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Abstract

The purpose of present paper is to continue the work of present
author? without putting any condition on the scalar curvature of

Riemannian manifold M
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1. Introduction

Let M be a connected Riemannian
maniofold of dimension n covered by the
system of coordinate neighbourhoods {U; x"}
where the indices i,j,k,..... run over the range

{1.23...n}. Let g {1V Kig" Kjiand

K, be the covariant components of the metric
tensor g, the Christoffel symbols formed by
gji » the operator of the covariant differentiation

with respect to {;}, the components of

curvature tensor and the components of Ricci
tensor and the scalar curvature of M respectively.

The vector field V" is called a projective vector
field if it satisfies*

h
(1.1) LV{?i}=vjvivh+v"Kkji =80p; +8'pj

for a certain covariant vector field p;, called
the associated vector field of V', where L,
denotes the operator of Lie derivation with
respect to the vector field V. When we refer
to a projective vector field V", we always mean
pi, the associated covariant vector field given
in (1.1). In particular if p; is zero, then a
projective vector field is called an affine vector
field.
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In 1980, H. Hiramatu* has obtained
series of integral formulas and integral
inequalities in a compact orienable Riemannian
manifold assuming that scalar curvature of M
as constant. In this paper using projective and
the conformal curvature tensor field of type
(1,3), we have obtained the series of integral
formulas and integral inequalities without
putting condition on scalar curvature K of M
.we get necessary and sufficient conditions for
Riemannian manifold to be isometric to a

) n(n-1)
sphere of radius K

2. Preliminaries :

This section deals with preliminaries
which are needed in the rest of the sections.

(2.1) ViVivi=(n+Dp;

(22) VIvjvt+kjtvi=2p!

1 t
=——Vv
(23) p — t
(2.4) Vj(ViVvh +VhVi) =2pigih +Pjdih +Phji
26)vIL,g" = —2plg™ —plgih _phgll
h h h
(2.7) I—kaji =-0k Vjpi +8j Vkpi
(2.8) LVKji =—(n—1)Vjpi
k
(29) Gji =Kiji ——gji

h h 1 h h
(210)Pyji = Kyji _E(Sk Kji =6j Khi)
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h h
(2.12) iji :_iji
h h h
(2.12) iji +Pikj +Pjik =0
t t
(2.13) Ptji =0 1ijt =0

i n
214) Pyin ¢ =—— Gy

' 1
(2.15) 2 Kji ZEViK

t
(2.16) vthji :vthji_ijki

kp h_N=2cn h
(217) V" Ry = n_lv Gji —ViGj

j
1
19)L\Gji +H(LVK)gji ==Vjwj-Vjwj

n-1 k
2.19) wh =—=p" +th

(2.20) LVijih =0
(221) VIV;pj —Kjip! -Virp=0

(2.22) Vj(VjVi +ViVj)= (n+3)p;

i n-2
viGg;=—=ViK
(2.23) i =" Vi

(2.24) Let M be a complete, connected and
simply connected Riemannian manifold. In
order for M to admit a non-trivial solution of a
system ¢ of partial differential equations

ViVion +K(20igih +¢igjh +engji) =0
Where on=V |, ¢, k being positive constant , it
is necessary and sufficient that M is globally
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isometric to a sphere of radius é inthe Euclidean

(n+1) space.
Known lemmas :

Lemma A: Inacompact and orientable
Riemannian manifold M, we have

j(vif)(vih)dv=—ijhdv=—thf dv
M M M
For any function f and h on M, where

A:gjiVjVi and dv denotes the volume
element of M
Lemma B : If, in a compact and

orientable Riemannian manifold M, a non-
constant function ¢ satisfies a system of partial

differential equations®®
ViVion +K(igih +igjh +or9ji) =0

where @ = Vi &, k being a constant, then the
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constant k is a necessarily positive.

