Ultra Scientist Vol. 26(1)A, 25-30 (2014).

Generalized binary closed sets in binary topological spaces

S.NITHYANANTHAJOTHI' and P. THANGAVELU?

IDepartment of Mathematics, Aditanar College, Tiruchendur— 628216 (INDIA)
(nithananthajothi@gmail.com)
*Department of Mathematics, Karunya University, Coimbatore - 641 114 (INDIA)
(ptvelul2@gmail.com, thangavelu@karunya.edu)

(Acceptance Date 8th January, 2014)

Abstract

Recently the authors introduced the concept of binary
topology between two sets and investigate its basic properties where a
binary topology from X to Y is a binary structure satisfying certain
axioms that are analogous to the axioms of topology. In this paper we
introduce and study generalized binary closed sets and generalized
binary open sets that are analogous to the generalized closed sets and
generalized open sets in point set topology.
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1. Introduction

Recently the authors® introduced the
concept of binary topology and discussed some
of its basic properties. The purpose of this
paper is to introduce generalized binary closed
sets and generalized binary open sets in binary
topological spaces and characterize their basic
properties. Section 2 deals with basic concepts.
Generalized binary closed sets in binary
topological spaces are discussed in section 3.
Section 4 deals with generalized binary open
sets in binary topological spaces. Throughout
the paper, @ (X) denotes the power set of X.

2. Preliminaries :

Let X and Y be any two nonempty
sets. A binary topology” from X to'Y is a binary
structure A ¢ (X)x ¢ (Y) that satisfies the
axioms namely (i) (&.D) and (X.Y)e I, (ii)
(AN As , By~ By)e A whenever (Ay, By)
e and (A, By)edl, and (iii) If
{(A_B ):aeA} is a family of members of

AL, then (UAa , UBa] eM I isa

aed aed

binary topology from X to Y then the triplet
(X, Y, A ) is called a binary topological space
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and the members of A7 are called the binary
open subsets of the binary topological space
(X.Y, AC). The elements of XxY are called
the binary points of the binary topological space
(X.Y, AT). IfY=X then I is called a binary
topology on X in which case we write (X, A7)
as a binary topological space. The examples

of binary topological spaces are given'>?,

Definition® 2.1. Let X and Y be any
two nonempty sets and let (A,B) and (C,D)
€ (X)x@(Y). We say that (A,B)(C,D)
ifAc Cand Bc D.

Proposition 2.2.> Let (X.Y, ) be
a binary topological space and (A,B)c(X.Y).

Let (A, B)" = n{ A, : (A, ,By) is
binary closed and (A,B)c(Ay,By)} and
(A, B)** =n{B:(A,,B,) is binary closed and
(A,B) © (Ay,Bo)}. Then ((A, B)'*, (A. B)**)
is binary clesed and (A, B) = ((A. B)'*, (A.
B)>).

Definition 2.3.> The ordered pair
((A,B)"", (A, B)*" ) is called the binary closurs
of (A.B), denoted by b-c/(A, B) in the binary
space (X,Y, ) where (A,B) <(X.Y).

Definition 2.4.* Let (X,Y, AT) be a
binary topological space. Let (A, B) =(X.Y).
Define a5y = {(A "U, B AV) : (U, V)e
AL }. Then I (4 gy is a binary topology from
A to B. The binary topological space (A, B,
A (. 1)) is called a binary sub-space of (X,
Y, AC).

Definition 2.5. Let X and Y be any
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two nonempty sets and let (A,B) and (C,D)
€ 0 (X)x p(Y). We say that (A,B)z (C,D)if
one of the following holds :

(DAcCand Bz D (ii))AzCand BcD (iii)
A @ C and Bz D.

3. Generalized binary closed sets -

Definition 3. 1. Let (XY, ) be a
binary topological space. Let (A.B)e p
(X)x @ (Y). Then (A,B) is called generalized
binary closed if b-c/(A.B)=(U,V) whenever
(A.B) =(U,V) and (U,V) is binary open in (XY,
H).

