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Abstract

A function f is called a graceful labelling of a graph G with g
edgesiffisan injection from the vertices of G to the set (0, 1, 2,..., ) such
that, when each edge xy is assigned the label | f(x) — f(y)|, the resulting
edge labels are distinct. A graph G is said to be one modulo N graceful
(where N is a positive integer) if there is a function ¢ from the vertex set
of Gto{0,1.N, (N+1),2N, (2N +1),...,N(q- 1). N(g-1) + 1} in such away
that (i) ¢ is 1-1 (ii) ¢ induces a bijection ¢* from the edge set of G to
{1, N+1, 2N +1,..., N(q - 1)+1} where ¢*(uv) = |p(u) -¢ (v)|. In this paper
we prove that the acyclic graphs viz. Paths, Caterpillars, Starsand Sz, ©

Sy nare one modulo N graceful for all positive integer N; Lobsters, Banana
trees and Rooted tree of height two are one modulo N graceful for N > 1.

where Sm,n © Smp isa graph obtained by identifying one pendant vertex
of each Sy . This is a fire cracker of subdivisioned stars.

Key words : Graceful, modulo N graceful, Path, Symn, Smyn

S S, Caterpillar, Star, Lob-ster, Banana tree and Rooted tree of
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1. Introduction

S.W. Golomb! introduced graceful
labelling. Odd gracefulness is introduced by
R.B. Gnanajothi®. C. Sekar® intoduced one
modulo three graceful labelling. In this paper

we introduce the concept of one modulo N
graceful where N is a positive integer. In the
case N = 2, the labelling is odd graceful and
in the case N = 1 the labelling is graceful.
We prove that the acyclic graphs like Paths,

Caterpillars, Stars and S, © S, are one
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modulo N graceful where N is a positive
integer, whereas Lobsters, Banana trees and
Rooted tree of height two are one modulo
N graceful for N > 1.

2 Main Results

Definition 2.1. A graph G is said to
be one modulo N graceful (where N is a
positive integer) if there is a function ¢ from
the vertex set of G to {0,1, N, (N + 1), 2N,
(2N +1),..., N(g - 1), N(g -1)+1} in such a
way that (i) ¢ is 1 — 1 (ii) ¢ induces a
bijection ¢* from the edge set of G to {1,N
+1, 2N + 1,...,, N(g - 1) + 1} where ¢* (uv)
=lpu) - ¢W)I.

Definition 2.2. Consider Sy, (a
star with n spokes in which each spoke is a
path of length m) Sy, n © S is a graph obtained
by identifying one pendant vertex of each
Smn - This is a fire cracker of subdivisioned
stars®.

Definition 2.3. Caterpillar is a tree
with the property that the removal of its end
points or pendant vertices (vertices with degree.
1) leaves a path.

Definition 2.4. A banana tree is a
graph obtained by connecting a vertex v to
one leaf of each of any number of stars (v
is not in any of the stars).

Definition 2.5. A lobster is a tree
with the property that the removal of the
end points (pendant vertices) leaves a

caterpillar”.

Theorem 2.6. Every path P, is one
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modulo N graceful® (where N is a positive
integer).

Proof: Case (i) nis odd.

Letn=2k+ 1, k> 1. Let uy, uyp,...,
up be the vertices P,

Define
#(uzi1) = N(i-l) fori=1,23,...,k+1
#(uzi) = 2Nk -(N-D+N(i-I) for i=1, 2,3,. .., k

Clearly ¢ is 1 - 1 and ¢ defines a one
modulo N graceful labelling of Py,

Example 2.7. One modulo 5 graceful
labelling of Pq3

0 46 ) 41 10 ag 15 31 20 26 25

Case (ii)
Let n = 2k
Define
#(uzi) = N(i-1) fori=1,2,3,..., Kk
P(uzi) = 2Nk - (2N - 1) - N(i - 1) fori=1,
2,3,...,k
Clearly ¢ is 1-1 and ¢ defines a one modulo
N graceful labelling of Py.

n is even.

Example 2.9. One modulo 4 graceful
labelling of Pg

in
N
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Example 2.10. Graceful labelling
of P1g

Theorem 2.11. Caterpillars are one
modulo N graceful (where N is a positive
integer).

Proof: Let G be a caterpillar.

Let uq,us, Uz,..... , Um be the vertices of the
caterpillar having degree at least 2 such that
Ui,Ui+1€E(G).

