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Abstract

The basic concepts, theorems and properties of circulant fuzzy matrix are introduced also we discussed
k- symmetric circulant fuzzy and s- symmetric circulant fuzzy matrices with examples.
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Introduction

A square matrix Ais Symmetric if A=AT and k-symmetric if A=KAKT 23457 Any matrix with entries in
[0,1] and matrix operator defined by fuzzy logical operators are called fuzzy matrix>®. Symmetric, k-symmetric
circulant and s-Symmetric circulant are defined in the year 2016 °. Throughout in this paper all matrices
considered over a fuzzy algebra F with support [0, 1] under max- min operations for a, b € F , a+ b=max {a, b},
a.b=min{a, b}. The concept of s- symmetric matrices, k- symmetric matrices was introduced in'*. In this paper
our intension k- symmetric circulant fuzzy and s- symmetric circulant matrices are discussed.

Preliminaries and Notations :
For any A e F"™"is a fuzzy circulant matrix then AT, ASare transpose, secondary transpose respectively.
Let k be a fixed product of disjoint transposition in S, and K be the permutation matrix associated with k, V isa
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permutation matrix with units in the secondary diagonal. Clearly K?= I, K'=K, V=1, V=V,

Definition 1.1 Circulant Fuzzy Matrix (Cfm) :
For anygiven ag, a1, .... a1 € F"*"be the Fuzzy circulant matrix A= (aij)nxn is defined by (Ajj)=

(Zs(modm)
aO a'l a2 anfl
anfl aO al an72
an72 anfl aO an73
A= . . .
a'l a2 a3 " aO

Definition 1.2 Symmetric Circulant Fuzzy Matrix (SCFM) :
Amatrix A € F"*"js said to be symmetric circulant fuzzy matrix if A= AT

Example 2.1
0.1 03 03 0.1 03 03
A= 03 01 03 AT=|03 01 03
03 03 01 03 03 0.1

Definition 1.3 k — Symmetric Circulant fuzzy matrix (k-SCFM) :
Amatrix A € F""is said to be k - symmetric circulant fuzzy matrix if A = KATK where K be the
permutation associated with k.

Example 2.2
0.3 05 05 0.3 05 05
A=|05 03 05 KATK =|05 03 05| . A_pATk
05 05 0.3 05 05 03
Theorem 3.1

Let A € F"*"is said to be k - symmetric circulant fuzzy matrix then A= KATK
Proof: Amatrix A € F"™"is said to be k -symmetric circulant fuzzy matrix if A= KATK To prove AT issaid to
be k - symmetric circulant fuzzy matrix.
AT= (KATK)T
- KT(AT)TKT
AT=KAK
Theorem 3.2
Let A € F™" be k - symmetric circulant fuzzy matrix if Al is circulant fuzzy matrix then Alisalso
k - symmetric circulant fuzzy matrix.
Proof : A matrix A € F"*" is said to be k -symmetric circulant fuzzy matrix if A = KATK To Prove A% is
k - symmetric circulant fuzzy matrix.
Al=(KATK)?!
- K—l( AT)-lK—l
=K(AT)K
Al=K(AYHTK
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Theorem 3.3
If Aand B are k - symmetric circulant fuzzy matrix then A+ B is also k-symmetric circulant fuzzy matrix.
Proof: Since Aand B are k - symmetric circulant fuzzy matrix then

A=KATKand B=KB'K
To prove A+B is k - symmetric circulant fuzzy matrix.
A+B=KATK + KB'K
=K [AT+BT] K
A+B=K[A+B]'K
Theorem 3.4

If Aand B are k - symmetric circulant fuzzy matrix then AB is also k - symmetric circulant fuzzy matrix.
Proof: Since Aand B are k - symmetric circulant fuzzy matrix then

