Ultra Scientist Vol. 25(2)A, 235-240 (2013).

Theorems on special, union and hyper-asymptotic curves
of a Tachibana recurrent hypersurface

K.S. RAWAT and MUKESH KUMAR

(Acceptance Date 23rd April, 2013)

Abstract

Springer®, has been studied and defined Union curves of a
Riemannian hypersurface Mishral, has investigated the properties of
these curves in a subspace of a Riemannian space. Further, Saxena and
Behari?, studied Hypersurfaces of Kaehler manifold. Singh?,
studied and defined hypernormal curves of a Finsler subspace.

In the present paper, we have studied on special, Union and
hyper-asymptotic curves of a Tachibana Recurrent Hypersurface also
several theorems have established and proved therein.
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1. Introduction

An almost Tachibana space is an
almost Hermite space i.e a 2n-dimensional

space with an almost Complex structure Fih
satisfying the relation

i ph _ h
Fj‘ FF = —4; (1.1)
and with a Riemannian metric g;; satisfying

Ff Ff gis= g (1.2)
from which, we find

where Fy = Ff gy (1.4)
and finally has the property that the skew-

symmetric tensor F;,. is a killing tensor

Fipj+ Fjpi =0 (1.5)
from which
Fl'i4+ Fli=0 (1.6)
and
_ J
= - Fi,j (1.7)

where the comma (,) followed by an index
denotes the operation of covariant differentiation
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with respect to the metric tensor g;; of the
Riemannian space.

I the space satisfies the condition ([4])

Fo=0, (1.8)

then the space is said to be a Tachibana space
and is denoted by T, .

The curvature tensor of the TS is
defined as

h h h a h a
B = o= o "+ LG - L
The Ricci tensor and scalar curvature are
respectively given by
Rij = Rgl] and R = gURU
A Tachibana hypersurface is said to be

Tachibana recurrent hypersurface if its curvature

tensor satisfies the following condition
It is said to be Ricci-recurrent hypersurface,
if it satisfies

Multiplying (1.10) by g*/, we have
Ro— 2,R=0. (1.11)

Consider a hypersurface C,
Zi= Zi(u%),z! = zi@u%)

of an (n+1)-dimensional Complex manifold
C,+4 . whose metric tensor satisfies the

Kaehlerian condition
09;; 09:%
d - = (1.12)
0zk 0z/

It has been shown in? that an analytic
supersurface of a Kaehler manifold is also a
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Kaehler manifold. The hypersurface and
embedding space are denoted by KSand K-
respectively.

We shall use the following fundamental
formulae® in the later part of the paper.

The metric tensor of K. is given by

9.5=9;5 Bi Bj, (1.13)
where ,
i azt 1 ozt
Be=5a: Ba=35a

If (N¢, Nz) be the components of a unit vector
normal to the hypersurface, then

295 N NI =1, (1.14)

g5 N'By =095 N BL=0 (115

and so its complex conjugate .
The unit vector (&7, Ez) orthogonal to
dzl dz!
( ds ' ds
is given by

)

dzt dzl .
95 d_Zs &+ g3 d_Zs & =0, (1.16)
and

Let C:z'= z'(s), 78 (s)

(where s is real arc length) be a curve of K.
du® du®
ds ' ds )
of the unit tangent vectors of C with respect

to the enveloping space and the hypersurface
are related by

zt =

The components (d_zi ,d_zi> and (
ds ' ds
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. . a
dz' = B, —
z “ ds’
and its conjugate.

(1.18)

If (q', qZ )and (p%, p%) are the component
of the first curvature vectors with respect to
KE,,and K¢ respectively, then we have from?
q¢' = BLp*+ 'K, N,  (1.19)

and its conjugate

where the normal curvature ( 'K, , *K,, ) of
the hypersurface given by

. du®\ (duf

K = 0 () (G

e du®\ [ duP

Ko =0ap\ 35 N\ a5~
and

Bg,ﬁ = Q,N¢,

(ﬂaﬁ,ﬂaﬁ) are components of second
fundamental tensors of the hypersurface.

Two vectors (u%, u®) and (v, v%)
of the hypersurface are said to be conjugate,

if the relation Q5 u*v? = 0 and its conju-
gate hold.

2. Union and Special Curves :

Assuming that;—s is the usual covariant

differentiation along the curve C: z' = z(s);
Zi= 7! (s) (where s is real arc length) of

KE, where C is non-geodesic and non-
asymptotic curve, we have the first two

Frenet’s formulae in K5, as follows
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671’(0)

= Kq) nyy
ds (2.1)

6"é1) _ i i
= =K N + K@) N

and their conjugate , where

i1 dz' dz! i .1
( Moy o)) = I ' ds ,(ne1y, M(p)) and

(i), nz)

are the components of unit tangent vector, unit
principal normal vector and unit bi-normal
vector, Ky and K are the first and second
curvatures of the curve on the embedding
space.