Let vi,Vo, V3,..... , Vo be the pendant vertices
of the caterpillar. This caterpillar has m + n
vertices and m +n - 1 edges. Caterpillar is a
bipartite graph in which the two independent
vertex sets are

V1(G) ={u1,uz, us,... and all the pendant
vertices vjs adjacent to up,us, Us....}
V2(G)={uz,uy4, Us,... and all the pendant
vertices vjs adjacent to ug,us, Us,...}

Reorder the elements of V1(G) as follows:

uz, pendant vertices vjs adjacent to up,us,
pendant vertices vjs adjacent us,Us and so
on. Similarly reorder the elements of V,(G)
as follows: pendant vertices adjacent to us,
uz, pendant vertices vjs adjacent us,us and
S0 on.

Label the elements of V1(G) as N(m + n)-
(2N-1), N(m + n)- (3N - 1), N(m + n) - (4N-
1)... in order and the elements of V,(G) as
0, N, 2N, 3N,... inorder. Clearly this labeling
is one modulo N graceful.
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Clearly Caterpillars are one modulo
N graceful labelling.

Example 2.12. One modulo 4
graceful labelling Caterpillars.

81 12 49 16 41 20 51
A N /
AN / JARN
s ] ~
I SN S 57 *
1 ® 57 . o 79

1 dn

Example 2.13. Odd graceful labelling
Caterpillars.

31 6 %8 9 10 1
SN / AR
PN VN /1N
JUNLVE LV
0 2 4 '90 ‘ 19 o 15

Theorem 2.14. Stars S, are one
modulo N graceful (where N is a positive
integer).

Proof: Let vg be the centre of the
star and vy, vy, vs,... ,V; be the pendant vertices
of Sn. Define ¢(ug) = N(n-1) +1

#(vi) = N(i-I) fori=1,2,3,...,n

Clearly ¢ is 1-1 and ¢ defines a one
modulo N graceful labelling of S,.

Example 2.15. One modulo 8
graceful labelling of Sg
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16

N a

24

32

AN

- 10

Theorem 2.16. Spn © Sy, IS One
modulo N graceful for n > 3 (where N is a
positive integer).
n=3

Proof: Case (i)

One modulo 7 gracefulness of Sp3 © Sy 3 s
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Define ¢(ug) = 0

#un)=4Nn - (N - 1)

HU)=g(v,) = N

#vn)=4Nn-(2N - 1)

#(vo)=2N

#(vi)=4Nn-(3N-1)-N(i-1) for i=1,2,3,...,n-1
#(ui)= 3Nn-(4N-1)-N(i-1)for i=1,2,3,...,n-1
#ui)=N(n-1)+N(i -1) fori=1,23,... ,n-1
HVi)=2Nn+N+ N(i-1) fori=1,23,...,n-1

Clearly ¢is 1-1 and ¢ defines a one
modulo N graceful labelling of So, © Sy .

One modulo 5 graceful labelling of
82’10 9 82’10 is given below

55 110

H 0 o 105 »
given below - 1
" Ao T80%, bl
111 () § 1 10 L

- - v .. .

21 a ¥ 42 106« e &
e _ 4 [\ % . _ 145 & 1\ K
v A01 Y S R e

» 06| N ~adf » A

\ ﬁ/4 = - W = 1 #1300
26 0 ® 85 135®

28 v

Case (i) n>4

Let ug be the centre of first sub divi-
sioned star S; , and vg be the centre of second
sub divisioned star Sy ,. Let ug,up,us,...,
un,u'l.u'z,u'3,... .u'n be the vertices of first S,
where uj and u'; are adjacent. Let v1,vo,v3,...,Vy,
v'l.v'z,v's,... .v'n be the vertices of second Sy,
where v; and Vv'; are adjacent. ldentify u'n
andv:.

Theorem 2.17. Let Sy, stand for a
star with n spokes in which each spoke is a
path of length m. Then Sy, is one modulo
N graceful for all m and n (where N is a
positive integer).

Proof: Let vy be the centre of the
star. Letv{ ,1<i< m,j=1.2,...,nbethe
other vertices of vortices of the j th spoke
of length m .

P ) 1) o

(1)
ve LN

)
v +
5 5 /0y

vy vg Y vy v
UE:” 1)[3) 218 11(3) o8
- B o N
MO a 14 (4) 4
e — s A
NG 5 (5) 5, )
\u'l. 1/'5 ! V3 U} ) 2
% S i
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Case (i) N=1.

It has been proved in® that Sy, is graceful
for all mand n

Case (i) N>1.

Subcase (ii)(a) misodd and nis odd. Let
m=2r+landn=2s+1.

Define ¢ (vo) = 0

d(vil) ) = N(2r+1)(2s+1)-(N-1)-Ni(2s+1)-
N(-1) fori=0,1,2,..,randj=1,2,3,...,25+1
#(v D) =4Ns+N+N(i-1)(2s+1)-2N(-1) for
i=1,2,..,randj=1,1,3,...,25+1
Clearly ¢is 1 - 1 and ¢ defines a one modulo
N graceful labelling of Sy, .
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Subcase (ii)(b) m is even and n is
odd. Letm=2rand n=2s + 1.

