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Abstract

In this paper, we establish some fixed point theorems using Meir-Keeler type contraction in M-metric
spaces via Gupta- Saxena type contraction. We also extend very recent results in fixed point theory.
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1. Introduction and Preliminaries

A variational principle is formulated by Ekeland which is the foundation of modern variational calculus.

It has many applications in various branches of mathematics, including optimization and fixed point theory® and
alsoin nonlinear analysis, since it entails the existence of approximate solutions of minimization problems for a
lower semi-continuous function that is bounded from below on complete metric spaces. Also, this principle is
also a fruitful tool in simplifying and unifying the proofs of already known theorems and has many generalizations;
see Borwein and Zhu®.

In 1994, Matthews® introduced a partial metric space and proved that a partial metric space is differ

from metric space in the sense that the distance of a point from itself may not be zero. Matthews® proved the
Banach contraction principle in this new framework. After that several mathematicians proved many fixed point
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theorems in partial metric spaces.

Haghi et al.” in 2013 published a paper which stated that we should ‘be careful on partial metric fixed
point results’ along with very some results therein. They showed that fixed point generalizations to partial
metric spaces can be obtained from the corresponding results in metric spaces. For example he proved the

following result shows that Theorem 1 in is a consequence of Theorem 2 in*.
Let (X,p) be a complete partial metric space, @ : [0,+0) > [0,+x)a continuous and non-
decreasing function such that @(t) <t forallt> 0and T a selfmap on X satisfying

p(Tx,Ty) < o(M,(x,y))

forall x,y € X.Then T hasaunique fixed point.
In 2014, Asadi et al.? extended the p-metric space to an M-metric space and proved some fixed point
and common fixed point theorems in this spaces. The following result is proved:

Let (X, m) be a complete M-metric spaceand let T : X — X be a mapping satisfying the following
condition:

3k € [0,1) suchthatm(Tx,Ty) < km(x,y) forallx,y € X.
Then T has a unique (xed point.

In this paper, we establish some of the fixed point theorem for a Meir-Keeler type contraction in
M-metric spaces via a Gupta-Saxena type contraction. Also, we extend and improve very recent results in fixed
point theory.

Definition 1.1. ([8], [11] Definition 1.1) :
A partial metric on a nonempty set X is a function p: X X X — R™ suchthatforall x,y,z € X :

1 r(x,x) =p(y.y) =pxy) ®x=y

2 p(x,x) < p(x,y),

3 p(x,y) = p(y,x),

4 r(x.y) < p(x,2) +p(z,y) —p(z 2).

A partial metric space is a pair (X, p) such that X is anonempty set and p is a partial metric on X.

Notation :
The following notations are useful in the sequel:

(i) mxy: = min{m(x, x), m(y, y)} = m(x,x) vm(y,y),

(i)Mxy: = max{m(x,x), m(y,y)} = m(x,x) Am(y,y) .
Now we want to extend Definition 1.1 as follows.
Definition 1.2.

Let X be anon-empty set. Afunction m: X x X — R™ iscalled aM-metric if the following conditions
are satisfied:

(m1) m(x,x) =m(y,y) =m(x,y) S x =y
(m2) my, < m(x,)
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(m3) m(x,y) = m(y, x)

(m4) (m(xay) - mxy) = (m(xa Z) - mxz) + (m(Zay) - mzy)
Then the pair (X, M) is called an M-metric space.

According to the above, our definition of thecondition (pl) in thedefinition® changes to (m1) and (p2)
for p(x, x) is expressed by just p(y, y)=0, we may have p(y, y)# 0, sowe improved that condition by replacing it
by min{p(x, xX),p(y, ¥)}< p(x, y) and also we improved the condition (p4) to the form (m4). In the sequel we present
an example that holds for the M-metric, but not for the p-metric.

Remark 1.3.
Forevery x,y € X :

) 0 < My, +my, =m(x,x) +m(y,y),

(i) 0 < Mxy —Myy = |m(x,x) —m(y,Y)L
(ii) Mxy — Myy = (sz - mxz) + (sz - mzy)
The next examples state that m°and m" are ordinary metrices.

Example 1.4. Let m be a M-metric. Put:

i) m”(x,y) =m(x,y) — 2my, + M,,

iy m*(x,y) = m(x,y) —m,, whenx # yandm*(x,y) =0ifx =y.
Then m®and m"“are ordinary metrices.