Lemma C: If a complete and simply
connected Riemannian manifold M with scalar
curvature k of dimension n>1 admits a non-
affine projective vector field v" and if the

vector field w" defined by (2.19) is a killing
vector field, then M is globally isometric to a

n(n-1)
K

sphere of radius in the Euclidean

(n+1) space.
3 Lemmas :

In this section we prove to series of
Lemmas without putting any restriction on
scalar curvature K of M which are needed to
establish main theorem in section 4.

Lemma 3.1 : for a projective vector
field V" ona compact and orientable Riemannian
manifold M of dimension n>1, we have

gy 2 ty2gy__ W VoW (Vw1 v
(3.2 ,\'[|Gjlp w dv_n—l,\'&(VtW )dv 200-D) ,\'[|(VJWI+VIW])(V w' +V'wl)dv
2(N+1) ¢ i, 2 o i
e hj/l(v,K)pw dv D '\j/l(vtk)v (Viw")dv

proof: we have, Gji:kji'%gji
S Gjip'W' =Kjip'W —ngip W

=kjiplw' —%piWi

From (2.21) we have, vI Vipi—Kijip! ~ViAp=0

+Kjipd = VI Vjpi —viap
(3.2) .'.Gjiiji :[Vj Vj Pi —ViAp]Wi —%piWi

= (VIVjpiw' - (Virp)w' _HPiWI

Integrating (3.2) over M, we get
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IGjipjwidv:—I(ViAp)widv+ I(VjAjpiMidv—%J.kpiwidv
M M M M
=— I(Ap)(viwi)jv+ I(VjAjpiMidv—%jkpiwidv
M M M
from Green’s theorem
Now (3.3) I(Ap)(viw‘}jv= I(Atvtp Xviw‘}iv
M M

= [(ap")(Vw')dv
M
From (2.19) we have, ! :n__lpt +Evt
2 n
(3.4) . pt :i[wt —Evt]
n-1 n

From (3.4) equation (3.3) reduces to

(3.5) I(AP)(ViWi)jVZI\.[I{ﬁ(VtWt)— 2_1 Vt(kvt)}(viwi)jv

n(n-1)

2 t
- I{E(Vtw )—

k(V vty ——2 (Vtk)vt}viwidv
M

n(n-1) n(n-1)

2 i 2 :

:% j(vtw‘)zdv—
M

Consider, (3.6)

Vi[k(Vtvt)\/vi] =(vik)(vtvt},v‘ +K(V; (Vvhw! + k(v vt (viwh

Integrating above equation over M, we get

jvi[k(vtvt}/v‘]dv= j(vik)(vtvt}/v‘dw jk(vi(vtvt))w‘dw jk(vtvt)(viw‘)dv

M M M M

Hence by Green’s theorem we obtain

an JERFY v [k (7wwidv+ [kv @m0
M M M
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jk(vtvt)(viw‘)dv = —j(vik)(vtv‘}/v‘dv— [k, (v vh)w'dv

M M

M

from(2.1)=— [(Vik)(n +pw'dv— [Kk(V;(n+Dp)w'dv

M

(3.8)
M

From (3.8) equation (3.7) reduces to

(3.9 '\.[IGjipjwidv_( 21) ( VW )zdv
N 2(n +1)

n(n —1)

.[ (Vik)pw'dv

2(n +1) Ik
n(n 1)

2

(-1,

+ JA(VJVJ'pi}NidV—E jkpiWidV
M n M

(Vi (vwhydv

2(n +1)

= (n271) I(VtW )zdv
_[(VJV p,)N dv+
M

_[Vkpwdv

)_[k Iwdv

T JA(VIk)v‘(Viw )dv

= T 2_1) '\J;I(Vtwt)zdv

. 2(n+1)
n(n-1)

[ pLukdv

1 . . . .
+——— [Viw; + Viw; (VIw' + V'whdv
z(n_l)“jn(, i+ Vi )

2 tro i
—m'\jﬂ(vtk)v (Viwhydv

=~(n+1) [ (Vik)pw'dv - (n+1) [ kpjw'dv

M

This completes the proof of Lemma 3.1

Lemma 3.2 : for a projective vector
field V" ona compact and orientable Riemannian
manifold M we have ,

