributive lattice.

G=(g|g'"=1) be the cyclic group of
order 10. LG be the group semiring of the
group G over the semiring L which is a
distributive lattice. LG is not a field. In the first
place L is a semiring and not a semifield as a,
M a, = 0. Thus LG has zero divisors so LG is
only a semiring,

Example 3.2: Let L
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a3
ay
as
45
0

be a distributive lattice. G = S4 be the
symmetric group of degree 4. LG the group
semiring is a semi division ring. Further L is
not a semi field as LG is non commutative
semiring. Thus LG has no zero divisors but
LG is a non-commutative semi ring,

Example 3.3: Let B

be the Boolean algebra. G = (g | g' = 1) be
the cyclic group of order 12. BG the group
semiring. BG has zero divisors, units and
idempotents o = (a,g° + a,g?) and B = agie
BG.

of=(ag’+ag)xag’ = 0. Leta=1+g
+g°+¢°c BG

Clearly o = 0. s0 a is an idempotent.
Let g’e BG, g°c BG is such that g’ x g5 =1,
All elements in G are units of BG as G c BG.

Theorem 3.1: Let L be a distributive
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lattice and G any group. LG the group
semiring of the group G over the semiring
L.. LG has zero divisors if and only if L is a
distributive lattice which is not a semi field,

Proof: If L is not a semi field. That is
there exist a_, ae L\ {0}, a = 3, such that
ana =0 Takeo=ag and = ag € LG;
g,8¢c0G

a NP = agNnag,
5 (a,na)(gs)
= 0(g8) = 0.

Thus LG has zero divisors.

Corollary 3.1: If L is a semifield
then the group semiring LG has no zero
divisors. ’

Proof follows from the fact L is a
semifield and no a, p € LG\ {0} is such that

a x B=(0).
Example 3.4: Let L lattice given by following
diagram.

1

a)

a

a3
ady

aﬁ

G =S8, be the symmetric group of degree three.

LG be the group semiring of the group
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G over §,.

LetR, = {1, p,} be a subgroup. LR,
is a subsemiring which is not an ideal.
LetR,={1,p, } c S, be the subgroup.
LR, is again a subsemiring.

LR, and LR, are isomorphic as
subsemirings by mapping p, to p, and rest of
the elements to itself.

The following theorem is interesting
which describes a semiring which is not a
semifield.

Theorem 3.2: Let a be a finite group.
L is a Boolean algebra of order greater
than or equal to four. LG the group semiring
has zero divisors.

Proof: Follows from the fact all
Boolean algebras of order greater than or equal
to four has elements a,b € L\ {0} withan b
= 0. This will contribute for zero divisors of
the form aff = 0 when o = ag, and B = bg,
witha x =aB=ag xbg,=(anb)gg,=0.

Theorem 3.3: Let G be a group of
finite order L be a distributive lattice which
is not a chain lattice. LG be the group
semiring of the group G over the lattice L.
LG has non trivial idempotents.

Proof: Given | G | =n < « a finite
group. LG the group semiring.

Takea=(1+g +..+g )e LG
Clearly o? = a so « is an idempotent of LG.

Likewise if H, H,, ..., H, are non-

trivial subgroups of order p,, p,, ..., p,

respectively then B, =1+h +h,+..+ h, |
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e LGwhereH, = {1,h,h,, ..., h, 1} cGis
such that B =B, .

Let B, =1 + Kk, + k; + ...t k,
€ LG, where H, = {Lk, k,,...
Gis B =B,

’ kpz—l} c

Likewise if H={1, m;, m,, ...

c G the subgroup.

’ mpt—l}

Bp=1+m + m, +..+m, e LG

is such that B =B, .
Hence the theorem.

The idempotent in L will be called as
trivial idempotents. Likewise zero divisors in
L will be defined as trivial zero divisors of LG

Clearly L has no units and units
contributed by the group G will be termed as
trivial units of LG.

For the definition and properties of
Smarandache zero divisors please refer’.

Conditions for Smarandache zero
divisors to exist in group semirings; BG where
B is a Boolean algebra is obtained in the
following.

Example 3.5: Let B 1

o~
B
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be a Boolean algebra. G = (g | g'¢ = 1) be the
cyclic group of order 16. BG be the group
semiring of the group G over the semiring B.