Define ¢(vg) = 0

¢(vg{ll) = 2Nr(2s+1)-(N-1)-Ni(2s+1)-N(j-1)
fori=0,1,2,...r-1andj=1,23,..., 2s+1
¢(vg{) )=4Ns+N(i-1)(2s + 1) - 2N(j - 1) for
i=12,...,randj=1,2,3,..,25+1

Clearly ¢is1- 1 and ¢ defines a one modulo
N graceful labelling of Sy, .

Example 2.20. Odd graceful
labelling of S4 7

Example 2.18. One modulo 5 /5,5 26 4 40
graceful labelling of S75 53 2 39 36
5} 18 37 32
171 45 146 [(Y 121 95 96
= = = — 0 49 14 35 28
vﬁ. - L] »
/ 166 35 141 a9 116 85 9-1 a7 19 3 24
o _'// . 161 25 136 50 111 75 gg e 2
b4 3 . 6 '+ 20
- 156 13 131 %6 6 & 3 2 29 16
\ ~Ne— 8 40 e [ 2 ' .
V \1:1 5 52 an 101 . . -
ot - 140 0 el 00 [
v [] ~—
. Example 2.21. One modulo 4 graceful
Example 2.19. One modulo 7 labelling of Sg s
graceful labelling of S5 5
117 36 97 56 77 76
. * & v .
160 63 134 oR oo .
e v . . v 13~ 28 93 48 73 6
102 49 127 84 92
v 2 3 100 an Q20
0 & X200 8% 40 ©y 60
o g 155 35 120 2 85 b = hd b hd
A AN 32 6552
S 138 5y 113 5 78 . . ¥ .
AN 1 106 9 7 N 4 81 94 6
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Subcase (ii)(c) m is odd and n is
even. Letm=2r + 1 and n = 2s.

Define ¢(vo) = Nr

¢(vgll)= 2Ns(2r +1)-Nr + Ni-(N-1) for
i=012,..,r

#viD)=Nr-N-N@i-1) fori=1.2,..r

¢(vg{ll):2Ns(2r+1)-N r-(2N-1)-Ni(2s-1)-
N(-2) fori=1,2,..,randj=2.3,..,2s
$(v P )=Nr+N+2N(25-2)+N(i-1)(2s-1)-
2N(j-2) fori=1,2,..,randj=23,...,25
Clearly ¢is 1 - 1 and ¢ defines a one modulo
N graceful labelling of Sy, .

Example 2.22. One modulo 6
graceful labelling of S7¢

229 12 235 6 241 0 oy

aoq 72193 102 163 133 133
. . - -
217 60 187 g0 57 130 127
hd v
PO T R OO
18 & _ S Ry NP Il
205 3 175 66 145 96 115

N9 24 169 54 189 84 109

Example 2.23. One modulo 8 graceful
labelling of Ss 4

137 8 145 0 153
- -
16 129 ﬁvﬁ 1(15 80 81
~Ni g W
NI 89 48 65

Subcase (ii)(d) m is even and n is even.
Letm=2r and n = 2s.

Define ¢(vg) = Nr
¢(vg{ll):4 Nrs-Nr +1+Ni fori=0,1,2,...,r-1
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gviP) = Nr- N - N(i - 1) fori=1,2,..,r

¢(v (D) )=4Nrs-Nr-(N-1)-Ni(2s-1)-N(j-2)
fori=0,1,2,...r-1andj=2.3, ...,2s
¢(vg{)) = Nr + N + 2N(2S-2) + N(i-1)(2s-1)-

2N(j-2) fori=1,2,..,randj=23,...,2s
Clearly ¢is 1 -1 and ¢ defines a one modulo N
graceful labelling of Sy, .

Example 2.24. One modulo 10 graceful
labelling of Sg 6

331 20 341 3p 357 0
-

321 120 271 170 221 220

SIT 100 261 150 211 200
¥

301
3 0

\291

T 40 1 90 e 140
—

o) 130 20T 180

80 241 116151 160
3

Example 2.25. One modulo 5 graceful
labelling of S1p6

37690 281

28f 10 29, 206—g—
1.5 1 :

L ) S I YIS Vs W L)

660 200 s 2g 1o oo g1

T 2 A A LTV AR TT T
\Z“t“‘.:m.:sﬁ—_z,%—;w—kﬁ,_,_—m;r_ﬁm

30 ) %

Theorem 2.26. Lobsters are one
modulo N graceful (where N is a positive
integer with N > 1).

