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Abstract

In this paper, we study some results of transversal hypersurfaces with (f, §, u, v, A)-structure of a
nearly p—Kenmotsu manifold. Some more results on totally geodesic or totally umbilical transversal
hypersurface with (f, §, u, v, A)—structure of a nearly f/—Kenmotsu manifold have also been studied.
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1 Introduction

Transversal hypersurfaces of an almost contact manifold was studied by Yano, Sang-Seup Eum
and U-Hang Ki” in 1972. In 2003, transversal hypersurfaces of Kenmotsu manifold have been studied by
Prasad and Tripathi®, Prasad et.al.’ have studied on quasi-conformally semi- symmetric Kenmotsu
manifold in 2010. In 1970, Yano and Okumura® have defined a new structure in an even dimensional
manifolds called an (f, U, V, u, v, )-structure. There always exists a (f, g, u, v, 1)”structure and gave the

results that there does not exist an invariant hy- persurface of a contact manifold. In 1967, Okumura?
has deduced certain hypersurfaces of an odd-dimensional sphere. Later on it was studied by Blair and
Ludden?, Blair et.al.?, Yano and Ki®® and others. If a manifold with (f, U, V, u, v, 2)-structure has a positive

def- inite Riemannian metric g, under certain conditions, then we call such a manifold has a metric
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(f, g, u,v, A)-structure or (f, g, u, Vv, A)-structure. Any submanifold of codimension 2 immersed in an almost

hermitian manifold and any hypersurface immersed in an almost contact metric manifold admitan (f, g, u, v, 4)-

structure.
The paper is organized as follows. The Section 2 contains preliminaries. In Section 3, we study some
properties of transversal hypersurfaces of nearly f—Kenmotsu manifold. Also, we obtain a necessary and

sufficient condition for M, transversal hypersurface with (f, g, u, v, A)-structure of a nearly f-Kenmotsu
manifold, to be totally geodesic and totally umbilical.

2 Preliminaries :

Let M f be an almost contact metric manifold endowed with almost contact metric structure

(9,&m, g) that is ¢ is (1, 1) tensor field, & is a vector field, n is 1-form and g is a Riemannian metric
such that

@) 1@ =1 @) =0 nop =0,  @?=—identity + nQ}§,

22) g(eX, oY) = GX,Y) —n(X)n(y),
(2.3) g&X, oY) =—gleX,Y), n(X) =4(X,§)
forany XY € TH .

An almost contact metric manifold M with almost contact metric structure (p,€,1m, g)issaidtobe
anearly § —Kenmotsu manifold if

4 (Vxo)Y + (Kye)X = —B(Y)pX + n(X)eY)
for all vector fields X, Y on 1\71, where [ is smooth functions on M and 7 is the operator of covariant

diCierentiation with respect to g.
From (2.4), we have

(25) Vx¢ = B(X —n(X)$§) — o(Vep)X.
The Gauss and Weingarten formulae are given by

(2.6) VY = 7Y + o(X,Y)N,

(2-7) ﬁxl’v\ = —AﬁX

forany X, Y € TM;where 7 and 7 are the Riemannian and induced Riemannian connections in M and M

respectively and N is the unit normal vector in the normal bundle T M.
The second fundamental form o on M related to Ag is given by

(28) o(X,Y)= g(AxX,Y).

Let M be a hypersurface of an almost contact metric manifold M, then we dedine the following
2.9) ©X = fX +u(X)N,

2.10) oN = -U,

(2.11) §=V + AN; 2 =n(N),
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212 nX) = v(X)

for X € TM.

We get an induced (f, §,u, v, 1) —structure?” on the transversal hypersurface satisfying

(213) fP=-1+u@QU+vQV,

(214) fU ==V, fV =AU,

(2.15) uof = Av, vof = —Au,

(2.16) u@)=1-22, uW)=vWU)=0 v{lV)=1-22

(2.17) gUx. fY) = g, Y) —u(X)u(¥) — v(X)v(Y),

(218) g, fY)=-g(fx,v), gx,u)=ulX), JKXV)=v(),

forany X Y € TM; 2 = n(N).
Therefore every transversal hypersurface immersed in an almost contact Riemannian manifold admits an

(f,§,u,v,A) —structure.

