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Abstract

Aswe all know that the solution of Heat Equation is found more easily than other Partial Differential
Equations of Parabolic Type. So, if we enable us to convert Parabolic Partial Differential Equations to Heat
Equation, then it becomes easier to find solutions. In this paper we are considering a method introduced by
Harper and with the help of a method for reduction of some types of Partial Differential Equations to their
Canonical Form it is shown that all the equations of this type are reduced to Heat Equation by following some
definite steps. To illustrate the method, we have taken some PDEs of this type and converted them to their
Canonical Form and then to Heat Equation.

Keywords: Parabolic Partial Differential Equation; Heat Equation; Solution of First Order Linear PDE.

AMS Subject Classification(2010): 35K05; 35K10; 35F05; 35A25

1 Introduction

Here we claim that every parabolic partial differential equation of the form,

o%u S 02u TaZU
(3xz+ 5X6y+ oy + 1 (X,Y,U,Ux,Uy) =0 .

where,
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Oyt = F 24 G o0+
ox oy

is reducible to Heat Equation.
Here, R, S, T, F, G & Hare functions of x and y.

In this paper we are considering a method introduced in* and with the help of method for reduction of
some types of Partial Differential Equations to their canonical form it is shown that all the equations of this type
are reducible to heat equation.

In section-2 the criteria for a Partial Differential Equation (1.1) to be a Parabolic PDE is explained and if
itisnot in canonical form then the method of converting it to canonical form is also explained.

In section-3 the method of reduction of a Parabolic PDE in the canonical form into Heat equation is
elaborated and also illustrated by giving some examples.

2 Reduction to Canonical Form :

For a Partial Differential Equation in the form,

0%u _ 0% 0%u
R +S +T +f(X, ¥, U, Uy, Uy) =0 (21)
ox? oxoy oy?
if S2 — 4RT =0, then it is categorized as Parabolic Partial Differential Equation.
We note that, the Canonical form of Parabolic Partial Differential Equationsis,
02u
Ox?2
which contains only one term with second ordered derivative either with respect to x or with respect to y.
Hence, if S — 4RT =0, then,

+ O (XY, U Uy Uy) =0

®Case-1:

S=0&T=0,R=0.
In this case, (2.1) becomes,

2

u
Rax—2 +f (X, ¥, U, Uy, uy) =0

Which contains only one term with second ordered derivative and hence, it is in Canonical form.

® Case-2:

S=0&R=0,T=0.
Here, (2.1) becomes,

2y
TW +T(X, Y, U, U uy) =0

Which also contains only one term with second ordered derivative therefore it isin canonical form.

®Case-3:
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We must note that, as S~ 4RT =0 if S= 0then R=0and T =0.
Therefore we consider, S# 0, R= 0, &T = 0.

In this case we convert (2.1) in to canonical form using method of characteristics? which is shown
below.

Letu(x,y)=V (&n)
where, £= & (X, y)andn =n (X, Y).
ForR, S, &T, if S? — 4RT =0, then the quadratic equation

Ra?+Sa +T=0
has two equal roots,
)
2R

Here we will choose & as follows,

&= ok
this implies,
dy
— 4+ :0
dx *
Hence,
S
dy= — dx.
Y 2R

On integrating both the sides we will get & and we choose ) independent of &
Now,

Ux=VeEx+ Vinx

Uy=Vely+ Viny

U = Vg (6% + 2V &+ Vi (0% + Vet Vim xx

Uy = Vee ()7 +2Vey §ny + Vi () + Vebyy + Vimyy

Uy = Veeb&y + Ven (Exny + x&y) + Vi Mty + Veby + Vi

Substituting all these expressions in (2.1), we get,
A, &)Ve: +2B(Ex & mx mVan +AMe )V + 0E N,V Ve, Vi) =0 (22
Where,
AGx &) = R(E)*+S(EN(E) + T (&)
Ay My) = R+ S (y) + T (y)?.
Nowas &= aé&y,
AG &) = Ra’(§)”+Sa (g +T (g)
(&) (Ro’*+Sa+T)
(&)°(0)
0
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- A&, &) vanishes.
Also, if A(nx, ny) =0, then,
RM¥?+S(nx) (ny) + T (my)*=0.

Hence,

RM+SM +T=0.

Mmy)?  (ny)

Therefore,

(x) -a

(T]y)
This implies,

(T]y) (ﬁy)

as the equation Ro? + Sau + T = 0 has only one root o.
This is not possible as we have chosen r independent of &.
Hence,

Anx, my) #0
Now, it is easily seen that 2,

A(Ex &) A(nx My) — B’= (4RT - SZ)(éxn y— & ﬂX)z

Hence,
B(& & nx, my) =0
Therefore, (2.2) is rewritten as,

A My)Van + 6§ n,V, Ve, Vi) =0
Which is the canonical form of (2.1).
Here, ¢ (& n, V. Ve, Vi) = w(@Ve+ y(m)Vy +HV.
Where,

W(8) = REuct Sy + Ty + F&x+ G
&

W(N) =R+ Snxy + Ty + Frixc+ Gy

2.3)

Hence, in all three cases the equation of the form (2.1) is transformed to a canonical form which contains only

one term of second ordered derivative.

According to Harper?, equations in the above said canonical form are reduced to heat equation using some

definite transformations.

The method of conversion to Heat Equation is described in next section.

3 Reduction to Heat Equation from Canonical Form :

We consider the equation,
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2
O e p M =0 (31)
oy

—+
oy?  ox
® First we avoid the second order derivative and solve the first order linear partial differential equation,

aau+bau + 0
ZabE s
ox oy .

using known methods.
Hence we get the solution of the form

u= 6o(w);
where 0 and pare functions of X & .