A=KATKand B=KB'K
Toprove AB is k - symmetric circulant fuzzy matrix.
AB = (KA'K) (KB'K)
= (KAT) K?(B'K)
= KATB'K
=K (BA)'K
AB=K (AB)"K
Theorem 3.5
Let A e F"™*" be k - symmetric circulant fuzzy matrix and K is the permutation matrix then KA is also
k - symmetric circulant fuzzy matrix.
Proof: Since Aand AT are k - symmetric circulant fuzzy matrices then
A=KATK,AT =KAK
ToProve KAis k - symmetric circulant fuzzy matrix.
KA = K(KATK)
= KKTATK
=K (AK)'K
KA =K (KA)'K
Theorem 3.6
Let A € F"™*"be k - symmetric circulant fuzzy matrix and K is the permutation matrix then AK is also
k - Symmetric circulant fuzzy matrix.
Proof: Since Aand AT are k - symmetric circulant fuzzy matrices then
A=KATK,AT =KAK
To Prove AK is k - symmetric circulant fuzzy matrix.
AK = (KATK)K
=KATK'K
=K (KA)'K
AK =K (AK)TK
Theorem 3.7
If A e F™ bek - symmetric circulant fuzzy matrix then AAT and ATAlis also
k - symmetric circulant fuzzy matrix.
Proof: Since Aand AT are k - symmetric circulant fuzzy matrices then
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A=KATK,AT =KAK.
ToProve AAT is k - symmetric circulant fuzzy matrix
AAT=(KATK) (KAK)
=K (ATAK
AAT=K (AAT)TK
Similarly We will prove ATAis also k - symmetric circulant fuzzy matrix.
Theorem 3.8

If A e F™" bek - symmetric circulant fuzzy matrix then A+AT isalso k - symmetric circulant fuzzy
matrix.

Proof: Since Aand AT are k - symmetric circulant fuzzy matrices then
A=KATK,AT =KAK.
ToProve A+AT is k - symmetric circulant fuzzy matrix
A+AT=KATK + KAK
=K (AT+A)K
A+AT=K (A+AT)TK
Theorem 3.9

If Aand B are k-symmetric circulant fuzzy matrices then AB+BA is also k-symmetric circulant fuzzy matrix
Proof: Given Aand B are k - symmetric circulant fuzzy matrices then

A=KA'K and B=KB'K
Toprove AB+BA is k - symmetric circulant fuzzy matrix.
AB + BA = (KATK)( KB'K) + (KBTK)(KATK)
= (KANKAB'K)+(KBTKXA'B)
=KA™BTK+KB'ATK
=K (BA)"K+K (AB)TK
=K (AB+BATK
Theorem 3.10
Let A is k-symmetric circulant fuzzy matrix and ifa, f > 0 are scalar Fuzzy and o+f3= 1 then a A+fB is
also k-symmetric circulant fuzzy matrix.
Proof: Since Aand B are k-symmetric circulant fuzzy matrices then
A=KA'K and B=KB'K
Toprove aA+pB=aKA'K+pKB'K
=K [aAT+BBTK
=K [aA+BB]'K
Remarks: Ifa, p >0 and a+p= 1 with aA+fB are symmetric circulant fuzzy matrix so the set of all synmetric
circulant fuzzy matrices over the permutation k isa convex set.
Theorem 3.11
IfArand Azare k-symmetric circulant fuzzy matrices then (Ar"A2Aq) and (AxTAA,) are also k-symmetric
circulant fuzzy matrix.
Proof: Since A; and A, are k-symmetric circulant fuzzy matrices then
A1=KA;'K and Ay =KA,'K. Since A;" and A;"are also k-symmetric circulant fuzzy matrices then A" = KA;K
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and A;" = KAK
Toprove AT AxA; is k-symmetric circulant fuzzy matrix.
ArTAA; = (KAK) (KA2TK)(KALTK)
= KAIK?A'K?A; K
=K (A/A2TANK
=K (ATA2A) K
Similarly We will prove A, A1A; is also k-symmetric circulant fuzzy matrix.

Definition 1.3 s—Symmetric Circulant fuzzy matrix (s-SCFM) :
Amatrix A e F"*" be s - symmetric circulant fuzzy matrix if A=AS=VATV where V is a permutation

matrix with units in the secondary diagonal.
Example 2.3

01 02 0 1 01 02 01 02 01 02
—_ — T— S TN /—
A%lo2 01]'Y1 o] ATl02 012|002 01" V02 01

Theorem 3.12

Amatrix A € F"*" be s - symmetric circulant fuzzy matrix then AT is also s - symmetric circulant fuzzy
matrix.