3.10) [VLyGji b+ 2 [ o v

:% I(VjWi +Vin)(VjWi +Viwj)dv
M
Proof : consider, (3.11)

Vj{(VjWi +Vin>\Ni }= (Vj(VjWi +Vin)}Ni
+(VjWi +Vinkiji)
Integrating (3.11) over M, we get

jvj{(VjWi +Vin)Wi}dV = I(VJ(VJW|
M M

+Viwj))widv+% J(iji +Viwj)(iji +Viwj)dv
M
If k is not constant then from (2.18) we have,

1
LyGji+(LyK)gji =-Vjwi - Viwj

1
.'.VjWi +Vin :_LVGJI _H(ka)gjl

Now by green’s theorem, we get
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j{vl(—l_\,eji —H(ka)gji)w'}dv+§ j(vjwi +Viw)(VIw' + viwl)dv =0

M M
= VLG i+ =(LyK)g w3 == [ (7 jw; +Viw (V w + iy
n 2 M
M

j{vj(LVGji)+1(vj(|_vk))gji)w‘}dv 1 [ jwi+viw ) iw' +viwlydy
n 2

M M
(3.12)
j{(vi(LVGji))w‘dw% J'(Vj(ka))wj}dv=% [V jwi +Viw vV iw’ + Vil
M M M

This completes the proof of Lemma 3.2

Lemma 3.3 : for a projective vector field v" on a compact and orientable Riemannian
manifold M of

dimension n > 1we have(3.13) I(VjLVGji )\/vidv
M
:—% I(Vtwt)zdv—% I(Vj(ka)ij)jv
M M
N (n+2)
2(n-1)

_6(n+1)
n(n-1)

I(iji +Vin)(VjWi +Viwj)dv
M

(n-2)

[ (Vek XLy widv

I(Vik)pwidv+
M M

proof : consider, {VjLVGji}Wi = {Vij(Gjtgit )}\NI
~ VI Gig™ + G (Lyg™w
— (VI(L,Gig™w; + (VIG ;) (Lyg™)w; + G Vi(L,gw,
from (2.23) ,

i n-2 i i i
= (VIL,Gj)w! A o )Vtk(LVg't)Wi +Gj(VILyg")w
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(n-2)

from(2.7) = (VIL,Giw! + Vik(Lyg")w;

_[ZGjtPjgtiWi _GjtptgjiWi _Gjtpigthi]
(n- 2)

=(VILGjw' + Vik(Lyg™")w; —[2G jpw" + G p'w) +0]

. n-2 . .
(3.14) =(VIL,G jt)wt + ( on )Vtk(nglt)Wi —3GjtPJWt
Integrating (3.14) over M , we get

j W
(315) ’\j/l (VIL,G ;" ywidv

= j(v L,G ji)w'dv— 3jej,plw dy+ (0 )j(v K)(Lyg")w;dv
From Lemma(3.1) and Lemma(3.2) equation (3.15) reduces to

(3.16) [(VIL,G})widv = ‘71 .[(Vj(ka)wj)dv+% v wi + Viw (v iw! +Viwdyv
M M M

6 t\2 6(n +1)
_n_—l I(Vtw )dv = n(n-1)

I(V Wi + VW )(VJW +Viwl)dv

I(Vik)pwidv

2(n 1)

n-2
+%j Vk)(L,a™")widv

é?ntzl)) I(iji +Vin)(VjWi +Viwl)v

M

1¢,oi 6(n+1) i
- I(VJ(LVk)Wj)dV— =D I\J;I(Vik)pw dv

! (
(n-2) i
e “IA (Vek)(Lyg" widv

=—%I(Vtwt)2dv+
M
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This completes the proof of Lemma 3.3

Lemma 3.4 : for a projective vector field v" on a compact and orientable Riemannian
manifold M of dimension n>1 we have,

(3.17) [g¥(L VG jiw'dv

M
(n+2)
2(n-1)