® \\e consider u = 6w(y, t) as solution of (3.1), where t is chosen independent of the variable y (as the term
containing second ordered derivative is uyy) so that (3.1) gets reduced to Heat Equation.

Examples :

Here, we convert some Parabolic Partial Differential Equations to Canonical Form and then into Heat

Equation, which will illustrate the discussions in the paper.

1 We consider the BSM (i.e. Black-Schole Merton) Partial Differential Equation. Here we will compare the
transformation we get to convert BSM Equation to Heat Equation with the transformation used in®and “.
The BSM Equation is,

ov oV 6252 92V
—+I1S—+ —
ot oS 2 052
Where, V (S, t) is the value of European Call option.

~ V=0 (3.2)

S = Spot price of asset (i.e. the price of asset at time t = 0)

r = Risk free interest rate

c = \olatility

X = Exercise price or Strike price

T =Total period of time.
As there is only one term which contains second ordered derivative it is in the canonical form.
Hence, we directly convert it into Heat equation using the process explained in section-2.

First we convert (3.2) into constant coefficient form as below.

let

V (S, t)=u(xt)
such that,

x=Log(S)
Hence,

Vt = Ut

1
Vs= — Uy

S



VSS: _2 (UXX — UX)

S
Therefore, (3.2) becomes,

02 02

7UXX + I’—7 Ux+Uut=ru
Step-1:
First we obtain the solution of the first order PDE

rc2 Ux + Ut= ru
—— | Uxt U= ru
2

Here,

Hence, we get the solution,

2
u(x, t) = e"f {X - (f —%H

Now we consider the solution of (3.3) of the form,
u(x, t) = e f[X, T]

Step-2:

Where

and
T=T(t)
i.e. T isindependent of x.
Therefore,
U= e fx
u, = e” fxx

2
ur=re'f —g' r—7 fx + " fr Ty

Hence, substituting these expressions in (3.3), we get,

So, ifwetake T=— 92t  then,
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(33)
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= fxx = fr
Which is the required Heat Equation.

Now,
2
X=X - r—c— t
2

2
=L — =St
()

Hence, V (S, t) istransformed to f (X, T ), where,

s= e lr-5 )
and

2
T__ot
2

which is approximately same as the transformation used in®and *.
2. We take another example®,

Yy _
Ux —uyy+3—xuX =0

Here,R=0,5=0,T= 1,F= 2 andG=H=0.
Also, as S> —4RT =0, this is a Parabolic Partial Differential Equation.

® \\'e must note that this equation is already in canonical form.

® Reduction to Heat Equation:
Step-1:
First we solve the first order PDE

iuy=0.

Uy +
X7 3x

Hence we get solution

ﬁ\»—‘|\<

ui,y)=f [

|

Now, we try to get solution u = f(X, T ) of the given PDE.

Step-2:
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Where, X = (yj and T is independent of y.

1
X3

Hence,

Ux=— y4 fix + frTx
3x3
fx

U= —1
X3
fxx

Uy = "2
X3

Substituting all these values in given PDE, we get,

fxx fx
— yAfx-i-fTTX— 7 +l_,=
3x3 x3s X3
Hence
f
frTx —2=0
X3

Therefore if we take T =33 , then Ty= X" 5.
This implies,
fxx=fr
Which is the required Heat Equation.
Here, u(x, y) is transformed to f(X, T ), where,

and

We must note that this transformation is different from the transformation used in® to reduce this PDE
into Heat Equation.

Conclusion

We have given the method of conversion (in section-2) of certain type of Parabolic Partial Differential
Equations into their Canonical Form and (in section-3) a method is explained to convert equations in their
Canonical Form to Heat Equation. Also, we have taken some Parabolic Partial Differential Equations and illustrated
the method. We conclude that Parabolic Partial Differential Equations of certain type, which is described in this
paper can be converted to Heat Equation.
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Scope for Future Work :

Reduction of specific type of Parabolic Type Partial Differential Equations is carried out where the term
f(X, y, u, ux, Uy) in (1.1) is

f -Fa—u+Ga—u+H
(X, ¥ U, Uy, Uy) = o o u.

Further, we will work out on other Parabolic Type Partial Differential Equations in which the term f(x, y,
U, Ux, Uy) has different structure.

Acknowledgement

With deep sense of gratitude we acknowledge DST-FIST support to The Department of Mathematics,
Gujarat University, where the first author is doing her Ph.D under the guidance of second author.

References

1 J. F. Harper, Reducing Parabolic Partial Differential Equation To Canonical Form, Mathematics
Department, Victoria University, Wellington, New Zealand.
https://wwwf.imperial.ac.uk/ ajacquie/IC Num Methods/IC Num Methods Docs/ Literature/Harper PDE.pdf

2. lan Sneddon, Elements of Partial Differential Equations, Dover Publications Inc., Mineola (2006).

3. Dhruti B. Joshi & Prof. (Dr.) A. K. Desai, Numerical Solution of BSM Equation Using Some Payoff Functions,
Mathematics Today, Vol. 33 (June & December 2017), 44-51.

4. H.V.DedaniaandS. J. Ghevariya, Option Pricing Formulas for Modified Log Payoff Functions, International
Journal of Mathematics and Soft Computing, Vol 3(3), 129-140 (2013).

5 Nail H. Ibragimov, Equivalence groups and invariants of differential equations, Extension of Eu-ler’s
method to parabolic equations, Invariant and formal Lagrangians, Conservation laws, ALGA Publications,
Blekinge Institute of Technology, Karlskrona, Sweden, Volume-1V (2009). )