Example 3. 2. Let X = {a, b,c}. Let A =
{(D2)({a},{c})({c}.{b}),({b}.{a}),({a.b}.{a,
c}).({b.c}.{a,b}).({a,c},{b,c}), (X, X)}. Then
M is a binary topology on X.

Now, the binary closed sets are (&.2),
({b.c}.{a.b}).({a.b},{a.c}).({a.c}.{b.c}) ,
({a}, { c})({eh.{b}).({b},{a}).(X.X). Consider
({cl.{a.b}).Clearly ({c},{a.b}) is generalized
binary closed. since ({c},{a,b})=({b.c}.{a,b})
where ({b.c}.{a,b}) is binary open and b-
cl({c}.{a.b})= ({b.c},{a,b}) c({b.c}.{a,b}).
Also ({c},{a,b}) is not binary closed. Consider
({a},{c}). Clearly ({a},{c}) is generalized
binary closed, since ({a},{c})c({a.b},{a,c})
where ({a,b}.{a,c}) is binary open and b-
cl({a},{c})= ({a}.{c}) c({a,b}.{ac}). Also
({a}.{c}) is binary closed.

Example 3.3. Consider X = {a, b},
Y={1.23}. p(X)={D, {a}.{b}, X}.
(Y)={D, {1}.42}.13}.{1.2}.{1,3}.{2.3}, Y.

NUW, :f’tzz{(@:@)-(@“})a( {a}~{l })9
(fa},{1,.21).({b},@).({b}.{1}). ({b}.{3}),
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({b}L {131, ({X, {1}), (X, {1.2}), (X.{1.3}),
(X,Y)}. Then S is a binary topology from X
toY. Consider({a},{1,3}). Clearly ({a},{1.3})
is not generalized binary closed, since ({a},
{13}) o(X,{1,3}) where (X,{1,3}) is binary
openand b-ci({a}.{1,3})=({a}.Y) 2 (X.{1.3}).

Also ({c},{1,3}) is not binary closed.

Consider ({a},{2}). Clearly ({a}.{2}) is
generalized binary closed. since ({a}.{2})c
({a}, {1,2})where ({a}.{1,2}) is binary open
and b-c/({a},{2})=({a}.{2}) =({a}{1.2}).
Also ({a},{2}) is binary closed. We easily
verify all the binary closed sets are generalized
binary closed.

The following Proposition is easily proved.

Proposition 3. 4. Binary closed sets in
a binary topological space are generalized
binary closed.
The converse of the Proposition 3.4 is need
not true, for in Example 3. 2 the binary set
({c},{a,b}) is generalized binary closed but not
binary closed.

Proposition 3. 5. Let (A,B) be a
generalized binary closed set in a binary
topological space (X,Y, ) .Suppose (C.D)c
((A,B)"\A, (A,B)*"\B) where (C,D) is binary
closed in (X,Y, 7). Then (C.D)=(2.2).

Proof. Let (C.D) <((A,B)'" \A,(A,B)*"\B)
where (C.D) is binary closed in (X.Y, ).
Therefore, (C.D) < ((A.B)"",(A,B)*"). Now,
(A,B)c (X\C,Y\D) and since (A,B) is
generalized binary closed, we have b-c/(A,B)c
(X\C,Y\D). That is, ((A,B)"", (A.B)*))c
(X\C,Y\D)or (C,D) =(X\(A,B)"". Y\(A.B)™).
This gives (C.D) = ((A.B)"" N(X\(AB)"),

(A.B*N(Y\(A,B)™) = (8,9).
This implies (C,D)= (&2, ©).

Proposition 3.6. Let (X.Y, ) bea
binary topological space. Let (A,B)e (X)x ¢ (Y).
Suppose ((A.B)'"\A, (A,B)*"\B) contains the
only binary closed set (2,), then (A,B) is
generalized binary closed.

