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Abstract

We prove common fixed point theorem for weakly compatible
mappings in fuzzy metric space. We extend results of Pathak, Khan and

Tiwari to fuzzy metric space.

Introduction

In 1965 the concept of fuzzy sets was
introduced by Zadeh!*. It was developed
extensively by many authors and used in
various fields. Especially, Deng®, Erceg*, and
Kramosil and Michalek!® have introduced the

concepts of fuzzy metric spaces in different
ways.

Recently, George and Veeramani’:®
modified the concept of fuzzy metric spaces
introduced by kramosil and Michalek'® and
defined the Hausdoff topology of fuzzy metric
spaces. They showed also that every metric
induces a fuzzy metric.

Grabiec® extended the well known

fixed point theorem of Banach! and Edelstein®
to fuzzy metric spaces in the sense of Kramosil
and Michalek®®.

Here we extend results of Pathak,

Khan and Tiwari'? to fuzzy metric space.

Preliminaries :

Definition® 1 : A binary operation *:
[0,1] [0,1] [0,1] is called a continuous t-
norm if ([0,1], *) is an Abelian topological
monoid with the unit 1 such thata*b c¢*d
whenevera candb dforalla, b, c,darein
[0,1].
Examples of t-normarea*b=abanda*b =
min {a,b}.

Definition 2 :1° The 3-tuple (X,M, *)
is called a fuzzy metric space (shortly FM-
space) if X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy set in X? [0, )
satisfying the following conditions for all x, v,
zin Xandt,s>0,

(FM-1) M(x, y, 0) =0,

(FM-2) M(x,y,t)=1forallt >0 ifand only
ifx=y,

(FM_S) M(Xv Y, t) = M(yv X, t)v
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(FM-4) M(x,y,t) *M(y, z,8) M(X, z, t+s),
(FM-5) M(x,y,.):[0,1] [0,1]is left continuous.

In what follows, (X, M, *) will denote a fuzzy
metric space. Note that

M(x, vy, t) can be thought as the degree of
nearness between x and y with

respect to t. We identify x =y with M(x, y, t)
=1forall t>0and M(x, y, t) =0 with and
we can find some topological properties and
examples of fuzzy metric spaces in (George

and Veeramani’).

Example 1 : Let (X, d) be a metric
space. Definea*b =abora*b =min {a, b}
and for all x, yin Xandt> 0,
t
M(x.y.t) ST dxy)

Then (X, M, *) is a fuzzy metric space. We
call this fuzzy metric M induced by the metric
d the standard fuzzy metric.

For workers of this line we are giving Lemmas.

Lemma 1:* Forallx,y X, M(x,y,.)
is non-decreasing.

Definition 3:° Let (X, M, *) be a fuzzy
metric space :

(1) A sequence {xp} in X is said to be

convergenttoa pointx X (denoted by lim,

Xn =X), if
lim,

forallt > 0.

(2) A sequence {x,} in X called a Cauchy

sequence if

lim,  M(Xnsp, Xn, t) =1,

M(Xp, X, 1) =1,
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forallt >0andp>0.

(3) A fuzzy metric space in which every
Cauchy sequence is convergent is said to be
complete.

Remark 1 : Since * is continuous, it
follows from (FM-4) that the limit of the
sequence in FM-space is uniquely determined.
Let (X,M,*) be a fuzzy metric space with the
following condition:

(FM-6) lim; M(x,y,t) =1 forallx,y X.

Lemma 2:If forallxy X, t>0

and for a number k  (0,1),
M(x,y,kt)  M(x,y;t)
thenx =y.

Lemma?!! 3: Let {y,} be a sequence in
a fuzzy metric space (X, M, *) with the
condition (FM-6). If there exists a number k
(0,1) such that
M(Yn+2, Yne1, Kt) - M(Yn+1, Yo, 1)
forallt>0andn=1,2, ........ then {y,}isa
Cauchy sequence in X.

Definition 4 :° A pair of mappings S
and T is called weakly compatible pair in fuzzy
metric space if they commute at coincidence
points; i.e., if Tu=Suforsomeu X, then
TSu = STu.