Proof: If mY(x,y) =0 then
y

m(x,y) = mey - Mxy 11)
Butfrom (1.1) and m,,, < m(x,y) we get

my, = M,, = m(x,x) =m(y,y) so by (1) get

m(x, y) = m(x, x) = m(y, y) and therefore X = y. For the triangle inequality it is enough to - that we
consider Remark1.1 and (m4).

In the following example, we present an example of a M-metric which is not a p-metric.

Remark 1.5.

For every x,y € X:

i) m(x,y) — My, <m¥(x,y) <m(x,y) + M,

(i) m(x,y) — My,) <m®(x,y) < m(x,y).
Example 1.6.

Let X=9{1,2,3}. Define

m(1,2) =m(2,1) =m(11) = 8,
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m(1,3) = m(3,1) =m(3,2) =m(2,3) =7,
m(2,2) =9 and m(3,3) =5,
So mis an M-metric but mis not a p - metric. Since m(2, 2) £ m(1,2), m isnot ap - metric.

It D(x,y) = m(x,y) —m,, then m(1,2) = m,, = 8 but it means D(1,2) = 0 while 1 # 2
while D means is not a metric.

Example 1.7 [2]
Let (X, d) be a metric space, @: [0, co] — [@(0), o0) be a one and nondecreasing or strictly
increasing mapping with @(0), defined such that
O(x +y) <0(x) +0(y) —0(0) Vx,y=0.
Then m(x,y) = @ (d(x,y)) isa M — metric.

Example 1.8
Let (X, d) be ametricspace. Then m(x,y) = a d(x,y) + b where a, b > 0isan M — metric, because we
can put ¢(t) = at + b.

Remark 1.9
According to the Example 5.1.4, by the Banach contraction

dk €[01),m(Tx, Ty) < km(x,y), forall x,y € X,
We have

b(k—1
m(Tx,Ty) = ad(Tx,Ty) +b < kad(x,y) +kb = d(Tx,Ty) < kd(x,y) + g

which does not imply that we have the ordinary Banach contraction for all self-maps Ton X. So this states that
if the M-metric m and the ordinary metric d even have the same topology, but the Banach contraction of an
M-metric, this does not imply the Banach contraction of the ordinary metric d.

Lemma 1.10 ([2]) Every p—metricisa M —metric.

2. Topology for M-metric space :
It is clear that each M-metric p on X generatesa T topologyon X. The set

{B,,(x,€) : x € X,e > O¢},
where

Bn(x,€) ={y € Xim(x,y) <my, + €},
forall x € X,and € > 0, forms the base of 7,,.

Definition 2.1. Let (X, M) be an m —metric space. Then
(1) Asequence {X,} in an m — metric space (X, M) converges to a point X € X if and only if

lim (m(xn,x) - mxn'x) =0 (2.1)
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(2) A sequence {X,} in an m — metric space (X, m) is called an m — Cauchy sequence if

lim (m(x,, Xy ) —my, ., ) and lim (M(x,, x, ) — My, ) (2.2)

n,m—oo
in this space exists(and are finite).

(3) An m —metricspace (X, m) issaid to be complete if every m — Cauchy sequence {X, } in X converges with
respect to Tp, to a point X € X such that

lim (m(xn,x) — mxn'x) =0 and lim (M(xn,x) — mxn'x) =0

Lemma2.2
Let (X, m) be an m —metric space. Then

(i) {Xn}isaCauchy sequence in (X, m) ifand only if it is a Cauchy sequence in the metric space (X, m").
(ii) An m —metric space (X, m) is complete if and only if the metric space (X, m") is complete. Furthermore

lim m¥(x,,x) =0 (Ji_)rgom(xn,x) - mxn'x) =0and (JI_)rgOM (xn, x) — mxn'x) =0

n—oo

Likewise the above definition holds also for m®.

Lemma2.3
Assumethat x,, > x and x,, & y as n — o inaM —metric space (X, m). Then

r!'_[g(m(xnayn) - mxn,yn) = m(x,y) — Myy .

Proof: We have

|(m(xn’yn) - mxn,yn) - (m(x,y) - mx,y)l < (m(xnax) - mxn,x) + (m(y’ yn) - my,yn)-
From lemma 5.2.2 we can deduce the following lemma.

Lemma 2.4

Assume that x,, — x as n — oo inan M —metric space (X, m).