Proof. Let (A,B) <(U.V) where (U.V)
is binary open in (X.Y, A7). Suppose (A.B)""
is not a subset of U and (A,B)*" is not a subset
of V. Hence ((A,B)"", (A.B)*") is not a subset
of (U,V). This implies ((A,B)"" .(A.B)*")
(X\U,Y\V). Therefore, ((A,B)'" n(X\U),
(A,B)** N(Y\V)) is a binary closed set and
(A.B)"* A(X\WU) = &, (A.B)* n(Y\V)= &.

Also ((A,B)' n(X\U), (A,B)*" n(Y\V)) ©
((A,B)"\A,(A,B)E' \B). This is a contradiction.
Hence b-cl(A.B)c (U,V).

Proposition 3.7. Ageneralized binary
closed set (A,B) is binary closed if and only if

((A,B)'"\A, (A,B)*" \B) is binary closed.

Proof. Let (A.B) be a generalized
binary closed set. Assume that (A,B) is binary
closed .
We shall show that ((A,B)'"\A,(A,B)** \B) is
binary closed.

Since (A,B) is binary closed, we have b-
¢I(A,B)=(A,B). Therefore, ((A,B)'", (A,B)*
J=(A,B). This implies ((A,B)'*\A, (A,B)*" \B)=
(@, @) which is binary closed .

Conversely assume that ((A,B)'"\A. (A.B)*"\ B)
is binary closed. But (A,B) is generalized
binary closed and ((A,B)"" \A, (A,B)*" \B) is
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a binary closed subset of itself.

By Proposition 3.5 ((A,B)'"\A, (A,B)*" \B)=
(2,9). Therefore, (A,B)'", (A,B)*")=(A.B).
Thatis, b-c/(A,B)=(A,B). By Proposition 3.6
in®, we have (A,B) is binary closed.

Proposition 3.8. Let (X.Y, ) be a binary
topological space. Let (A,B) = (X,Y) and

(A,B, (o)) be a binary subspace of (X, Y.
AT). Suppose (C,D)=(A.B)(X.Y) and (C,D)
is generalized binary closed in (XY, ). Then
(C,D) is generalized binary closed relative to
(A,B).

Proof. Let (CD)c(ANU,BNV) where
(U,V) is binary open in (XY, AT ). Then
(C.D)c(UV).
Since (C,D) is generalized binary closed in
(X.Y, A ), we have b-cl{C,D)c (U,V).
Therefore, ((C,D)""(C.D)**))c(U,V). This
implies ((C,D)"" nA, (C,D)* B )c (ANU,
BMV). Hence, (C,D) is generalized binary
closed relative to (A,B).

Theorem 3.9. In a binary topological
space (X,Y, M), M = AL (the set of all binary
closed sets) if and only if every binary set
(A.B)c=(X.Y) is generalized binary closed.

Proof. Suppose =T . Let (A.B)c
UV)edl .

Then (by Proposition® 3.7) b-c/(A.B)
cb-cl(U,V)=(U,V). This implies (A.B) is
generalized binary closed. Conversely assume
that every binary set (A,B) c(X.Y) is
generalized binary closed. Let (U,V)ed?.
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Since (U,V)(U.V) and (U,V) is generalized
binary closed,

we have b-c/(U,V)c(U,V). By definition, we
have (U.V)cb-c/(U,V).

This implies b-¢/(U,V)=(U,V).
Hence, (U.V)e A7 . Thus, W <A Let (U,
V) e AT Then (X\UY\V el c IT.
Therefore (U,V')e A7 . This implies ST
by, i

Proposition 3.10. Let (XY, I) be
a binary topological space. Suppose (C,D)
(A,B)c (X.Y) and (C.D) is generalized binary
closed relative to (A,B)and (A,B) is generalized
binary closed subset of (X,Y). Then (C.D)is
generalized binary closed relative to (X,Y).