Let x=a, (g + g?) and y = 2, (¢’ + g")BG
xxy=a, (g?+g)xa (g +8)
=(a,na,) (g2 +g) (g +2)
= 0.

Leta =a (g°+g) andb=a, (g’ +g"+
g?) e BG x x a=0andyxb=0butaxb=
0. Thus x,y € BGis a Smarandache zero
divisor!s.

Example 3.6: Let B

0

Be a Boolean algebra or order four and G be
any group. BG be the group semiring of the
group G over the semiring B. BG has no S-
zero divisors.

In view of this the following theorem is proved.

Proposition 3.1: Let G be any group
and B a Boolean algebra BG the group
semiring.

i. BG the group semiring has S-zero divisors
if/B />4

ii. BG has only zero divisors and no S-zero
divisors if |B [= 4

iii. BG has no zero divisors if | B [ = 2.

Proof: Proof of i. follows from the
fact if | B [> 4 then B has zero divisors as well
as S-zero divisors.
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Hence BG will have S-zero divisors
(refer example 3.5).
Proof of ii. If | B | = 4 then

Clearly a x b=0 is a zero divisor and
cannot find another y # 0 with ay = 0 and
a. x = 0 with bx = 0 and xy # 0. Hence the
claim.

Proof of iii. If | B|=2 then B is a
chain lattice hence BG has no zero divisors.

Next the study about the existence of
S-anti zero divisors is discussed.

Example 3.7: Let B =

0

be the Boolean algebra of order four; G = S,
the symmetric group of degree 3. BS, be the
group of semiring of the group S, over the
semiring B.

Leta=(1 +p] +P2), ﬂ=(1 +p4) €
BS.. Clearly a x B = (0).
Take x=a(p,+p,)andy=b (p;, +p,
+ 1)e BS,.

Consider

ax=(1+p, +p,) a(p,+p,)
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=1na[(l+p +p,)x(p,+p)]
=a(p,+p;+1+p,+p,+p,)
=a(p,+ 1+p,+p,+p,+p,)
=a(1+p5+p2+p3)¢0.

Consider

By=(1+p)>xb(1+p,+p,)
=bN1[(1+p)x(1+p,+p))]
=b(1+p4+p3+p]+1+p5)
=b(l+pl+p3+p4+p5)¢0.

So Py # 0 and ax # 0 but

Xy=a(p,+p;)xb(p;+p,+1)
=amb[(p2+p5)x(ps+p3+l)]
=0.

Thus o is a Smarandache anti-zero
divisor of BG.

In view of the following proposition is
proved.

Proposition 3.2: Let B be a Boolean
algebra of order four. G any group and BG
the group semiring of the group G over the
semiring B. BG has S-anti zero divisors.

Proof: Leta= Z g and =X h,g,
h, € G (all coefficients of g in . and h,in B are
1). Take x = (Z ak) and y = £ bm, (k, m.e
G).B=

0

Clearly ap # 0. Further ax # 0 and By
# 0 but af = 0. Thus x is a S-anti zero divisor
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inBG.

Theorem 3.4: Let BG be the group
semiring of the group G over the Boolean
algebra of order four. Let a € BG be a S-
anti zero divisor then a need not be a zero
divisor.

Proof: Follows from the example 3.7.
For a in that example is not a zero divisor in
BG.

Proposition 3.3: Let BG be the group
semiring of the group G over the Boolean
algebra of order greater than 4. BG has
both S-zero divisors as well as S-anti zero
divisors.

Next we study the Smarandache
idempotents in these group semirings. At first
it is important to know that the distributive
lattices or for that matter any lattice L will not
contain any Smarandache idempotent as every
element in L is such thataxa=ana=a’=
aforallac L.

However it is an interesting feature
to analyse whether the group semiring of a
group G over a distributive lattice L have
Smarandache idempotents. Let BG be the
group semiring of the group G = S, over the
semiring B which is a Boolean algebra.

Takea=(1+p,+p)andb=(p, +p,
+p,) we see a> = a and b’ = a; ab = a. Thus
group semiring has S-idempotents.

Example 3.8: Let G=(g | g:=1) be
the cyclic group of order 8. B be any Boolean
algebra or a distributive lattice. BG be the
group semiring of the group G over the
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semiring B.
Leta=1+g2+g*+gfandB=g+g’
+g*+ g’e BG.

