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Abstract

In this paper we introduce the notion of 2 near-rings and
study some of their properties. We furnish a complete characterization
and also a structure theorem for such near rings.
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1 Introduction

A right near — ring/V,+, ) is an
algebraic system with two binary operations
“+’and *** suchthat
(1) (N,+) is a group (with O as its identity element)
(2)(N,+) is a semi-group and (3)
(nmynz=nnsnm; for allnf,n_ﬂ_,n_a N.

Throughout this paper, N stands for a
right near — ring with at least two elements.
Obviously, On=0for all n in N. N is said to be
zero — symmetric if #0=0 for all » in N. As
in’, a sub group of (M, +) of (N,+) is called
(1) a left N- subgroup if MN < M (ii) an N —
subgroup of N if NM < M and an invariant
N —subgroup of VN if, M satisfies both (i) and
(ii). Also in?, NVis defined to beweak commutative

if xyz=xzy for all x, y, z in N and N is said to
have property P,if for all ideals 7 of N, wel
implies yxe/forall v,y in N. The concept ofa
mate function inV has been introduced in* with
a viewto handling the regularity structurewith-
considerable ease. A map ‘£ from N into N is
called (i) a mate function for N if x=xfx)x(ii)a
P3mate function if, in addition, xf{x)=flx)x for
all x in V. Also the existence of matefunction
is preserved underhomomorphisms.

Basic concepts and terms used but left
undefined in this paper can be found in Pilz2,

2 Norations:

(i) E denotes the set ofall idempotentsof N.
(e in N'is called an idempotent if ¢’=e)
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(ii) L denotes the set of all nilpotents of N.
(@in N isnilpotent if @*=0 for somepositive
integer k.)

(iii) Ny={neN/n(x+y)=nx+ny forallx, y in N}
— setof all distributiveelements of V.

(iv) C(N)={neN/nx=xn forall x in N}—centre
of N. .

(v) No={neN/n0=0}—zerosymmetricpart of N.

3 Preliminary Results:

We freely make use of the following
results and designate them as R(1), R(2)...etc.

R(1) N issubdirectlyirreducible if andonly if
the intersection of any family of non-zero ideals
of N is again non-zero.(Theorem 1.60,p.25 of
2D

R(2) N has no non-zero nilpotent elements if
and only if x¥’=0=>x=0 for all x in N. (problem
14, p.9 of [3])

R(3) If f is a mate function for N, then for
every x in N, xfx), fix)xeE and Nx=Nf(x)x,
xN=xf(x)N. (Lemma 3.2 of [4]).

R(4) A zero —symmetric near—ring N is a near—
field if N#{0} and for all neN-{0}, Nn=N.
(Theorem 8.3, p.249 of [2]).

R(5) If L={0} and N=Npthen (i) xy=0=>yx=0
forall x,y in N. (ii) N has Insertion of Factors
property — IFP for short — (i.e) for x,y in N,
xy=0=>xny=0 for all n in N (If N satisfies both
(i) and (ii) then N is said to have (xIFP))
(Lemma 2.3 of [4]).

R(6) N has strong IFP if forall ideals / of N,
abel = anbelfor all a,b,n in N. (Proposition
9.2, p.2890f [2])

4Definitionof P, Near—Rings and Examples:

In thissection we define Bonear-rings
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and give certain examples of this new concept.

Definition 4.1: Let N be a right near-
ring. If for every x,y in N, xNy=xyN then we
say that N is a 3; near-ring.

Example 4.2: (a) Anyconstant near-
ring is obviously a B2 near-ring.

(b) The near-ring (N, +,) where (N, +)
is the Klein’s four group with N={0,a,b,c}
where  is defined as per scheme 13, p. 408
of Pilz [2]

I
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is not a B, near-ring since aNb#abN.

(c) Weconsider the near —ring(N, +, +) defined
on the Klein’s four group (N, +) with N={0, a,
b. ¢} where *+ is defined as per scheme 12,
p.408 of Pilz[2].
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This is azero symmetric B> near-ring with no
identity.

5. Properties of B2 Near-Rings:

In this section, we prove some of the
important properties of 3;near —rings and give
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a complete characterization of such near-rings.
We also obtain a structure theorem for 3, near-
ring.

Proposition 3.1 Let N be a Banear-ring.
If N has identity 1, then N is zero-symmetric.

Proof: Let N be a B, near-ring. Then
for all x, y in N, xNy=xyN. Putting x=1, we
get INy=1IyN forall y in N, when y=0, NO=0N
={0}. Tt follows that N is zero-symmetric.

Remark 5.2 The converse of proposition
5.1is not valid. For example, the near-ring cited
in Example 4.2(c) is a zero-symmetric 3, near-
ring, but it has no identity.

Proposition 5.3 If N is a B, near-ring
then xNx=x’N for all x in N.

Proof: When N is a 3;near —ring, by
definition, for all x,y in N, xNy=xyN.....(1).
The resultfollows by replacing y by x in (1).