Proof. Let (C.D)c(U,V) where (U.V)
is binary open in (X.Y, ). Then (C.D)c
(ANU, BNV). Since (C,D) is generalized binary
closed relative to (A,B), we have b-clia g
(C.D)c(ANU, BNV). Hence, ((C.D)'",
(C.D)*")apc(ANU, BAV). This implies
(AN(C.D)", Bn(C,D)*)c(ANU,BA V) and
(A.B)c(Uu (X\(C,D)!" ) ,Vu (Y\(C,D)*")).
Since (A,B) is generalized binary closed in
(X,Y), we have b-c/(A,B)  (Uu (X\(C.D)"),
VU (Y\(C,D)™ )). Also, since (C,D)=(A,B),
we have b-c/(C.D) c b-c/(A,B) c(Uu (X\
(C.D)"),.VU(Y\(C,D)")). Therefore, b-c/(C.D)
<(U.V). This shows that (C,D) is generalized
binary closed relative to (X, Y, 7).

Proposition 3.11. Let (A,B) be
generalized binary closed and suppose that
(C.D) is binary closed. If (AnC, BAD)
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<(U,V) where (U,V) is binary open, then
((AB)"" NC, (A.B)**"D)c (U,V).

Proof. Let (AnC, BND) c(U,V)
where (U,V) is binary open. Therefore, (A,
B) <(U,V) and (C, D) (U,V). Since (A,B) is
generalized binary closed, we have b-cl(A, B)
<(U,V).
That s, (A,B)"" (A,B)*")c (U, V). Therefore,
((A,B)"" nC, (A.B)Y'nD)c (U,V).

Proposition 3.12: If (A,B) is
generalized binary closed and (A,B) c (C,D))
< b-cl(A,B), then (C,D) is generalized binary
closed.

Proof, Now (A,B)(C,D)=>b-cl(A,B)=b-l(C.D)
=((A,B)"", (A,B)*)c ((C.D)"", (C.D)™)
=((C.D)'"\C(C.D"\D)=((A,B)""\A, (A,B)"B)

By Proposition 3.5, ((C,D)'"\C, (C,D)*" \D))
= (@,9). This implies ((C,D)",(C,D)*")
=(C,D). Hence, b-cl(C,D)=(C,D). Thus (C,D)
is binary closed. By Proposition 3.4, (C,D) is
generalized binary closed.

4 Generalized binary open sets :

Definition 4. 1. Let (X,Y, A ) be a
binary topological space. Let (A.B)e(X)x @ (Y).
Then (A,B) is called generalized binary open
if (X\A,Y\B) is generalized binary closed in
(X.Y, AD).

Example 4.2. Consider X ={a, b}, Y={1, 2.3}.

Now, ={(2,2),(2,{1}).({a},{1}), ({a},

{(121,({b}.@)({b}.{1}), ({b},{3}), ({b},
{1.3}), ((X.{11), (X.{1.2}), (X,{1,3}), (X.Y)}.
Then A7 is a binary topology from X to Y.
The binary set ({b},{1,3}) is generalized binary
open, since (X\{b},Y\{1,3})= ({a}.{2D)e p
(X)x @ (Y) is generalized binary closed, for
({a},{2})=({a},{1,2}) where ({a},{1,2}) is
binary open and b-c/({a},{2})=({a},{2})
c({a}{1.2})

Proposition 4.3. Every binary open
set in a binary topological space is generalized
binary open.

Proof. Let ( X,Y,® ) be a binary
topological space. Let (A,B) be binary open
in ( X?Y,ﬂzaj. Then (X\A,Y\B) is binary closed
in (X,Y,%C ). By Proposition3.4, we have
(X\A,Y\B) is generalized binary closed in
(X,Y, ST ). Therefore, (A,B) is generalized
binary open in ( X,Y, 7).

The converse of the Proposition 4.3
is need not true, for Example consider X = {a, b}
and Y={1, 2,3}. Now, M ={(@,9), (T.{1}),
({a},{1}), (X,Y)}. Clearly ST is a binary
topology from X to Y. Consider ({b},{1}).
Clearly ({b}.{1}) is generalized binary closed,
since ({b},{1})=(X,Y) where (X,Y) is binary
open and b-c/({b},{1})=(X.Y)=(X,Y).
Hence ({a},{2,3}) is generalized binary open.
But ({a},{2,3}) is not binary open in ( X,Y,A%).

Conclusion

Generalized closed sets and generalized
open sets in topological spaces are extended
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