I(iji + Viwj)(iji + Viwj)dv
M

1 j Ny, B(n+1)
- j(v (Lykw jdv —— s

M (

6
= —E J‘(VtWt)de-}—
M

i 6
I(Vik)pw dv + n=D)

M (

[ (vikv' (viw)dv
M

Proof: we have,
gkj(l-kaGji)Wi = (le-iji)Wi —gkj(Sktpj +6jtpk)GtiWi
RGN +3ith)Gthi
= (VLG W' - (98, '+ 95, pi )G W' — (951 pi +998ip1 )G jw!
=(VILyGjw' ~ (' +p")Guw' - (0 i +o'5)w'G
=(VIL,Gj)w' -2Ggp'w' - (g)'Gjipiw' + G jpg'w')
=(VILyGji)w' ~2Gp'w' - (0+Gjrg'w)
(3.18) =(VIL,Gj)w' -3Gp'w!
Integrating (3.18) over M ,we get

(3.19) e ViGjw'dy = [(VIL,G ji)w'dv-3[G jiplw'dv
M M M

From Lemma (3.1) and Lemma (3.3) equation (3.19) reduces to
(3.20) jg"i(LVvaji)w‘dv =_?l jvi(l_\,k)wjdv
M M

+% J(VjWi +Viwj)(iji +Viwj)dv
M
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6 j ty2
——— | (Viw)“dv
n—lM
3
i
2(n-1)

_6(n+1)
n(n-1)

_[(iji + Viwj)(iji +Viwj)dv
M

[@ikpwlay+ 6 o J @V @y
M M

6
=—— I(Vtwt)zdv
M

(n+2)
2(n-1)

I(VjWi + Viwj)(iji + Viwj)dv
M

-1 :
— jvJ(LVk)wjdv
M
_6(n+1)
n(n-1)

6
+
n(n-1)

I(Vik)pwidv
M

[ (k! (viwhav
M

4, Theorems :

Theorem A : If a connected, compact
,orientable and simply connected Riemannian
manifold M without any restricted on scalar
curvature k of dimension n>1 admits a non-affine

projective vector field V", then M is globally
n(n-1)
K

isometric to a sphere of radius in

the Euclidean (n+1) space.
Proof :- from (2.24) we have, (L,p G h )g ji

~n h h ji
_ELVGK —-pP Kji LVg
Taking co-varient derivative of both sides we
get,

i ) )
= (VLG ~ (V40 (L) oy " (VL)

Now multiply both sides of (4.1) by wy we get

h - n h h - h -
(VkLVpkJI )gjlwh:E(VkLVGk )Wh_(vkpkjl )(LVgJI)Wh_pkjl (VkLVgJI)Wh

From (2.7) and (2.17)
n-2

n k h h
=—(V"L,,G Wh—|——V'"'G:: =V
n—l( vk ) h [n—l Il

_pkji h[_zpkgjl - pjgkl - plgkj]wh

G }(ngji)Wh

n n-2 it i
- LG W { 1) (V"G i) (Lygwp + VG " (Lygihwr,

h k.ji h _j. ki h i Kj
+12p,; P 9" +p i Pl +p g 0w,
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(n—2)

i ) )

=E(vkLva“)wh - (V"G )Lyalw, +ViG;" (Lyglwy,
o

+12p 5, 9" 9w —p " lg w0 "gMplwy]

_(n—2)

i ) )
=m(vkLva“)w (V"G )Lvalw, +ViG;" (Lyglwy,

ji,,t Kk h K]
+12p 5, 0M'W'p  —p g Py MgH

From (2.16)

p'wp]

(n-2)

n
=n—(vkLva“)wh v "G Lva!)wp +ViG M (Lygywy,

2n k n
+| —G ——— Gyw'pl+ 'w
[n 1 ktW n-1 jtWopT T Pkji g p h}

n n-2
- LM wn - U2 6 g ywy
n-1 n—
2n i i h Kj_i
ﬁ{—n_lGjiWP __n_lGjiWP +Pkji 9P Wh
i W=k --“—i(a ki -8i'K )