Clearly a> = a, B> = a and aff = .

In view of all these the following
interesting theorem for cyclic groups of even
order is given.

Theorem 3.5: Let G = <g [g = I>
be the cyclic group of order 2n. B be a
distributive lattice or a Boolean algebra.
BG the group semiring has a Smarandache
idempotent.

Proof: Takea=(1+g’+g'+ g +¢°
+...+g"%) e BG

Letp=(g+g’+g’+g +....+ g™
e BG.Clearly’=a,ap=pand p>’=a.Soa
is a Smarandache idempotent.

Example 3.9: Let B be a distributive
lattice or a Boolean algebra.

D = {a,b | a?=Db? =1, bab = a} be the
dihedral group. BD be the group semiring of
the group BD over the semiring B.

Takea=(1+b+b?+....+b")and
p=(a+ab+ab®+.....+ab"”) e BD.

Clearly a2 =q and p? = a with aff = .
The a is a Smarandache idempotent in BD.

In view of this the following theorem.

Theorem 3.6: Let L be a distributive
lattice or a Boolean algebra. Let G = D,,
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={ab [a’ =b" = 1, bab = a}; n an even
integer say 2m. LG be the group semiring
of the group G over the semiring L. LG has
S-idempotents.

Proof: Considera=(1 +b+b*+ ...
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LG. Clearly o? = o and B? = a and af = p.
Thus o a Smarandache idempotent of LG.

Example 3.10: Let A, be the alternating
subgroup of S,; L be a distributive lattice or a
Boolean algebra. LA, the group semiring.

+b21) and B = (a + ab + ab? + ... + ab?™) e
Let

_1234+1234

ey dood wl 1 23 4
and

1 2 3 4 1 2 3 4

B = + € LA,

341 2 4 3 2 1

(1={1.

. 1 2 3 1 3 4 I phgia g 1 2 3 4
B? = o =a
21 4 1 2 3 4 21 4 3 1 2 3 4

2 3 4 4 1 2 3 4 1y R 3bad
043= x 3
21 43 4 34 ] 2 4 3 2 1
1370 38 g 1234)1234 1 2 3 4
- + + + =p.
4 3 2 1 341 2 341 2 13 2

Thus a is a Smarandache idempotent
of LA,.

In view of all these the following
theorems are proved.

Theorem 3.7: Let G be a group of
order n and G has a subgroup of order m
(m/n; m an even number). L any distributive

lattice or a Boolean algebra. LG the group
semiring has S-idempotents.

Proof: Let H be a subgroup of order
saym=2tandletP= {1, g, ..., g1} beasub
group of H. Thentake o= 1+ g; + ... + gy
and B = Z hi e LG g

h; eH\ P
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Clearly o> = ¢ and p? = o and af = a.. Thus
is the S-idempotent of LG.

Theorem 3.8: Let S, be the
symmetric group of degree n (n even or
odd). L any distributive lattice. LS, the
group semiring. LS, has S-idempotents.

Proof:

Case 1: n is even. S, has a subgroup
of order n which is cyclic. Hence using this
subgroup say G = {1, g, ..., g"'} contributes
to the S-idempotent; o =1 +g2+... +g*2and
p=(g+g +...+g"!) e LS, is such that o?
=q; p2=a and af = .

Letn be odd thenn -1 is even. Let H
= cyclic group generated by h € S, of order
n-1.

Now (1 +h?+h*+... +h™3)=q and
B=(h+h3+...+h™) ¢ LS, are such that a2
=a, B>=a and aff = B. Thus a is a S-idempotent
of LS,. Hence the theorem.

4. Conclusions
In this chapter group semirings of

groups over semirings which are distributive
lattices is carried out. Further in case of chain
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lattices C, the group semiring C,G is a
semifield in case G is abelian and a semi
division ring in case G is a non-commutative

group.

Further if the distributive lattice L has
zero divisors then only the group semiring LG
will have zero divisors.

Finally idempotents which are in LG\L
are identified. The concept of Smarandache
zero divisors and Smarandache idempotents
in group semirings (where semirings are
distributive lattices) are carried out and conditions
for their existence is also determined in this
paper. However in casc of group semi rings
LG over distributive lattices it is impossible to
find units or S-unit in LG\G.
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