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Abstract

In this paper, we introduce the concept of (H, 1)(E, 1) product transform and obtained two quite

new theorems on (H, 1)(E, 1) product transform of Fourier series and its conjugate series. Our result extends
several known result on single summability methods.
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1. Introduction

A good amount of work have been done in the field of summability of Fourier series and its conjugate
series using single and product summability methods by several researchers like Sahney®, Chandra?, Sinhaand
Shrivastava’, Chandra and Dikshit?, Nigam and Sharma®, Mursaleen and Alotaibi® and Singh® under different

conditions. But nothing seems to have been done so far in the direction of (H, 1)(E, 1) product summability
of Fourier series and its conjugate series. Therefore, in the present paper, two new theorems have been established

on (H,1)(E, 1) product summability of Fourier series and its conjugate Fourier series under general condition.

2. Definition and Notation :
Let f (x) be a 27- periodic function and Lebesgue integrable over (—z, 7). The Fourier series of f (x)
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is given by
fx)~ % + Yma(a, cosnx + b, sinnx) = X4 A, (x)
The conjugate series of Fourier series is given by

> (b, cosnx — a, sinnx) = Y-, B, (x) 22)
We shall use the following notations:

) =fx+t)+f(x—t)—2s
V() =f(x+t)—fx—t)

2.1)

n [ k . 1
K (6) = —— Z 1 Z(k) sin(v+3)t
" 21. Iognk 4 (k +1)2k 4 \v Sin%
= v=
n [ k 1
" 21 Iognk 4 (k +1)2k 4 \v Sin%
= =

1
And T = [—] , Where T denotes the greatest integer not greater than %
t

Let Y. _yu, beagiven infinite series with sequence of its n™ partial sum of {S}. The (H, 1) transform is
defined as the n" partial sum of (H, 1) summability and is given by

1 Sn—k
H%:tk(n)szZE:O magn—»oo (2.3)

then infinite series ),o—q U, is summable to the definite number s by (E, d) method .
If,

1
(E,l)=51§=2—k 2\5:0 (I;)s,,—)sasn—)oo (24)

then the infinite series Y 5 —q U, is said to be summable (E, 1) to the definite number S.
Now the (H, 1) transform of the (E, 1) summability defines (H, 1) (E, 1) summability and we denote it by
HIEL.
Thus if
HLE} = == ¥i_o——E} (25)
logn k+1

If HYE} — s,as — oo, then the series Y.&°_ u,, or the sequence {S,} is said to summable to the sum S by
HIEL

3. Main Theorems :
We prove the following theorems:
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3.1 Theorem:
Let {P,,} be a positive, monotonic, non-increasing sequence of real constants such that

(00]
Pn:ZPU—>00,asn—>oo

v=0

o(t) = fotl(Zi(u)ldu =0 l@l ,ast - +0 (3.1.1)
Where, a(t) is positive, monotonic and non-increasing function of tand

logn = O[{a(n)}.B,],as asn —» « (3.1.2)
then the Fourier series (2.1) is summable (H, 1) (E, 1) to f (x).

3.2 Theorem:
Let {P,,} be a positive, monotonic, non-increasing sequence of real constants such that

(00]
PnZEPU—)OO, asn — oo
v=0

Y(t) = fotllP(u)ldu =0 l@l ,ast > +0 (3.2.1)

t

Where, a(t) is positive, monotonic and non-increasing function of tthen the conjugate Fourier series (2.2) is
Summable (H, 1) (E, 1) to

2n

Jie)) =;—ij Ll’(t)cos%dt

0
at any point where this point exists.
4.Lemmas :

1
Lemmal. |k, (t)|=0(n), forO0<t< E;sinnt < sinnt;|cosnt < 1.
Proof:

kzo l<k +11)2ki (b (1_’ : 2 t‘

= sinz

1
<
len (O] < 5— logn

1

(2v+l)sin%]

1 k k
Yk=0 [m Yv=0 (v)