Then
lim (m (xnuy) - mxn,y) = m(x, y) — My y
n—-oo

forally € X.

Lemma 2.5

Assumethat x,, = x and x,, = Y as n — oo inasn m-metric space (X, m). Then m(x,y) = m

Further if m(x, x) = m(y,y), thenx=y.

Xy *

Proof:
By lemma 2.2 we have

0 = lim(m(x,, x,) — mxn,xn) =m(x,y) —my,.

Lemma 2.6 Let {X,} in an m —metric space (X, m) such that3 r € [0, 1) such that
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m(xn+la xn) < r{xn}m(xna xn—l) vneN (2'3)
Then

(a) 7!'_[2 m(xn, x,-1) =0
() lim m(x,,x,) =0

(c) lim mxm'xn =0

m,n—oo

(d) {Xn} isan m —Cauchy sequence.

Proof: From (2.3) we have,
m(xy, xp_1) < TM(xp_1, Xn—2) < 72mx,_p, %, _3) < -+ < 7"m(xg, x1)
Thus lim m(x,,x,_1) = 0.
n—00

Which implies (a).
To prove (b) , from (m2) and (a) we have

limmin {m(x,, x,) m(x,_1,x,-1)} = limm,_
n—-00 n—0o
That is (b) holds.
Clearly, (c) holds, since lim m(x,,,x,) =0
n—>00

Xn—-1 < 7!I_>r27 m(xn’ xn—l) =0

Theorem 2.7
The topology T, is not Hausdorff.

Theorem 2.8
Let (X, m) be a complete M-metric spaceand T: X — X be mapping satisfying the following condition:

k € [O%) such that m(Tx, Ty) < k(m(x, Tx) +m(y, Ty)), Vxy€eX. (2.4)
Then T has a unique fixed point.

3. Main Result and fixed point theorems

The following definition is new version of the definition in® for an M-metric space.

Definition 3.1 A Meir-Keeler mapping is a mapping T: M — M on an M-metric space (X, M) such that
Ve > 035 > 0 such that

Vx,yeEXande <m(x,y)<e+6=m(Tx,Ty) < € (3.1)
Theorem 3.2 Let (X, M) be a complete M — metric space and let T be a mapping from X onto itself satisfying
the following condition:

Ve>036>0suchthat Vx,y € Xande <m(x,y) <e+6 =m(Tx,Ty) < €. (3.2)
Then T has a unique fixed point u € X. Moreover, for all X € X, the sequence {T" (x)} converges to u.



332 Abha Tenguria, etal., JUSPS-A \ol. 30(7), (2018).

Theorem 3.3 Let (X, M) be a complete M —metric space and let T be a mapping from X onto itself satisfying
the following condition:

Ve>036>0suchthat Vx,y € Xand e < kC(x,y) <e+ 6= m(Tx,Ty) < €, 33)
where C(x,y) = m(x Tx) + m(y, Ty)

1
forsomeQ < k < 3 Then T has a unique fixed pointu € X. Moreover, for all u € X, the sequence {T" (x)}

converges to u.

Proof: We first observe that (3.3) trivially implies that T is a strict contraction, i.e. x = y =
m(Tx, Ty) < k C(x,y). (3.4)
Let xo € X and x,, = Tx,,_; so we have
C(xn—l ’xn) = m(xn—l,xn) + m(xn’ xn+l)
< k(m(xn—l ,xn) + m(xn’ xn+l))1
m(xn’ xn+l) = m(Txn—l ) Txn )
<k C(xn—l,xn)
= k(m(xn—l ,xn) + m(xn’ xn+l))1
Therefore
where r :ﬁ < 1. Now by lemma 2.5, {X,} is a Cauchy sequence, and by completeness of X,
Tx,_1 = x, = x* inm forsome x* € X.since T is a continuous mapping, so
X, = Tx,_1 = Tx", inmnow bylemma 2.4 we find
m(x™ , Tx™) = My pys,
0= lim (m(x, Tx,) — mxn'Txn) =m(x*, x*) — Mys e = M(TX, TX) — My s

n-—->00

Bylemma 2.2 and
m(x*, Tx*) = my+p,- = m(Tx*, Tx*) = m(x*, x*).

So x* = Tx™. Uniqueness by the contraction (10) is clear.