Remark 3.4 The converse of proposition
5.3 is not true. For example, the near — ring
(N.+,") where (N,) is the Klein's four group
{0,a,b,c} and " is defined as per scheme 20
p. 408, Pilz[2]

. | o a b c
0 0 0 0 0
a a a a a
b 0 a b c
c a 0 c b

satisfies the condition xNx=x’N for all x in .
But itis not a B; near — ring. [sincebNabaN]

Proposition 3.5 Everyweakcommutative
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near —ringis B, near-ring.

Proof: Let N be a weak commutative
near-ring....(1). Let x,ye N. If ac xNy, then there
exists neN such that a=xny=xyn[by (1)].
Therefore aexyN. Thus xNycxyN......(2). On
the other hand, if bexyN, then for some n'eN,
b=xyn'=xn'y [by(1)]. Consequently, xyNcxNy
....... (3). Combination of (2) and (3) yields
the desired result.

Proposition 5.6 Every B, near —ring
has strong IFP.

Proof: Let Nbea f3, near —ring. Then
xNy=xyN for all x,y in N......(1). Let / be an
ideal of N......(2) and let abel, Now, for any
neN, anbeaNb =abN [by(1)]c INC I [by(2)].
Now R(6), guarantees that N has strong IFP.

Theorem 5.7 Let N bea B, near-ring
with identity 1. Then
(1) Every N-subgroup is invariant.
(i) If N=N;then every left N-subgroup is
an N-subgroup.

Proof: Since Nis a B, near-ring, we
have xNy=xyN for all x.;:in N....... (N

(i) Let S be any N-subgroup of N. Then
S=2xes Nx....(2) Now, NxN=NIxN=NINx
[by(1)]c Nx....(3). Therefore SN=(3 s Nx)N
[by(2)] =X, wve ¥ e [by(3)]= S[by(2)].
Consequently,S is invariant,

(ii) Let S be any left N-subgroup of N. Then
e T A (4). Now, NxN=INxN=
IxNN [by(1)]cxN....... (5). Therefore

NS=N(Q, _sMs) Nensd v [by(5)] =
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S[by(4)]. Consequently, S is an N-subgroup.

Proposition 5.8 Homomorphic image
ofa [3; near — ring is also a B, near — ring.

Froof : Straight forward.

Theorem 5.9 Every P, near —ring N
is isomorphic to a subdirect product of subdirectly
irreducible 3, near-rings

Proof: By Theorem 1.62, p.26 of
Pilz[2], Nisisomorphic to a subdirect product

of subdirectly irreducible near-rings Vs and
each Nis a homomorphic image of N under
the projection map ;. The rest of the proof is
taken care of by Proposition 5.8.

6 P2 Near-Rings which admit mate functions:

Tobegin with we shall prove thenecessary
and sufficient condition for a B, near-ring to
admit mate functions,

Lemma 6.1 Let N be a B, near-ring.
Then N admits a mate function if and only if
x € ¥°N for all x in N.

Proof: Wefirst observe from proposition
5.3 that, as N is By, xNx=x’N for all x in
N.............(1) For the ‘only if* part, let /be a
mate function for N. Then for all x in N,
x=xf{x)xexNx. It follows that xex’N [by(1)].
For the “if” part, let xex’N for all x in N.
Appealing to(1) we get, x=xnx for some # in
N. By setting n=f{x), we see that fis a mate
function for V.

Henceforth we assume that N admits
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mate functions.

Theorem 6.2 Let N be a zero-symmetric 3,
near - ring with a mate function *f. Then we
have,

(i) L={0}.

(ii) N has (% IFP)

(iii) EcC(N) if ECNj.

(iv) Any ideal of N'is completely semi prime.
(v) Nhas property P,.

Proof: (i) Since fis a mate function
for N, Lemma 6.1 demands that xe XN for
all x in N. Therefore x = x’n for some # in M.

Suppose x°= 0. Clearly, then x = 0. Now, R(2)
guarantees that L = {0}.

(i) By (i) L = {0}. Now, R(5) guarantees
that N has (* IFP).

(iii) Let e £.Since N is B, eNe=e.eN= eN.
Therefore for any » in N, ene = eu and en =
eve for some u, v in N. Now, ene = eueand
ene = eve. Thus ene = en for all n in
WMo (1). We also have, e(ne —ene) = 0
[since ECNj]=>ene(ne—ene) = 0 [by(ii)]. And
ne(ne —ene) = n.0 = 0. Consequently, (ne —
ene)’ = 0 and (i) guarantees ne — ene = 0.
Therefore, ene =ne forallnin N......(2). From
(1) and (2), we get en = ne for all » in N.
Thus E < CIN).

(iv) Let 7 be an ideal of Nand let & € [ for g
in N. Now, since fis a matefunction for N,
for all @ in N. a =affajacaNa. Since N is B,
a € @’ N. Therefore for some » in N. a=a’ n
€ INCI. Consequently, /is completely semiprime.