— 2m.log n sin%
I 1 £
k
< +
~ 2m.logn kz; [(k +1)2k (2k 1)2_;) (v)l
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1 1
~om logn Zk 0 (k+1)(2k 2
__ 1 n 1
- 27T.Iogn(2n +1 Zk:O k+1)
_(@n+1)
~ 2m.logn
=0(n)

1 1 . .
Lemma2. [k, () = 0(3), for T<t<m;sin;>% andsinnt <1.
Proof:

n k . 1
1 1 Iy SIn (v+—)t
LAG) SZH. logn ;[(k+1)2k;(v) '_t2

Slné

N |

<
~ 2m.logn

1 k k
ZE:O [(k+ 1)2k Zv:O (v)

1 1
= mt.logn [ ZE:O ((k + 1)2") 2\5:0 (I;)l

1
< —
~ mt.logn

N 1
2k=0k+D)

Lemma3. |k, (t)| = 0(%), for0<t<=;si % and [cosnt| < 1

nt>
2
Zk 0 [(k+1)2k Z

NE
cos(v+—)t
ol e
2m. Iogn sm%
1 cos(u+%)t_
= Iognzk 0 k+1)2k - ( ) T

= t. Iog n [Zk =0 (k+l)2k ZU =0 (k)]

1
<
wt. logn

0 1
Zkzo(k +1)
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1
nt. logn

-of)

Lemma 4. |7€,:(t)| = 0(%) for l<t< T ; Sin % %
Proof:
1
1 Iy €08 (v+§)t
|k()|_27'[ logn Zk Ol(k+1)2k Z ( ) Y]
1 _ 1 kY i(v+3)e
s logn Zio | (k + 1)2k { Z\lf:o (v) ) H
1 [ 1 o e
= Ttlogn Zk=0 | (k + 1)2F Re{ Tioo (v) e rll]e?
1 [ 1 K
= Ttlogn Zk=0 | (k + 1)2F Re{ Tioo (v) et
1 1 o )]
-1
= nt.logn zﬂ:o [(k +1)2k ke { Z\ljzo (v) em} |
K\
+ Trt.lig n Zﬁ:r [(k+]i)2k Re{ 5:0 (v) et }” (4.4.1)
Now considering the first part of (4.4.1),
1
mt.log n Z %[(k+l)2k {ZU 0( ) Wt}”
1 .
— mt.logn Z % [(k+l)2k {ZU 0( )}” |e”’t|
1 _ 1 k
= ntlogn py, (k+1)2k v=0 (y)|

<1 Zr_l( 1 )
= nt.log n “k=0\ (k+1)

1
mt.log n

-0y
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Considering the second part of (4.4.1),

s 2 [ e {20 () e ]

wt.log n
T 0ot ()
= mtlogn “k=T (k+1)2k 0 < m < k|[4v=0\y

l

— mt. Iog n

1
_nt.logn zk:r (k+1)

-0y

5. Proof of Main Theorems :

5.1 Proof of theorem 3.1

Following Titchmarsh* and using Riemann-Lebesgue theorem, S, (f ; X) of the series (2.1) is given by

(i) — £ = 2 7 oy 2 g

2

Therefore using (1), the (E, 1), transform EZ of s (f;x) isgiven by

™ S Sin(v+%)t
B 1= e [ 0@ 1Y (8) ——2 e

= sin

Now denoting (H, 1) (E, 1) transformof s (f;X) by HXE} , we write

L 1 . k sin(v+3) ¢
HIE} — f(x) = o Iogn;[(k+1)2kfo ?(t) {z (1"?) (.—tz)}dt‘

= sinz

- j "Bk (Dt
0

We have to show that, under the hypothesis of theorem
s
f O(t)k,(t)dt = o0(1),asn - o
0

For 0 < § < 1, wehave

T l 1) T
jo B(t)k, (t)dt = ]0 B(c) + L o) + ]5 @(t)]kn(t)dt

(5.1.1)
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= I + 1, + I3 (say) (5.12)
We consider,

