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Abstract

In this paper,a new theorem on the degree of approximation of
functions belonging to the class Lip(&(t),r) class by Euler and Matrix
(E,q)A-product means of the Fourier series has been established.
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1.Introduction

The degree approximation of functions
belonging to Lip a, Lip (a,p), Lip(&(t),p) and
W(Lp,E(t)) classes by using Cesaro, Norlund
and generalized Norlund summability methods
has been discussed number of researchers like
Chandra?, Holland®, Holland and Sahney*,
Khan®, Lal and Tripathi’, Qureshi®°,
Thereafter Lal and Kushwaha® discussed the
degree of approximation of Lipschitz Function
by (C,1)(E,q) product Summability methods,
Padhy et al. discussed the degree of approxi-
mation of Fourier series by the product means
(E,q)A. Therefore, In the present paper, a new

theorem on the degree of approximation of a
function belonging to the Lip(g(t),r) class by
(E,g)A -product means of Fourier series. Our
theorem extands the result of Padhy et al.8 on
degree of approximation of Fourier by the
product means (E,q)A.

2. Definition and Notation:

Let f (x) be a 2r- periodic function
and integrable in the Lebesgue sense. The
Fourier series f (x) is given by
f(x)~ %ao +i(an cos nx +b, sinnx) = nZ:;An(x)

(2.1)
with n' partial sum s, ( f; X).
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A function f € Lip o, if
f(x+t)—f(x) =O(|t|* )  ,for0<a<I
(2.2)

Afunction f (x) eLip (a, 1), forg < x < 27 if

U|f(x+t)—f(x)|r dx j =o(|t]"),

O<a<l,rzl (2.3)

Given a positive increasing function &(t) and
integerr > 1,f e Lip (§(t), r), if

{ff(xﬂ)—f(x)r olir =0(&(t)) (2.4)

0

L- norm is defined by
o 1/r
||f||r=(j|f(x)|’de , 121 (2.5
0

L..-norm of a function f : R—R is defined by

IfIL.=sup{|f():xeR|}  (26)
The degree of approximation of a
function f: R—R by trigonometric polynomials

t, of order n is defined by zygmund®®
It =], = Sup {|t,(x)-f(x)|:xeR |
2.7)

Let Z U, be a given infinite series with the
n=0

sequence of its n'" partial sums {s,} and
A= (amn) be infinite matrix satisfying T6eplitz*2
conditions of regularity, i.e.

lima,, =0

m-—oo

(2.8)
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lim > a, =1 (2.9)
m-—>oo neo
sgp nz:(;|amn| <M , Where M is constant.

(2.10)
Then the sequence-to-sequence transformation

tn = Zn: amusu

v=0
defines the sequence {t,} of matrix
A- mean of a sequence {sn} generated by the
sequence of coefficients (am,). The series

(2.11)

Z U, is said to be A-summable to the sums
n=0

by matrix method if limit of t,is exists and is
equal to s (Zygmund*®) and we write

th— S ,as n—oo.

The sequence-to-sequence transformation
(Hardy?),

n

(o)am (2.12)

I"I

(1+0|) o0

defines the sequence {T,} of the (E,q) means
of the sequence {sn}.

If T,—>s,asn— o, then the series

Z U, is said to be (E,q) summable to the sums.

n=0

Cleary (E,q) method is regular.

The (E,q) transform of the A- transform of
{sn} is defined by
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1 n
(1+9)" =

n k
— (E)Q”'k{zakusu}(z.ls)
0 v=0

(E )qniktk

n —

—~
—
J’_

o]

N—

>
I
Il

If th,— s asn — oo, then the series Zun is

n=0
said to be (E,q)A- summable to the sum s.
we use the following notations:

(i) olt)=f(x+t)+F(x—t)-2f(x)

(i) K,

. 1
n i( ) i sm(u +Ejt

271'(1 +0)" i v=0 sin%

3.Known Theorem: Dealing with the
degree of approximation by the product mean
(E,q)A of Fourier series, Padhy et al.® proved
the following theorem:

Theorem 3.1: Let A = (am),,, be a
regular matrix . If fisa 2m— periodic function
of class Lip a, then the degree of approxi-
mation by the product (E,q)A- summability
means of its Fourier series is given by

1
—f =0 0 1
-t -0 o 0
where 7, = ! - Zn:(ﬂ)qnfk {Zk:aku Su}
(1+Q) k=0 =0

4. Main Theorem: In this paper our
aim is to generalize the above result of Padhy

etal .8 Infact, we prove the following theorem:
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Let A= (amn) be an infinite matrix. If
f is a 2rn- periodic, Lebesgue integrable
function , belongs to Lip(&(t),r) class, then the
degree of approximation by (E,q)A- summa-

bility means of its Fourier series (2.1) is given

by?

