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Abstract

In this paper we consider the group of symmetries of the Sulphur molecule (Sg ) which is a finite
point group of order 16 denote by D;g generated by two elements having the presentation

{u, v/u? = v8 = (uv)? = 1} andfindthe complete set of genera (g = 2) of Compact Riemann surfaces
on which Dy acts as a group of automorphisms as follows:

Dy, the group of symmetries of the sulphur (Sg) molecule of order 16 acts as an automorphism group
of a compact Riemann surfaces of genus g > 2 ifand only if there are integers A and p such that A <1 and

u>landg =A1+8u(=2),u=|1]
Key words : Symmetries, Fuchsian group, Smooth quotient, Riemann surface, Automorphism group

and Genus.
1991 Mathematics subject classification: 20H10, 30F10

Introduction

Every finite group acts as group of automorphisms on a compact Riemann surface of some genus
g = 2.Thesame group may act as an automorphism group of many surfaces of different genera. The problem
of finding minimum g such that there is a surface of genus g admitting a given finite group G as an automorphism
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group has been studied extensively since 1960s. Finding the complete set of genera of the surfaces admitting a
given finite group G as an automorphism group seemsto be a interesting problem. The problem has however

been solved for some simple classes of groups during the last few years>>*®, In this paper we find the solutions
of the problem for the group of symmetries D, of the Sulphur molecule (Sg) which is a finite group of order
16.

Afinite group G acts as a group of automorphisms of compact Riemann surface of genus g > 2 ifand

onlyif there is a smooth epimorphism of some Fuchian group I" to G with surface group of genus g as its kernel.
A Fuchsian group I" is an infinite group having presentation of the form

(Xl,xZ,...xk;bl,Cl,bz,Cz...by,Cy ;x{nl :x;nZ :---:x]:nk = i-(:]_xi H}lzl[b]'(f]] :1> (1)
Where [b]c]] = bj_lcj_lbjcj and X1,X2,X3, ... ... ... ... ... . Xj are of finite order generators of order
ml,mz,mg, .mk respective|y and
by, c1,by, ¢ ... ... ... by, ¢y are of infinite order generators of ', and the measure of I" is given by
1
s(ry=zy-2+3(1-2)>0 2)
Such a Fuchsian group is also denoted by A(y; mq, ms,, ... ... ... ... ... . ™My, ) the non negative integer y is

called the genus I" and the integer m; (= 2) arecalled the periods of T.
If y=0then T has the signature of the form I' = A(mq, my,, ... ... ... ... ... .my,) and if there isno

finite order element except identityin T then I' = (y ; 0), called a surface group. It is known that if I'1isa
subgroup of T of finite index then I'; is a Fuchsian group and

8(I'y)

5(0) (3)
A homomaorphism ¢ from a Fuchsian group I" to a finite group G is called smooth if the kernel is a surface
subgroup of I'. The factor group I'/kerg (= (p(F) ) iscalled a smooth quotient of genus g. It is found

[T:1]=

that® there is a set a set of necessary and sufficient conditions for the existence of a smooth epimorphism from
a Fuschian group T to the finite group D, of order 16 generated by two elements u and v of order 2 and 8
respectively and whose product has order 2, has a presentation

Dy = {u,v/u? =v® = (w)? = 1} (4)

as follows:
Theorem 1:°

There is a smooth epimorphism ¢p: " — D;g where"and D, are defined as (1) and (4) respectively
ifand only if
(1) Whenk=0thenT = A(y; —) is asurface groupand y = 2
(2) Whenk =0 then O(¢p(x;)) = m; ; m; divides 16
Moreover,
(i) if all ¢(x;) €< v > then m; divides8 and ¥ = 1
(ii)if all ¢p(x;) € Dig —<v > thenm; = 2,k isevenand y =1
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(ii)1f(x;) e(v),i =12, ... s;s>kand
P(x54) ED1g —(v),j =1.2,.....t ;thens +t = k
tisevenandalso sl = O(mod 8)and1 <[ < 7.