From(2.10) consider , Pkji = Kji n_1 k Kji =0j Rki
42 piilg =kingh -1 (5 i —5;"K -)g"i
(42)  ~pkji 97 =Kgji 9 T _q Ok Kji 7O Bk

k(Sk"gji —8 L (5 ngkik; ~5"gMKy
=k(3"gji —8;"9ki)g" - — OO "gMK
k(55K _5.hs. i _L i — oMK,
=k(8, 8" —8;5;") n—1g ji —9 Kii

1
=k(5;" _Sih)_m(kih —Kih)

=0

From (4.2) equation (4.1) reduces to
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i n n-2 i
@3 (7*Lup g Mewn = LGy - T2 (e L g
A
+ViG{" (Lygwy, +ﬁGjiPJWI

Integrating (4.3) over M , we get

i n
(4.4) j(v"l_\,pkji Mglwdv=—— j(v"l_\,c;kh)whdv
M n-19

n-2 i
-2 AJA (V"G j)(Lyg T ywpdv

+ [(ViGM(Lygwhav
M

n J‘ i
+—— | Gjip'w' dv

n—lM

n . . n-2 ..
- [winefwiav- "2 [ 6w elwiay
M M
o . o

+ j(vkc;ji)(|_Vg‘<l)w'c|vJrm [Giiptw! dv

M M
Consider (4.5)
Ve(GjiLyg!wh) = (ViGi)(Lya!)w' +G i (ViLyg!)w' +Gji(Lyg!)(Vw")
Integrating (4.5) over M we get
[vi@ Lyl whdv = [(vGji)(Lyg™w'dv+ [ G (VL g )w'dv
M M M

+ [ Gi(Lyg")(vw')dv
M

Now by Green’s theorem we get
[vGiLgwldv+ [G5(viLyg!)widv+ [Gi(L,g) (v whdv =0
M M M
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== [ VG LWty = [G i (ViLyg!)wldv+ [Gi(Lyg) (v w!)dv
M M M

n-2 ii n-2 ii
S Joe ighwtay =22 69 L g ywiay

M

(n-2) i
— hjAG,-i(LVgJ)(vtw‘)olv

From (2.6) and (2.18)

n-2 n-2 ji
2 Jeutana plod —plodwiar- T2 [(L,6 gl vt
M
n-2 i i n-2 i
S J2nGy0" -6 pla - s wlav— =2 F(L,6 gl (v whay
M
_(0-2)

i i n-2 -1 i
[0-p6  —p'eiwlav—{""2 (L ogj - v jw; —vow g (vowhyav
1 M n-1 Y n

n-2) ;-1 i i i
( _1) [ Lkghgji gV jw; - gV w ) (vwdv
M

) P
:—(2—1) l\J;I(—ZpJW Gji)dv—

_zrfn 2 IGJ' JW dv+ (n:i) I[(ka)*'(viwi +ijj)(VtWt)dV

M
=%1Gjipjwidv+—(?‘:i) I(ka)dv+—(::i) I(Viwi +Viw ) (Vwdv
M M
MIGJ, Iwidv+ :i) I(ka)dv+%j(vtwt)2dv
M M

Consider (4.6) Vi{Gji(Lyg")}= (VG i)(LygM) +G i (Vi (Lyg¥))
Integrating (4.6) over M, we get
@.7) ’\IA VidGji(Lyg v = [(ViG i) (Lyg)dv+ [Gi (Vi (Lyg")av

M M
Now applying Green’s theorem we get
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=[G L@V + [G Vi (LygY)dv =0

M M
= (G L@)dv = - [ GV (Lyg)dv
M M

=— [g4(L,ViGji)dv
M
[ VG L g )w'dy = [gM(L, VG ji)w'dv
M M
From (4.7) and (4.8) equation (4.6) reduces to

(4.8)

k hy i _n k h _(n-4) i
(4.9) hjﬂ(v Ly ) whdv——n_lhfﬂ(v LyG ! whdv - = — “JAG,.pwdv