It is easy to see that if Sand T are
compatible , then they are weakly compatible
and the converse is not true in general.

Example 2 : Let X = R.. Define S and T by:
Sx=x and Tx =2x-1; Sx =Tx iff x = 1,

As ST(1)=S(1)=1, TS(1)=T(1)=1

Therefore {S,T} are weakly compatible.
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Let be the set of all continuous and
increasing functions ; :[0,1] [0,1] in any
coordinateand j(t)>tforallt [0,1)andi=
1,2,3,4,5.

Main Results

We extend results of Pathak, Khan
and Tiwari? to fuzzy metric spaces.

Theorem 1: Let (X, M, *) be a
complete fuzzy metric space with t*t t for
allt [0,1]. LetA, B, S and T be mappings of
X into itself such that
(1.1) AX) T(X)and B(X)
(1.2) there exists a constant k
that

MZ(Ax, By, k) min{ 1(M?(Sx, Ty, 1)),
2(Mq(Sx, Ax, t).M7(Ty, By, 1)),
3 (M(Sx, By, (2- ) 1).M"(Ty, Ax, 1)),
J(ME(SX, AX, t).M® (Ty, Ax, 1)),
s(M'(Sx, By, (2- )t). M"(Ty, By, t))},

S(X),
(0,2) such

forallx,y X, 0, 0,2),t>0, \
i=1,2,3,4,5 0<p,q,q,r,r,s,s LI 1,
suchthat2p=q+q =r+r =s+s =1+1.

(1.3) Ifthe pairs {A, S}and{B, T} areweakly
compatible, then

A, B, S and T have a unique common fixed
pointin X.

Proof : Since A(X) T(X), for
arbitrary point xg in X, there exists a point
X1 X such that T x; = Axp. Since B(X)
S(X), for this point x; we can choose a point

X2 X such that Sx, = Bx; and so on.
Continuing in this manner, we can define a
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sequence {yn} in X such that

(1.4) yon =T Xon+1 = AXonand Yon+1 = SXon+2 =
Bxon+1 for n=123,...,

We need following Lemma for the proof of
our mail Theorem.

Lemma 4 : LetA,B, Sand T be self-
mappings of a fuzzy metric space
(X, M, *) satisfying the conditions (1.1) and
(1.2). Then the sequence {y,} denoted by (1.4)
is a Cauchy sequence in X.

Proof. For t > 0, By putting X = X

andy = Xone1 in (1.2), =1-g,withq (0,1)

we have

sz(yZny Yon+1, Kt) = MZp(AXZn,BX2n+1, kt)

M (A0, BXaneg, k) ming 1(MP(Sxan, TXansa, 1),

2(M(SX2n,AXan,t). M (TXzne1, BXans1, 1)),
3(Mr(SX2n, BX2n+1,(2- )t).Mr’(TXZn.q.l,
Axan, 1))

4(M5(SXan, AXan,t).M® (TXzne1, AXzn, 1)),
5(M'(SXzn, BXane1, (2- ). M"(Txans1,
Bxon+1, 1))},
M2 (Yan, Yores, Kt) - Ming (M (yzn, Yan, 1),
2(M(Y2n-1, Yon, 1) M7 (Y, Yane1,1)),
s(M"(Yan-1, Yo, (1+Q)t).M" (Y2n, Yan, 1)),
#(M*(Yan1, Yon, £).M® (Yzn, Yon, 1)),
s(M'(yan1, Yones, (1+Q)1). M (Y20, Yonet,
)},

M?P(yz2n, Yane1, kt) - min{ 1(M*(yan1, Yan, 1)),
2(MU(Yan-1, Yan, 1)-MY(Yan, Yoni1, 1)),
3(M'(Yan-1, Yan, ) M(Yan, Y1, 1)1
4(M3(Y2n-1, Yan, 1)1),

5 (M'(Yzn-1, Yan, t) * M'(y2n, Y2n+1, Q).