Now using the conditions of these theorem we calculate the Complete set of genera.
Complete Set of Genera:

In this section we first find all the values of g > 2 for which a compact Riemann surface of genus g
admits D, ¢ as an automorphism group. The conditions of the above theorem enable us to do so as follows:

Theorem 2: Let D, be the group of symmetries of the Sulphur (Sg) molecule of order 16. Then D¢
acts as an automorphism group of a compact Riemann surface of genus g > 2 if and only if there are integer

rand psuchthati<landp>1andg = A + 8u(= 2). Furthermore u > ||

Proof: Let g be the genus of a compact Riemann surface on which D, ¢ acts as an automorphism
group. Then there exist a Fuschian group
— . PN £ (% R /3 R — M k . —
= <X1,X2, o Xy bl’ C1, bz, Co ... by, Cy ,xl = x2 2=..= xk k= Hi:]_XI H%:l [b]'C)] - 1)

and an epimorphism ¢:I" = D;g such that the kernel of ¢is a surface group of genus g.
Now

5k
O(Dyq) = O(T /kerd) = Es(errj’)
ie 16 = %

ie. g=1+85()
We know that for the existence of a smooth epimorphism ¢:I" = Dy, the periods of T and the genus of T’
must satisfy the conditions of the theorem(1) therefore the periods of I" can take the values 2, 4 and 8 only.

Let the number of periods equal to 2 be 7°, the number of periods equal to 4 be s and that of periods
equal to 8 be tthen it is clear from the conditions of the theorem(1) that r must be even. Also from (2) it follows
that

R e e

= 1+8[2( 1)+35+7t+1

ie.=1—-2s—t+8[2y+s+t+m—2], where m:g,aninteger

Letusput A=1—2s—tand y=2y+s+t+m—2 then g=A+8usothat A <1, u=>1,
because subject to the conditions mentioned in the previous theoremlon y, 1, t andswegetA <1, u > 1.
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Now we see that under those conditions g > 2. Itis observethat g > 2 for y>2.1f y=0thenr =2m # 0,24
when s =0andt=0which gives g > 2. Ify=1thenr, sand tare not zero simultaneously. This also give
g = 2. Thus itfollows that g > 2 for all possible (admissible) values of , I, s and tunder the conditions of

the theorem (1). It is also noted that in the above cases 1 =1—2s—t and U =2y +s+t+m—2,
p = |41 also. Thus the conditions are necessary.
Now we show that the conditions are sufficient:

Let g be an integer > 2 such that g = A + 8u where A and pareintegerswithA <1, u>1

and i = [A . 1tis sufficient to show that there is a Fuschian group I" satisfies the conditions of theorem(1)

and that there is a smooth epimorphism ¢b: I" = D, such that ker¢ hasgenus g > 2.
Set

A=1-p—q (1)
Z

ﬂ—2y+p+q+§—2 (2)
For any given integer A <1 we can find at least one non-zero positive integral value pg, qo Of p and q of
which satisfy the equation (1). Putting these values of p and q in (2) we get an equation in i,y and z

z

=2y +5+po+qo—2
This equation in £,y and z has a solution (1, o, Zg) Where Yo and Zg satisfy the conditions of the previous
Theorem and Ly is the integer = 1. Therefore we can always find a set of values Po, 9o and zg, yo Of p,
q,zandy respectively which give A < 1, u = 1 sothat

r=A(yo22.... 2,44....4,88.....8, )isaFuschian group satisfying conditions of the previous

20 Po q0
Theorem. Hence there is a smooth epimorphism from I" to D, and consequently D, acts as a group of
automorphisms of a compact Riemann surface of genus g, given by

1 1 1
g—1+8[2Vo—2+200(1—z)+C[o(1—§)+zo(1—§)

Zg
= 1—2270—%+8[2)’0+P0+QO+§—2]
= A+ 8u from (1) and (2)
Thus D, acts as an automorphism group of a compact Riemann surface of genus g .
This completes the proof.

Scope of research:

It is observed that the molecular group of symmetries is a rich field of various research work in different
dimensions The topic considered in this paper has tremendous potential to carry out future research
No financial support is received to carry out this research wor



%) JUSPS \bol. 32(7)A, (2020).

References

1 Burnside, W., Theory of groups of finite order, Dover edition (1956).

2. Chetiya, B.P., Groups of automorphisms of compact Riemann surfaces, Ph.D. Thesis Birmingham University
(2971).

3. Chetiya, B.P,, Dutta, S. and Patra, K., “Genera of compact Riemann surfaces with Dihedral automorphism
groups”, J. Ramanujan Math.Soc.,vol 11(2) pp127-138 (2996).

4. Chutia, C. Solution to some problems of Riemann surface automorphism groups, Ph.D. Thesis (1998).

5 Bhuyan, Moloya. Chutia, Chandra. “ Existence of smooth epimorphism from a Fuschian group to a point
group of Sulphur molecule. “ INTUIT, a peer Reviewed Multidisciplinary International Research Journal.
ISSN 2319-2097 \ol. V; (2016).