Proof: Let uq,us,Us,..., Uy be the first
level vertices. Let v1,vp,V3,...,V, be the second
level vertices. Let wy,Wp, W3,...., Wy be the
third level vertices adjacent to v s in order.
Let X1,X2, Xa,...., Xsbe the fourth level vertices

adjacent to uj s in order. Since total number of
vertices ism + n + r + s, this lobster has
m+n+r+s-1edges.
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Label the first level vertices uy, us, us,...,Un
respectively by N(m +n +r + s - 1) - (N-1),
N(m+n+r+s-1)-(2N-1),....,N(m+
n+r+s-1)-Nm+ 1.

Label the second level vertices vy,
V2, V3,..., Vp respectively by 0, N, 2N, 3N,...,
N(n - 1). Label the third level vertices wj,
W, W3, ....,W, as follows.

If w; is adjacent to vy put f(w;) = f(vi)
+ 1+ N(i - 1), kis arbitrary.

Label the fourth level vertices x1, X»,
X3,..., Xs as follows.

f(xi)=f(uk) - N(r -1) - (N+1) - N(i-1)
when uy is adjacent to x;. Clearly f is one-

one and f gives a one modulo N graceful
labelling.

Example 2.27. One modulo 5 graceful
lahellina of Inhaters

' 86 5 71 20 61 30
- aN A M b
/ \ \
A \ \
TN ) A
AN \
60e 50 /\ : \41
u_ / \ *
L
21 20

Example 2.28. One modulo 7 graceful
labelling of lobsters.

n 169 7 148 28 134 42 106
- * /IY .

162 158 M4  2lm | \

N P Ay B, T
\ 141 \
£ D U Y S |
7 19329 36 \_
6 6
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Theorem 2.29. A banana tree is one
modulo N graceful (where N is a positive
integer with N > 1).

Proof: Let there be k stars Spi,

Sn2,Sn3,...., Snk . Connect a vertex v to one
leaf of each star. Rearrange the stars in
descending order of the number of leaves.
Without loss of generality we assume that
Ni=N22...2Ng .

Let uj,us,us,...,ux be respectively the
vertices of Sp1, Sn2,5n3,---, Snk cONnecting the
vertex v. Let u{%, u), uld,...u
respectively the centre of Sp1,Sn2,5n3,---, Snk-
Let ulD, j=12,...,n-1 (1 <i<Kk)bethe
other vertices of the stars Syi(1 < i <k). This
banana tree has k + ny + ny +...,+ny edges
andk +1 +nqg+ny+ ..., +ny vertices.
Define ¢ (v) = 0
Mui)=N(k+ni+ny+....+ng)-(N-1) - N(k - i)
fori=1,2,3,...,k
#(u i(o)) =N+2N(i-1) fori=1,2,3,.,k
Pu®) = N(k+ng+nz+...+ng)-(N-1)-2Nk+Ni
fori=1,2,3,...,k
Pu®) = gu®)-Nk
Hud) = ¢ (u®)-Nr
i=1,23,..r.

In general
P(u ) = g(u(D)-Ns if u{) exist for i =
1,2,3,....s.
This process will stop when the edges have the
labels 1,N+1,2N+1,...,N(k+ns+ny+....+ny)
- (N-1)

Clearly ¢is 1- 1 and ¢ defines a one
modulo N graceful labelling of banana tree.

fori=1,23,...,k
if u{® exist for
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Example 2.30. One modulo 4 graceful
labelling of banana tree.

Pt

34:

Example 2.31. Odd graceful labelling
of banana tree.

SR

~

Theorem 2.32. Rooted trees of height
two are one modulo N graceful (where N is
a positive integer with N > 1).

Proof: Let ug be the root. Let
Us,Uz,Us,...,Un be the vertices adjacent to ug.

Letu(), j=1,2,... ki be the pendant vertices
adjacenttou;, i =1,2,..., n. This rooted tree
has n+ k; + ky ++ kyedgesand n + 1 + kg
+ ky +-+ k, vertices

Define ¢(uo) =0

¢(ui) = N(n+ki+kp +:--+ Kn)-(N-1)-N(i-1)
fori=1,2,3,... ,n

$(ulD) =N(n + ky+ky +++ kn) -N- N - 1)
forj=1,2,3,....,ks

#(ufh) = gu)-2N- NG - 1)
j=1,2,3,...,kandi=2,j=1,2,3,...ks,...,
i=n-1, j=1,2,3,....kq

fori=1,

Clearly ¢ is 1-1 and ¢ defines a one
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modulo N graceful labelling of Rooted trees
of height two.

Example 2.33. One modulo 6 graceful
labelling of Rooted trees of height two.

N

Example 2.34. One modulo 9 graceful
labelling of Rooted trees of height two.

18

93 P 5 27
.

e fF IO T
A AT ad !
135 // =l II
N o N
136 Tzt /~u
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