1
I < jo " 101k, (£t

= 0(n) [ [ 00k, (t)dt] by Lemma 1

= 0(n) [foio{ L }] by (3.1.1)

na(n).py

Rror

=o {@} using (3.1.2)

=o0(1),as n > » (5.1.3)
Now,

L] < F18(O) 11k, (£)]dt

= 0 |10 (%) de] by Lemma
oo - 350
-0t o ()] oo
Putting % =  in second term,
=0 ()| fers)* o )]
_ o{a(n—;pn}m{m}gmu

-0 {Iogl n} +o {Iogl n} by (3.1.2)

Using second mean value theorem for the integral in the second term as « () is monotonic
=0(1)+0(1),as n > »
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=0(1) as,n > @ (5.1.4)
By Rieman-Lebesgue theorem and by regularity condition of the method of Summability,

T
13| < [ 19()Ik, (B)|dt

=0(1) as,n > o (5.15)
Combining (5.1.3), (5.1.4) and (5.1.5), we have

HIEY — f(x) = 0(1) ,asn —> o
This completes the proof of theorem 3.1.
5.2 Proof of Theorem 3.2.
Let S, (f,x) denotes the partial sum of series (2.2) .

Using Riemann-Lebesgue Theorem, §,’l(f, x) of series (2.2) and the (E, 1) transform E,} of §,’l(f,x) is
given by

=1 o 1 T k k Ccos (k + %) t
En =)= 2n2kfo vO{ Xy_o ()

sin§
Now denoting (H, 1) (E, 1) transform of 5, (f, x) by HIET , wewrite

L 1 < 1 n k cos (& +3) ¢
H%E%_f(x)ZZn. Iognkzzol(k+1)2kf0 v Z(ﬁ) ( tZ) dt

=0 sin 5

n
= fo W(t)k, (t)dt 521)
In order to prove the Theorem, we have to show that, under the hypothesis of theorem
fﬂ‘P(t)H(t)dt =0(1), asn — oo
For0<§ < n,v(\)/ehave

fnw(t)ﬁ(t)dt = k, (t)dt
0

fty(t) + f;‘l’(t) + Ln‘y(t)

=1, + I, + I3(say) (52.2)
We consider,

1
L] < fo "1w(O)1| ()| de

=0 [ju.:‘.l ¥ (t) Idr} by Lemma 3

-
E
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o
f —|‘P(t)|dt‘
0 t

1 1

= 0() (;) [0 {na (n)-pn}] by (3.2.1)

:0{

1
a(n).pn}
0 ﬁ} using (3.2.2)

=0(1),as n-> »

Now,

6 P—
IL| < fl ()| (0)|de

=0 [fftil‘}’(t)ldt] by Lemma 4

Putting 1 = y in second term,
t

:0<

:0{

-
L ?l‘P(t)ldt]

L n

-{%‘P(t)}i + L 5t12w(t)dt]

ol o) -

) [0 {a(nl), pn} + g 0 <ua(11-). pu) du]
b r) ng’ o

log n} +o {Io; n} by (3.1.2)

281

(5.2.3)

(32.1)
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Using second mean value theorem for the integral in the second term as a(n) is monotonic
=0(1)+0(1),as n > »

=0(1) as,n > (5.2.4)
By Riemann-Lebesgue theorem and by regularity condition of the method of summability,

5| sL I9OIr ()] de

=0(1), as n—> (5.2.5)
Combining (5.2.3), (5.2.4) and (5.2.5), we have
HIEI — f(x) =0(1), asn- o
This completes the proof of theorem 3.2.

Conclusion

In the field of Summability theory, various results pertaining (H, 1), (E, ) and (E, g)X and X(H, 1)
Summability of Fourier series as well as its allied series have been reviewed. In future, the present work can be
generalised under certain conditions.
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