Proof: Since Ais s - symmetric circulant fuzzy matrix then A=AS=VATV
Toprove AT is s - symmetric circulant fuzzy matrix.

A=AS

AT= (VAT\/)T
=V ANV
=VAV
AT=VASV
Theorem 3.13
If Aand B are s - symmetric circulant fuzzy matrices then (A+B) isalso s -symmetric circulant fuzzy
matrix.
Proof: Since Aand B are s - symmetric circulant fuzzy matrices then
A=A=VA'Vand B=B°=VB'V
Toprove (A+B) is s - symmetric circulant fuzzy matrix.
(A+B)> = (VATV +VBTV)®

=V(AV+VEBV

=V [(A)"+(B°)'IV

=V[AT+BV

(A+B)’=V[A+B]'V =A+B
Theorem 3.14
If Aand Bare s - symmetric circulant fuzzy matrices then (AB) is also s - symmetric circulant fuzzy

matrix.
Proof: Since Aand B are s - symmetric circulant fuzzy matrices then
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A=A=VATVand B=B°=VB'V.
Toprove (AB) iss - symmetric circulant fuzzy matrix.
(AB)S = (VATVVB'V)®
- [VATVZBTV]S
- [VAT BTV]s
=[V(AB)"VJ°
=V[(AB)' TPV
=V [(AB)*]"V
=V (AB)"V
Theorem 3.15
Amatrix A e F"*" be s - symmetric circulant fuzzy matrix and V is a permutation matrix with units in
the secondary diagonal then VA and AV also
s - symmetric circulant fuzzy matrix.

Proof: Since Ais s - symmetric circulant fuzzy matrix then A=AS=VATV
Toprove VA is s - synmetric circulant fuzzy matrix.

VA =VAS
=V (VATV)
=VATVV
=VATVTV
=V (VA)'V
Similarly we will prove AV is s - symmetric circulant fuzzy matrix.
Theorem 3.16

If A e F"™" bes-symmetric circulant fuzzy matrix then AAT and AT Aare also s - symmetric
circulant fuzzy matrix.
Proof: Amatrix A is said to be s - symmetric circulant fuzzy matrix then A=AS=VATV.
Since AT is s - symmetric circulant fuzzy matrix then A=AT=VASV
To prove AAT is s - symmetric circulant fuzzy matrix
AAT = (AAT)S
- (AT)SAS
- (AS)TAS
=(VATV)T (VATV)
=(V(AT)'V)(VATV)
=VAATV
=V (ATA)TVA
AATz(AAT)S =V (AAT)TV
Similarlywe will prove ATA=V (ATA)TV
Theorem 3.17
IfA e F™" bes - symmetric circulant fuzzy matrix then A+AT isalso
s - symmetric circulant fuzzy matrix.
Proof: A matrix A is said to be s - symmetric circulant fuzzy matrix then A=AS=VATV. To Prove A+ AT =
(A+AT)
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=AS+ ( AS)T
=VATV+(VATV)T
=VATV+V(A"HTV
=VATV+ VAV
=V[AT+A]V
=V[A+ATIV
Theorem 3.18

If Aand B are s - symmetric circulant fuzzy matrix then AB + BAis also s - symmetric circulant fuzzy
matrix.

Proof: Amatrix A is said to be s - symmetric circulant fuzzy matrix then A=AS=VATV.
Toprove (AB+BA)° = [(VATV)(VB™V)+(VB™V)(VATV)]?
=[V(A'B")V+V(B'AHV]®
=[V(BA)'V+V(AB)'V]®
=[V(BA)'VI>+[V(AB)V]°
=V{[(BA)®T" + [(AB)°I"}V
= V[(AB)™+(BA)"V
=V (AB+BA)"V
Theorem 3.19
Let Ais s-symmetric circulant fuzzy matrix and if o, § > 0 are scalar Fuzzy and a+p= 1 then aA+B is
also s-symmetric circulant fuzzy matrix.
Proof: Since Aand B are s-symmetric circulant fuzzy matrices then
A=A3=VA'V and B=B°=VB'V
To prove (aA+ BB)°= 0. (VATV)+ B (VBTV)
=V[aAT+BBTV
=V[aA+pB]
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