Put

(1 + m(x, Tx))m(y. Ty) . m(x,Tx) m(y,Ty)
1+ m(x,y) 1+m(y,Ty)

Clx,y) =m(x,y) +

Theorem 3.4 Let (X, M) be a complete M —metric space and let T be a mapping from X onto itself satisfying
the following condition:

Ve>036>0suchthat Vx,y € Xand e < kC(x,y) <e+ 8 =m(Tx,Ty) < €, (3.6)
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1
forsome 0 < k < 3 Then T has a unique fixed point u € X. Moreover, for all X € X, the sequence {T"(x)}

converges to U.

Proof: We first observe that (3.6) trivially implies that T isa strict contraction, i.e.
x#y=m(Tx,Ty) <k C(x,y). (3.7)
Let xo € X and x,, = Tx,,_; sowe have
(1 + m(xn—l’ xn))m(xna xn+1) m(xn—la xn)m(xna xn+1)
1+m(x,_1,x,) 1+m(x,, x,+1)

C(xn—l ,xn) = m(xn_lvxn) +

m(xn—l’ xn)m(xn’ xn+1)
m(xn’ xn+1)

< m(xn—l ,xn) + m(xn’ xn+l) +

< k(2m(x,_1 %, ) + M(x, Xp41)):
m(xp, Xp+1)Xn—1, = M(Txy_1 , TXy, )
<k C(xn—l Xn )
< k(2m(x,_1 x,,) + m(x,, xp41))
Therefore
My, Xp+1) < TM(Xn_1, %), (38)

2k
where r =ﬁ < 1. Now by lemma 2.5, {Xp} is a Cauchy sequence, and by completeness of

X, Tx,_1 =x, » x* inmforsome x* € X.Since T is a continuous mapping , so
X, = Tx,_1 = Tx", inmnowbylemma 2.4 we find
m(x™, Tx™) = My 7y,
0 = lim (m(x, Tx,) — my, 1, ) = m(x*, x*) — Mye e = M(Tx*, TX) — Mye e

n—0o

Bylemma 2.2 and

m(x*, Tx*) = my«rp» = m(Tx*, Tx*) = m(x*, x*).
So x* = Tx™*. Uniqueness by the contraction (3.7) is clear.

Corollary 3.5(Gupta and Saxena®) :
Let (X, d) be a complete metric space and T be a continuous mapping from X onto itself. Assume that T satisfies

Vx,y€EX,x #y=d(Tx,Ty) <k C(x,y).

1
where0 < k < 3 isaconstant. Then T has a unique fixed point u € X. Moreover, for all X € X, the sequence

{T" (x)} converges to u.
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4. Applications :
In this section, after an idea of Samet et al.’%, we shall state an integral version of the Gupta-Saxena result.

Theorem 4.1
Let (X, m) be an M —metric space and let T be a self-mapping defined on X. Assume that there exists a function

¢:[0,0) - 0,) satisfying following condition
(1) (0) =0andt>0= ¢(t) >0
(2) @ is nondecreasing and right continuous;
(3) forevery ¢ > Q, there exists § > (Q such that

e<p(kC(x,y)) <e+8= op(m(Tx,Ty)) <¢, 4.1)

1
for some 0 < k < 3 and Vx,y € X ,with x #y
Then (3.6) is satisfied.

Proof:
Fix e > 050 ¢(€) > 0 Henceby (4.1) 3 §; > 0 such that

Vx,y €X,with x #y,0(€) < p(kC(x,y)) < p(€) + 61 = o(m(Tx,Ty)) < ¢(e) (4.2)
According to the right continuity of @
36>0¢(+ 6)<qpe)+ 6.
Noe for x,y € X with X=Y, and fixed
e<kC(x,y)< e+, (4.3)
Since @ is nondecreasing mapping, we have

9(e) < p(kC(x,)) < ¢(e + 61) < p(€) + 6.
So we get

@(m(Tx,Ty)) < ¢(e).
whichimpliesthat m(Tx, Ty) <€ .

Corollary 4.2
Let (X, m) be an M — metric space and let T be a self-mapping defined on X. Let h: [0, ) — 0, ) be a locally
integrable function such that

1) t>0= fth(s)ds >0;
0

(2) Forevery ¢ > (, thereexists § > (Q such that

1 C(x, 1 Ln(rx,r 1
C€S fo (xy)h(s)ds <-e+$ :>fé<m( ¥ y>h(s)ds<;e, (4.4)

1
forsome 0 <k < 3 and Vx,y € X ,with x #y
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Then (3.6) is satisfied.
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