MI’(yZny y2n+11 t))}r
Since the t-norm * is continuous and M(x, v, .)
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is continuous , letting q 1, we have
M?P(yan, Yone, kt) - min{ 1(M?(yzn1, yon, 1)),
2AM%(Y2n1, Yon, £).MT (Yan, Yone1, 1)), s(M'(Vzn-a,
Yon, 1)* M'(Y2n, Yon+1, 1))
4 (M3(Yont, Yon, 1)), 5 (M'(Yon1, Yon, t) *
M'(Yan, Yansa, £). MY (Yan, Yane, 1)},
M(yzn, Yone1 s k)

M(Yzn-1, Yon, t), if M(Y2n1, Yon, 1) <
M(Y2n, Yon+1, 1)

(1.5)
M(Y2n, Yon+1, 1), If M(Y2n-1, Yon, 1)
M(Y2n, Y2n+1, 1),

as j(t)>tfor0<t<1. Thus {M(yzn, Yon+1, t),
n 0} is an increasing sequence of positive
real numbers in [0,1] and therefore tends to a
limit] 1. Weassertthatl=1.Ifnot, 1<1
which on letting n in(1.5)onegetsl (I)
> | a contradiction yielding thereby | = 1.
Therefore for every n N, using analogous
arguments one can show that {M(yzn+1, Y2n+2,
t),n 0} is a sequence of positive real numbers
in [0, 1] which tends to a limit | = 1. Therefore

for every n N, M(Yn, Yn+1, t) > M(Yn-1, Yn, t)
and
Ilmn M(yn, yn+]_, t) = 1

Now for any positive integer p
M(yny Ynps t) M(yny Yn+1, t/p)*p-tlmes. .. *M(Ynﬂrly

Yn+p, UP).

Since limy, ~ M(Yn, Y1, 1) = 1 for t > 0, it
follows that

lim,  M(yn, Ynsp, t) 1%1 ... *1=1

which shows that {y,} is a Cauchy sequence
in X.

Now we prove our main result as follows:
Since X is complete, it follows by Lemma 4,
that the sequence {yn} converges to a point z
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in X. On the other hand, the sub sequences
{Axon}, {Bxan+1}, {Sxon} and {T Xon+1} of {yn}
also converges to the point z.

Now suppose that the subsequence {y.n} is
contained in S(X) and has a limit in S(X) call it z.
Let u Sz).Then Su = z

By (1.2) with = 1, we have

MZP(AU, Yans1, Kt) = M?P(Au, BX,, ... kt)
min { 1(M%(Su, Txan+1, 1)), 2(M9(Su, Au,
t). Mq’(TX2n+1, Bxon+1, 1)) ,
s(MT(SU, BXans1,t).M" (Txzne1, AU, 1)),
4(M3(Su, Au, t). M (TXzn+1, A, 1)),
5(M'(Su, Bxan+1, t). M (TX2n+1, BXans1, £) 3,

which implies that as n , we have

M2P(Au, z, kt)  min { 2(M9(z, Au, t)),
3(M"(z, Au, 1)),
4(M*'(z, Au, 1)}

MZP(Au, z, kt)  4(M%(z, Au, £))>M?P(z, Au, 1)

a contradiction. Therefore Au= z = Su,i.e.
u is a coincidence point of Aand S.
Now suppose that the subsequence {yzn} is
contained in T(X) and has a limit in T(X) call
itz.Let v Tz).Then Tv=1z.
Again by (1.2) with =1, we have

MZ2P(y2n, By, kt) = M2P(Axan, By, ki)
min{ 1(M2p(SX2n, TV, t)), z(Mq(SXZn, AXZn,
t). MY (Ty, By, 1)),
3(M"(Sx2n, Bv, t).M"(Tv, Axan, 1)),
4(MS(SX2n, AXZn, t).MS’(TV, AXZn, t)),
5(M'(Sx2n, By, t). M"(Tv, By, 1)) },