- jg"i(l_\,vkeji)w‘dv +% j(vtw‘)Zdv
M T M

(n-2)
n-1

+

[ (Lyk)(V ew v
M

From Lemma 3.1 ,3.3,3.4 equation (4.9) reduces to

VKL P Mg liwpdv =——20 [(v,wh)2d
&( i )9 whdv m_D2$(tw) v
+%,{L(VKWh +Vhwk)(VkWh+Vhwk)dv
1 k 6(n+1) h
- —— | V(L KW dv - Vhk)pw "d
n—1hjﬂ (Lykw dv (n—l)zl\'[l( nk)pw " dv
n-2 ht 2(n—4) ty2
Vk)(Ly dv — % d
+2(n—1)hjﬂ( tO(Lyg™ v~ T hjﬂ( ow')Zdv
+—(n—4)2 j(VjWi +Vin)(VjWi +Viwhdv
2(n-1)"
_2(n2—3n—

D (vikpwidy + 208 1w vt (viw)d
R hjﬂ( iK)pw V+n(n_1)2hjﬂ( kv (Viw')dv
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WJ( ntyPav - T [ (LT ot

w')2dv

_(n+2) i i
2(n —1) '\.[I(ijl +Viw )(VIiw' + viw v
1yl 6(n +1)

+F'\J;|VJ(LVk)WjdV ( j(v k) W dV

[ (Vv (viw v

n(n-1

C(n-1?
n(n+2) N

2(n— 4) 2(n-2) 6 (o
n-12 n-1 o 1J|\'[|(VtW) dv

2(n-1)?

1

—1t.1

n-1

n-4 (n+2) i i
2(n-1% 2(n —DJ,\{'(V‘W' +Viw(Viw +Viwdv

ijJ(L k)w jdv

~60+D)_2° -3n—4) 20 +DJ.[(Vik)pWidv

(n-1)2

n(n-12  n(n-1) J°

2 [(7k)(LygM v

4=
2(n-1) M

+n—:i'\J;l(l—vk)(tht)dV

N 2(n-4)
n(n —1)2

> Jj(vtk)Vt(ViWi)dv

- n(n-1) M
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(4.10) = [

Fr

(4.11) (

+

2(n-13)

- jj(VW) dv

[(n 1)JJ‘(V Wi + V; WJ)(VJW +Viwlydv

JIVJ(L K)w jdv —(2(“”)}[ (L,/K)dv

(n(n -1) n(n

2 [(Vik)(Lyg™whav

2( —1)

twt)dv

[Z(Z“H)Jj(v KV (VW dv
n(n -1)2

om this and (2.20) we obtain

2(n-3)

= jj(VW) dv

0 _1))[(V Wi+ V; WJ)(VJW +Viwl)v

= 1)jjv (Lyk)w jdv

le_ Lykdv+ n-2 j(vtk)(l_vgh‘)whdv
M

n(n 1) 2(n-1)

—_1 j (LyK)(Vwh)dv

{Z(Zn +1)Jj(v O Viidy =0 jpfd\,:n__jlj'vadv

n(n 1)

225
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Remark A: If this scalar curvature k
of M is constant then (4.11) of above theorem

reduces to
2(n—3) t\2 1 .
[ o jI\J;I(VtW ) dv{(n—l)j,\j,l(v‘w'

+Vin)(VjWi +Viwj)dv =0

If n>2 then we have, from the above relation

J'(iji WLViWJ-)(VjWi +Viwl)ydy =0
M
i.e. vector field w" defined by (2.19) is a killing

vector field and theorem A follows from
Lemma C

If n=2 then we have pkjih =0
-+ from (2.16) Gji = 0 consequently using
lemma 3.2

We have I(VjWi +Viw)(Viw! +viwldv =0
M

from which Vjw; +Vjw; =0

Ultra Scientist Vol.25(2)A, (2013).

- - theorem follow from Lemma C.
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