Jra- 1601, =0| o1 ¢ 2

Provided &(t) satisfies the following conditions:

n t|gt)| Y (1
I( £) Jdt ‘O(ﬁ) (4.2)

and
1/r

[T a—

n+l1

r

Where § is an arbitrary number such that s(1-5)-

1 1
1>0, " + s =1 Suchthat 1 <r<eo, Conditions

(4.2) and (4.3) holds uniformly in x.

5. Lemmas: For the proof of our
theorem, we required following lemmas:

Lemmas.l: |K,(t)[=0(+1) ; for o<t<—.
n+l
Proof
For 0 <t < , we have sinnt <nsint
n+1
then
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N | (2u+1)sm/
k:o( Jo {;1 K sm/ }

(ot e {3a, )

(¢)am

<L Iy
2z(1+q)

< M@2n+1) | <
27(l+q)

=0(n+1)

k=0

This complete proof of the lemma (5.1).

O(l),for L
t n+1

Lemmas.2: |K,(t)|=

Proof:

1
For—— <t < 7, wehave by Jordans Lemma,

n+1

sin t > i sinnt <1, then
2 T

<t<nm.

' or 0 = sint/2
< 1 n (n)q”*k Zk:ak L
- 27T(1+Q)n k=0 = %Z’
T
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<
2t(1+q)" | =

)

This complete proof of the lemma (5.2).

6. Proof of the Main Theorem:

Following Titchmarsh®' and using
Riemann-Lebesgue theorem, that the n'" partial

sum s, of Fourier series(2.1) at t =x may be
written as :

L sin(n +;jt
— | olt dt
27r'.[ ) sin t2

Therefore, the A- transform of s,(f ; X) is given
by

s, (F;x)—f(x)=

sin[k +;]t
Zank W dt

Now denoting (E,q)A- transform of s,( f ; x)
by 1, we have

¢ knzo " Zak“ sm‘t;i

t —Hx)_——

t, —f(x

~
o —

Il
O©
+
—
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(6.1)

=1, +1, (say)

We consider
1

1< ] 6] K, (0 |dt

Using Holder’s inequality and the fact that ¢(t)
e Lip(E(®).n),

4 W
“ll{l{tz((tt))} dt] {H E)|K, (t)}
YA

:O( j ”Hcf(t)K (t)}
n+1)| ¢

A
e
n+l1 t

(By Lemma (5.1))

Since g(t) is a positive increasing

function and using second mean value theorem
for integrals,

%

(By (4.2))

1

%
1] " dt
- 1
l 0{9{n+1j}b ts] , for some 0 <e< —

_O 5[ 1 j t—s+l %Jrl A
- n+1 -S+1)_

ol f[fev-)]
zo{(nﬂ)ig(ﬁ} LR

S
(6.2)

Now we consider
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11 1= [ 6] K, @] dt

n+l
Now using Holder’s inequality, equation
(4.2) (4.3), Lemma (5.2) and second mean
value theorem for integrals

J<| [l » (at)lén(t)jsdt
1o r?

ol j( L o

/\

‘~'—.=

1

T

y
| 17y [ y2| (Puttingt=1/y)

|

(e}

—_—

=

=}

+

-

~

-

8 |—e—F
e

N\
< |
N~
=Y

Since &(t) is a positive increasing function and
using second mean value theorem for integrals,

s 1 n+l1 1 %
I2 :O{(n’l'l) é[n_l_le:J. ys(5—1)+2 dy} )

for some lg ng(n+1)
T

5 1 n+l 1 %
=O{(n+1) §(EJ}L[ WdY} ,

for some lglg(n+l)
T
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ofir el |
ZO{(”H)‘Sﬁ(ﬁJH(nH)a o) 1}
:O{f(ﬁj}[(nﬂ)l‘é }
20{(n+l):§[nl+1]} ,%+é=1 (6.3)

Combining (6.1), (6.2) and (6.3), we have

7, —f(x)|=0{(””):5[ﬁj}

Now using L,-norm, we get
4
X }

lr- 100l = 1
:Ohﬂ{(n+l)i§(ﬁj}dx]
=O{(n+1):§(ﬁﬂ{2‘fdx}%
20— ()], = {nﬂ g(ﬁﬂ

This completes the proof of the theorem.
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