(v) Let I'be an ideal of N and let xy €/, Since
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N is zero-symmetric, N/ c I......(3) and INc
I....(4). Now, (yx)’ = yxyx= y(xy)x € NIN
=(NDNC IN [by (3)] < I [by (4)] (i.e) f)’el.
Appealing to (iv) we get yx e . Consequently,
N has property P,.

Theorem 6.3 1If N is a B, near-ring
with a mate function then every N-subgroup
of Nis also so.

Proof: Let N be a B, near-ring with a
mate function fand let 4 be an N-subgroup of
N. Then NA c A........(1). By Theorem 5.7
(1), ANC A....(2). Leta. b € A. Then for ceA,
ache adbcaNb=abN. [since N is B,].
Therefore, for some # in N,ach=abn= abf(b)bn
€ abf(b)(AN)cabf(b)4 [by(2)] c abNAc
abA [by(1)]. Thus aAbcabA.....(3) On the
other hand, if g, be A, then for x € 4, abx €
abA  abN=aNb [since N is B>]. Hence, for
some n,€N, abx = an; b = an,bf(b)be
aNAf(b)bc aAf(b)b[by(1)lc aANbcaAb
[by(2)]. Thus abAcaAdb.....(4) From (3) and
(4), adb = abA forall a, b in 4 and hence 4 is
a P> near-ring. We observe that the function g
defined on 4 by gx) = flx)xfix) serves as a
mate function for 4. Thiscompletes the proof
of the theorem.

We furnish below a characterization
for f; near-rings with mate functions

Theorem 6.4 Let N = N, be a near-
ring with a mate function */”. Then N is B, if
and only if x NV=x’Nforall x in Nand £ cCN).

Proof: For the ‘only if” part, first we
observe that ECC/N)...... (1) follows from
Theorem 6.2 (iii). Now forany x in N, abviously
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XN XN......(2). On the other hand, if be
xN, then for some » in N,b= xn= (xfix)x)n =
xnfix)x [by (1)]e xNx = x*N [by Proposition
5.3]. Consequently, xXNx°N........(3). Combining
(2)and (3), xN = x°N for all x in N, For the if
part, first we show that fis a P;mate function.
For any xe N we have x=xfx)x =fx)x° [since
ECCIN)]1= (xflx) — f(x)x)x=0= x(xffx) —
f(x)x) = 0 [by Theorem 6.2 (ii)]=>xfx) (xf{x)—
f(x)x) = 0 [by Theorem 6.2 (ii)] and fix)x(xfix)
~fx)x)=f(x).0=0. [since N=Nj)]. Consequently,
(xfix) — fx)x)* = 0 and hence xfix) =flx)x
[by R(2)]......... (4). Hence fis a P; mate
function. Now, xyN = xyf(y)N =xNyfty) [since
Ec C(N)] =xNf(y)y [by(4)]= xNy [by R(3)].
Thus N is a B near-ring, _

With a view to establishing astructure
theorem we prove the following theorem.

Theorem 6.5 Let N = Nybe a B, near-
ring with a mate function /. Then Nis subdirectly
irreducible if and only if N is a near-field.

Proof: For the ‘only if”part, first we
shall show that no non-zero idempotent of N
is zero-divisor. Let J be the set of all non —
zeroidempotentsin N which are zero-divisors.
Let7=n{(0: e)/ec J}. Since N is subdirectly
irreducible, R(1) demands that / # {0}. Leta
€ I-{0}. Thenge =0 forallein J........... (1).
By Theorem 6.2 (ii), ea = 0=effa)a = 0=
flajae J. Therefore, affaja = 0 [by (1)]=a
= Owhich is a contradiction to a = 0. Conseq-
uently, no non — zero idempotent of Nisazero —
divisor......(2). Let M be any non-zero N-
subgroup of Nand 0 # x € M. Theorem 6.4
demands that xN=x’N forall x in N Therefore,

. 3 .
for any n in N, xn = x° n; for some nyin N,



68

Then x(n — xn;)=0 [since N = Nyj]|=>xf(x) (n—
xnj) = 0 [by Theorem 6.2 (ii)]=> n—xn; =0
[by(2)]=>n= xn;€ MN < M [by Theorem
5.7]. Thus Nc M. Consequently, N has no non

— trivial N-subgroups.......... (3). Letn eN —
{0}. Then by (3), Nn = N. Further since

Ng#{0}, it follows that N is a near-field [by
R(4)]. The proof of ‘if” partis obvious.

We conclude our discussionby proving
the following structure theorem.

Theorem 6.6 Let N = N;be a B, near-
ring with a mate function 7. Then N is isomorphic
to a subdirect product of near-fields.

Proof: By Theorem 5.9, Nis isomorphic
to a subdirectproduct ofsubdirectly irreducible
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B> near-rings. Since N has a mate function it
follows that each N;also has a matefunction.

The rest of the proof is taken care of by
Theorem 6.5.
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