which implies that as n , we have
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M?(z,Bv, kt) min{ 1(M%®(z,z,1)), 2MI(z,
z,1).M%(z, By, t)),
3(M'(z, By, t).M"(z, 2, 1)), 4(M(z,
z,1).M%(z, 2, 1)),
s(M'(z, By, t). M"(z, Bv, 1)) },
or
M?2P(z, By, kt)
3(M'(z, Bv, 1)),
1), s(M*"(z,Bv, 1)},

min { 1(1), 2(M9(z, By, 1)),

or
M?(z, By, kt) 5(M""(z, By, 1))>M?*(z, By, 1)

a contradiction Therefore Bv = z. Since Tv
= zthusTv = Bv = z

i.e. v is a coincidence point of B and T.
Since the pair {A,S} is weakly compatible
therefore, Aand S commute at their coincidence
point, i.e. ifASw = SAw or Az = Sz.

Similarly, since the pair {B,T} is weakly
compatible therefore, B and T commute at
their coincidence point, i.e. if BTw = TBw
or Bz = Tz.
Now, we prove Az = z. By (1.2) with =1,
we have
MZp(AZ, Yon+1, Kt) = MZp(AZ, BXon+1, Kt)
min{ 1(M2p(SZ, TX2n+1, t)), z(Mq(SZ, AZ, t).
MY (TXan+1, BXzns1, 1)),
3(M"(Sz, BXan+1, t).M"(TXZM, Az, 1)),
4(M3(Sz, Az, t).M® (TXzn+1, AZ, 1)),
5(M'(Sz, Bxone1, t). M (TXane1, BXone1, 1))},
which implies that as n , we have
M2P(Az, z, kt) min{ 1(M?®(Az, z, 1)), 2(1),
3(M'(Az, z,1).M" (z, Az, 1)),
A(M%(z, Az, 1)), s(M'(Az, z,1)) },
M?P(Az,z, kt)  1(M?P(Az, z, t)>MP(Az, 7, 1)

a contradiction. Therefore Az = z. Thus Az
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=Sz=12.
Now, we prove Bz =z. By (1.2) with =1,
we have
M2P(Axan, Bz, kt)  min{ 1(M?*(Sxan, Tz, 1)),
2(MY(SX2n, AXon, t).M%(TZ, Bz, 1)),
3(Mr(SX2n, BZ, t).Mr’(TZ,AXZn, t)), 4(MS(SX2n,
AXZn, t).MS’(TZ, AXZn, t)),
5(M'(Sxzn, Bz, t). M'(Tz, Bz, 1)) },
which implies thatasn  , we have
M?P(Axan, Bz, kt) min{ 1(M%(z, Bz, 1)), 2(1),
3(M™"(z, Bz, 1)),
4(M¥(Bz, 2, 1)), 5s(M'(z, Bz, 1)) },

or
M?(z, Bz, kt) 1(M?*(z, Bz, t)>M?»(z, Bz,t).

a contradiction. Therefore Bz = z. Since Tz
= zthus Tz = Bz=1z.
Combining the above results, we have

Az =Bz =Sz=Tz=12,zisacommon
fixed point of A, B, Sand T.
For the unigueness of common fixed point let
w (z w) be another common fixed point of
A /B,Sand T.Thenby (1.2) with =1, we
have

M2P(z, w, kt) = M?P(Az, Bw, kt)

min { 1(M?*(Sz, Tw, t)), 2(M%Sz, Az, 1).
MY (Tw, Bw, t)) ,

3(M"(Sz, Bw, t).M"(Tw, Az, 1)), 4(M%(Sz,

Az, 1).M%(Tw, Az, 1)),

5(M'(Sz, Bw, t). M"(Tw, Bw, t))},
or
M2P(z, w, kt) min{ 1(M?*(z, w, 1)), 2(M9(z,
z,1). M¥(w, w, t)),

3(M'(z, w, t).M"(w, z, 1)),a(M%(z, z, t).
MS'(w, z, 1)),
s(M'(z, w, t). M"(w, w, 1)) },



440

M?2P(z, w, kt)

1(M?P(z, w, 1)) > M%P(z, w, 1) .

a contradiction. Therefore z = w.
This completes the proof of the Theorem.
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