3 Transversal hypersurfaces with (f, g, u, v, A) —structure :

A hypersurface of an almost contact manifold does not in general possess an almost complex structure.
It is well known that a hypersurface (real codimension 1) of an almost complex manifold admits an almost
contact structure. A transversal hypersurface M of an almost contact manifold M equipped with an almost

contact structure (¢, &,7) is a hypersurface such that there exists a structure vector field & never belong to
tangent hyperplane of the hypersurface M 7. In this case structure vector field can be taken as an affine normal
to the hypersurface. For X € TM, since X and & are linearly independent, then ¢X defined as

31) X = FX +e(X)é,

where F is (1,1) tensor field and is form on M.

Theorem 3.1 Let M be a transversal hypersurfaces with (f, g, u, v, 1) —structure of a nearly
S—Kenmotsu manifold M, andifM equipped with contact metric structure, then
(32) VeV = 245X + (X —v(X)V),
33) o(X,V)=—-BAv(X) — XA
Forall X,YeTM.

Proof. From (2.3) and (2.8), we have
(34) V€ = WV —A4g + (c(X,V)+ XA) N

Using (2.2) and (2.6), we have the following
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VsV —AAgX + (c(X,V)+ XA)N

(3:5) = BX — Bv(X)V — BAv(X) N — f((Ve9)X) —u((Ve0)X) N.
Since manifold M equipped with contact metric structure, the above equation reduces to

VsV —2AAgX X + (c(X,V)+ XA) N
(36) = BX — Bv(X)V — BAv(X) N.
Equating tangential and normal parts, we have respectively (3.2) and (3.3).
Theorem 3.2 If M is a transversal hypersurfaces with (f, §, u, v, A) —structure of a nearly
S—Kenmotsu manifold M equipped with contact metric structure, then
37 VxU = BAfX + f(AgX) + (Vg )X
forall X,Y € TM.

Proof. Consider
(Vxo) N = ‘7X<P1v — @e |7)(1v
=—VU —o(X,U)N+ f(AzX)+ u(4zX) N

(38) =—-WU + f(AzX)
using (2.4)-(2.9).
From (2.1), (2.6) and (2.8), we abtain

(Vy@)Y + (Vy )X
(39) = —pIM)fX + n(X)fY} = {Bn(V)u(X) + Bn(X)u(¥)} N.
Replacingy = N in(3.9), wehave
(Fx@) N + (Vgp)X = —BAfX — Bv(X)f N
(3.10) —{BAu(X) + Brv(X)u( N)}N.
From (3.8) and (3.10), we get
VxU —f(AgX) — (V@)X = BAfX + Bv(X)fN

(311) + {BAu(X) + Bv(X)u( N)}N.
Now equating tangential part, we have (3.7).

Proposition 3.3 Let M be a transversal hypersurfaces with (f, g, u, v, A) —structure of a nearly
S—Kenmotsu manifold M. Then we have
(W)Y + (W )X =20(X,Y)U = B(v(V)fX +v(X)fY)
(312 +u(Y)AgX —u(X)AgY.
B13) (Vyw)Y +(Vyuw)X = —prv(YV)u(X) — fv(X)u(Y) — (X, fY) —a(Y, fX)
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forallX,Y € TM.