Considering two congruence A and p
of curves given at any point of Ky; by

A= t*BL + CN (2.2)

-
where t% and C are parameters and t ,C

i
are their complex conjugate. Since (4',4)

represents a unit vector, 2 9 ANV =1and

it follows by using equations (1.14), (1.15) and
(2.2) that

29,5 t° th =1—|c|2 (2.3)
pt = s*BL + DN*
and its conjugate, where s# is a real parameter.

Let I be a special curve relative to the

congruence A and an union curve relative to
the congruence u. A curve of the congruence

is said to be a special curve relative to the

congruence A, if the vector (A%, 2%) lies in a
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variety spanned by the vectors (p® B, , p* BL)

and (g%, q"), and a curve of the congruence
is said to be union curve relative to the

congruence M if the vector (ui,uf) lies in a

variety spannend by the vectors (‘3—25 ,Z—f) and

(4%, qZ ). In other words

(;ti,/lf) =u (p"‘ B ,p* B;%) +w(q'q")

and
- dz' dzl -
(u’,#‘) = u<d—zs d—zs) + Z(ql,q’ ) which yield
A= up*B + wq' (2.4)
and its Conjugate
. dzt .
ui = ud_zs+ zq! (2.5)

and its conjugate.

from equations (1.19),(2.2),(2.3),(2.4) and
(2.5) and their conjugates, we have

t* = (u+w)p%, C =w'K, (2.6)

a _ ., duf a — %
S —n;+ zp*, D=2z'K, (2.7)

and their conjugate relations,
we define

R? =2 9.5 t* th 52 =2 945 S° sB.(2.8)
and their conjugate relations

K&y =2g,5 p“pF
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d,5 t* sP + 945 s%sh

ZJgaE t« tﬁ\/gaﬁ s sB

Cosw =

where Ky is the first curvature of the curve

in K5. Using (1.16) , (2.6) and their conjugate,
(2.7) and its conjugate, we have

'K, S cosw = Dk (2.9)

and its conjugate.

From this equation and the equations
1=2g5 'y = S2+D (210)
Kby=2g5q'a’

(2.11)
where
K(Zl) = k(zl) + *Kn *Rn'
we obtain
1
N eK(l)(l - SZ)E
n = 1 (2.12)
(1—S2%sin?w)2
and

eK) s cosw

ki = 7, (2.13)

(1-—S2sin?w)2

where e = +1 in order that e cos w be non-
negative.

Now, we have the following:

Theorem (2.1): If a special curve
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relative to a fixed congruence A is an union
curve relative to another fixed congruence X,
then the modulus of the normal and the first

curvatures with respect to K5 at a given point
of the curve are proportional to its first

curvature with respect to K, ;.

Theorem (2.2): If the components of

the vector fields A and K tangent to the

hypersurface are in the same direction, then
the ratio of the two first curvatures is equal to
the magnitude of the tangential (to the

hypersurface component of K).

Proof : Taking w =0, we get the proof
of both theorems.

3. Hyper-asymptotic curves : A
curve of hypersurface is said to be a hyper

asymptotic curve relative to its congruence 4

if the vectors (%, u?) lies in the variety spanned
by the vectors

(o) 0y ) and (nz, 1ty ).
In other words

(#i' ME) = ue)(Moy Moy ) + 2y (M2 M) ),
which yields

uh = uayniey + ZayN(z) (3.1)
and its conjugate.

From equation (2.1) and its conjugate
we deduce
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39" 2 i d i i

o5 = Ko 75 108Kay @° + KayKeyneay
(3.2)

and its conjugate.

. 5q' 84"\
Another expression for | — ,—— ] will be
s 4s
obtained from (1.19) and its conjugate after
using

u¥

— 33

and its conjugate.
From equations (1.19), (2.1), (3.1), (3.2) and
their conjugates, we have

*K _
— Qzy 9"

du“ op*
és 2

s*=uqy ——+ v
@ “gs

du d du®
2
ds a& log Keay + Ky ds) (3.4)

D= V(ﬂ p“ du? +d Ko
= af

. d
ds ds KnglogK(1)>(3.5)

and their conjugate, where

Z1)
V= ——.
KKz

be the unit tangent vector, unit principal normal
vector and unit first binormal vectors, Ky and

K(2) be the first and second curvatures of the
curve with respect to the hypersurface.

We abtain from Frenet's formulae with respect
to Ky
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op“ , du® 2 4 .

35 = Koy gy tPi g5 logKw + KoKyl
(3.6)

and its conjugate.
Equations (3.4),(3.5),(3.6), their

and

. du” yauf  d'k
(s = seos 0 ) |ower” g5+ 5 -

and its conjugate.
A hyper asymptotic curve relative to K is
characterized by this equation.
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