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Abstract

In this note, we have obtained some novel results on trilateral generating functions involving

Y,#*1k (x; k), a modified form of Konhauser biorthogonal polynomials, {Y,* (x; k)} with Tchebycheff

polynomials by group theoretic method. As special cases, we have obtained the corresponding results on
Lagurrepolynomials.
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Introduction

In 1967*, Konhauser introduced two sets of polynomials {Y, (x; k)} and {Z% (x; k)}, which are

biorthogonal with respect to the weight function x%e—* over theinterval (0, o), @ > —1, k is a positive
integer. These polynomials satisfy the following condition:

% =0, i+ ],
f X exp(—) Y2 (x: k) Z€ (x; k) dx ij=012,...
0 +* 0, i= ],
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For k = 1, these polynomials reduce to the generalized Laguerre polynomials, L% (x). In the present paper we
areinterested onlyon Y.% (x; k). In? Carlitz gave an explicit representation for the polynomials Y% (x; k) in
the following form:

=558y ()75,

where (@), is the pochhammer symbol defined by

F(a+n)_ 1, ifnZO, a#0

['(a) _{a(a+1). . (a+n-1), vne{123...}.

In3, Chongdar and Chatterjea gave a general method based on the theory of one parameter group of
continuous transformations, with the help of which any unilateral generating relation involving one special
function can be transformed into a trilateral generating relation with Tchebycheff polynomials.

In fact in®, a unilateral generating relation is converted to bilateral generating relation with the help of
one parameter group of continuous transformations and then this bilateral generating relation is converted into
atrilateral generating relation with the Tchebycheff polynomial by means of the relation

1,6 =2 [(x + V7= 1) + (x - Va7 -1)']

The aim at presenting this paper is to obtain some novel result on trilateral generating relations for the

(@), =

polynomials, Yn“+"k (x; k), a modified form of Konhauser biorthogonal polynomials, Y% (x; k) with

Tchebycheff polynomial by utilizing the above mentioned method of Chongdar®® and Chatterjea.For previous
works on Konhauser biorthogonal polynomials one can see the works. As special cases, we obtain the

corresponding results on Laguerre polynomials, LE{") (x). Themain result of our investigation is stated in the
form of the following theorem:

Theorem 1: If there exista unilateral generating relation of the form

[o¢]

G(x,w) = z ap YO K) w (1.1)
n=0
then
z o, (x, V)T, (W)w"
n=0

=2 [(1 who)F o (x[1- A+ ko]0 (x(l o (s plk))

(A+a—k) 1 1
+(L+kp) F exp (x [1 -1+ kpz)F]) G <x(1 +kpo )k, vpp(1+ pﬂc))] , (1.2)
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where

n

n _
)= 3 00 ()
p=0

pr=wu++vuz—1) and p, =w(u—vuZz-1).
2. Proof of theorem 1

For the biorthogonal polynomials, ¥,% +nk (x; k), we consider the following linear partial differential
operator:
R= xyz_z"i+ kyzz_z"i+yzl_2ki— (x+k—1)yz 2
d0x dy 0z
such that
R(Y&* ™ (x:K)y"z®) = k(n + 1) Y5k ~k (x; K)yn+1za-2k, (2.1)

The extended form of the group generated by R is given by
1—k 1
eWRf(X, y,Z) =1+ kwyz™ Zk)T exp {x —x(1+ kwyZ_Zk)F}

1 1
x f (x(l + lewyz= 2E, y(L + kwyz=26), z(1 + kwyz~ 2k)z), (2.2)

where f(x,,z) isanarbitrary function and W is an arbitrary constant.
At first, we consider the generating relation of the form:

Glx,w) = Z a, Y (x; k) wh. (2.3)
n=0
Replacing wby wyv and multiplying both sides of (2.3) by z%, we get
24 Gl woy) = ) an (Y (x; )y 2) (wo)" 2.
n=0

Operating e on both sides of (2.4), we get

eV (2% G(x,wvy)) = e"R (Z a, (Y& (x; k)y”z“)(wv)”). (2.5)
n=0 .
Now the left member of (2.5), with the help of (2.2), reduces to

(l+a—k) 1
(1 +wkyz=2)y "% exp (x —x(1+ kaz_z")F) z®
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1
x G (x(l +wykz=?*2)k,  wvy(1 + wkyz=?k) )

(2.6)
The right member of (2.5), with the help of (2.1), becomes
(o] n
n -
— Z (wy)™ Z an—pkp (p) Yna+nk 2pk (x: k)z&= 2Pk yn—p, 2.7)
n=0 p=0
Now equating (2.6) and (2.7) and then substituting ¥ = z = 1, we get
(A+a—k) 1 1
(L+kw) T exp <x [1 1+ kw)k]) G x(1+ kw)E, wo(l+wk)
e n
ZW on (%, 0), (2.8)
n=0

where

n
n _
o, (x,v) = z a, k™7 (p) Yy nk 2k (- ) P
p=0
We now proceed to convert the above bilateral generating relation into a trilateral generating relation
with Tchebycheff polynomial.

Now L.H.S. of (1.2),

Z o, (x,v)T, (W)w"
n=0
1 (A+a—k) 1 1
=3 [(l +kp ) K exp (x [1 -1+ kpl)FD G (x(l +kp)E, vp (1 + plk)>
(A+a—k) 1 1
+(L+kpy) kexp (x [1 -1+ kpz)F]) G <x(1 +kpo)k, vp(1+ pzk))].
=R.H.S. of (1.2),
where

n

n -
o, (x’ 17) - 2 a, kn—p (p) Yn(a nk +2pk) (x; k)vp’
p=0
pp=wu++vuZ-1) and p, =w(u—VuZ-1).
This completes the proof of the theorem and does not seem to have appeared in the earlier works.
Special case 1 Now putting k = 1 in our Theorem 1 we get the following result on generalized

Laguerre polynomials:
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Theorem 2 If there exists a generating relation of the form
G(x,w) = z a, Lﬁl‘“")(x) wh
n=0 (29)
then
Z o, (x,v)T, (W)w"
n=0
1 a
=3 [(L+ p)* exp(=xp)G(x(L+ p1), vpr(1+ py))
+(1 + pp)* exp(—xp2)G (x (1 + py), vpo(1 + py))), (2.10)
where
o (xv) = z a (n) L(a—n+2p)(x) P
n l 14 p n l
p=0
pr=wlu+vuz-1) and p, =w(u-—vuZz-1).
Conclusion

From the above discussion, it is clear that whenever one knows a unilateral generating relation of the

form (1.1, 2.9) then the corresponding trilateral generating relation can at once be written down from (1.2, 2.10).

Soone can geta large number of trilateral generating relations by attributing different suitable values to ci,, in
(1.1,29).
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