Proof. Consider
(Vxp)Y = (VxoY) — @(VxY)
= W (fY +u(V)N) — o(VxY + o(X,Y)N)
= (VXf)Y —u(Y)A,VX + o(X,Y)U

(3.14) +((Vyu)Y +o(X,fY))N.
Similarly

Vyp)X = (Vy )X —u(X)AgY +o(X,Y)U

(3.15) +((VywX + o(Y,fX)) N
using (2.6)-(2.9). From (3.14) and (3.15), we have

(V@)Y + (@)X = (WY +(Vyw)X + o(X,fY)+ o(Y. fX))N
(3.16) (V)Y +(Vy )X +20(X,V)U —u(Y)AgX —u(X)AgY.
From (3.9) and (3.16), we have

(Vxf)Y +(Vy X —u(Y)AgX —u(X)AgY +20(X,Y)U
+{(Vyw)Y + (W w)X + o(X,fY)+ o(Y,fX)}IN
= =B{n(MFX +n(X)fY}
—{Bn()u(X) + Bn(X)u(Y)}IN.
Equating tangential and normal components of above, we get respectively (3.12) and (3.13).

Theorem 3.4 In order that a totally umbilical transversal hypersurfaces with

(f,§,u,v,A) —structure of a nearly S—Kenmotsu manifold M equipped with contact metric structure be
totally geodesic it is necessary and sudcient that

(3.17) BAv(X) + XA = 0.

Proof. From Theorem 3.1, we have
(3.18) o(X,V) = -pAw(X) — XA

If M istotally umbilical, then Ay = {I,where { is Kahlerian metric® and we know the relation of 6 on M
relatedto Ag by

(3.19) o(X,Y) = g(4gX,Y) = g¢X,Y) = {g(X.Y).
Therefore a(X,V) = (g(X,V) = {v(X), then (3.18) gives
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(3.20) pAv(X) + XA +{v(X) = 0.
If M is totally geodesic that is ¢ = 0, then (3.20) implies
(321) pv + d(logld) = 0.

The converse can easily be verified.

Theorem 3.5 Let M be a transversal hypersurfaces with (f, §,u, v, 1) —structure of a nearly

S—Kenmotsu manifold with parallel tensor field f of type (1, 1) equipped with contact structure. Then M is
totally geodesic if

(322) 2BAv + d(logx) = 0.

Proof. Since f is parallel, (3.12) reducesto

(323) 20X, Y)U = Bw(Y)fX +v(X)fY) —u(Y)AgX —u(X)AgY.
Applying u on (3.23) and using (2.12), we obtain

(3.24) 2(1 = 22)a(X,Y) = 28w (X)v(Y) —u(¥)u(dgX) — u(X)u(4gY).
In view of (3.24), we have

— a(U.U)
(3.25) u(dgX) = - 31-12)

u(X).
In the similar way, we have

(3.26) u(4gY) = -
With the help of (3.24), (3.25) and (3.26), we have

2
(327) o(X,Y) = 3(1”)_/12)17(X)v(1/)+
where a(U,U) = g(AgU,U) = u(AzxU).
Again from (3.3) and (3.27), we obtain

(3.28) 28v(X) + XA = 0.

o(U,U)
3(1-12)

u(Y).

o(U,U)
3(1-12)2

u(X)u(y),

Theorem 3.6 If M is a transversal hypersurfaces with (f, §,u,v,A) —structure of a nearly
S—Kenmotsu manifold with a parallel vector field U, then M is totally geodesic if

(3.29) BAfX +(Vigf)X = 0.
Proof. Since we have seen that

(3.30) (Vy@p) N = = VU + f(AgX),

and

@3) (@) N +(Vge)X = —pAfX — fv(X)fN — {BAu(X)+ Bv(X)u(N)}N.

Now from (3.15), we get
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332  (Fgo)X = (V)X —u(X)AgN +{(Vguw)X + o(N, fX)}N.
Using (3.30), (3.31) and (3.32), we obtain

VxU — f(AgX) — (Vgp)X = BAFX + Bv(X)f N

(333) —{BAu(X) + Br(X)u(N)}N.
Equating tangential part, we have

(3.34) VU = BAfX + f(AgX) + (Vgf)X.

Since L7 is parallel, then (3.34) implies

(3.35) BAfX + f(AgX) + (Vgf)X = 0.

Now, if M is totally geodesic then { = 0, thatis, Ay = 0, then from (3.35), we have (3.29).
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