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Abstract

In this paper, we introduce the concept of [1 -irresolute maps,

strongly [1-continuous maps, perfectly [i-continuous maps, totally

[1-continuous maps and contra [i-continuous maps in topological
spaces and their properties are studied.
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1. Introduction

Irresolute maps are introduce and
studied by Crossley and Hildebrand?.
Dontchev? introduced the notion of contra
continuity in 1996. Dontchev and Noiri®
introduced contra-semicontinuous functions in
1999. Jafari and Noiri* introduced contra o-
continuous functions between topological
spaces.

M.K.R.S.Veerakumar®® introduced p-
closed sets in topological spaces. Recently

author''*2 introduced |1 -closed sets and [i-
continuity in topological spaces. In this paper

we introduce [1 -irresolute maps, strongly [1-
continuous maps, perfectly ﬁ-continuous
maps, totally ﬁ-continuous maps and contra

,1 -continuous maps in topological spaces and
their properties.
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2. Preliminaries :

Throughout this paper, we consider
spaces on which no separations are assumed
unless explicity stated. For Ac X, the closure
and interior of Ais denoted by cl(A) and int(A)
respectively. The complement of A is denoted

by A, the power set of X is denoted by P(X).

Definition : 2.1
Asubset A of a topological space (X,1) is
called:

1. a preopen set® if A < int(cl(A)) and
preclosed if cl(int(A)) < A.

2. a semiopen set® if A< cl(int(A)) and a
semiclosed set if int(cl(A)) < A.

3. an a-open set® if A < int(cl(int(A))) and
a-closed set if cl(int(cl(A))) < A.

The intersection of all a-closed (resp.
semiclosed) subsets of (X,t) containing a
subset A of X is called a-closure (resp.
semiclosure) of A is denoted by acl(A)
(resp.scl(A)).

Definition : 2.2
A subset A of a topological space (X, 1) is
called
1. a ga*-closed set’ if acl(A) < int(U)
whenever Ac U and U is a-open in (X,1).
The complement of go*-closed set is called
go*-open set.
2. a p-closed set'? if cl(A)c U whenever A
< U and U is ga*-open in (X, 1). The
complement of p-closed is called p-open.
3. a [i-closed set' if scl(A) U whenever
A c Uand U is p-open in (X,t). The com-
plement of [ -closed set is called [ -openset.
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Notation : 2.3

1. The class of [1 -closed subsets of (X, 1) is
denoted by c(X, 1)L

2. The class of [1-open subsets of (X, 1) is
denoted by f10(X,7)*.

3. Forevery set E — X, ﬁ -closure of E to be
the intersection of all [1 -closed sets containing
E, Insymbols, (icl(E) =n{A:EcA Ae

fe(X, 1)

4. For every set E — X, ﬁ -interior of E to
be the union of all [1-open sets contained
in E. Insymbols, pint(E)= U {A:AcE
and A € fLo(X, )}

Definition : 2.4
Amapf: (X, 1) > (Y,0)is
(i) strongly continuous® if f1(V) is both open
and closed in (X, t) for each subset V of
(Y, o).
(ii) perfectly continuous®® if (V) is both
open and closed in (X, t) for each open set
V of (Y, o).
(iii) contra continuous? if (V) is closed in
(X,r) for each open subset V of (Y, o).
(iv)contra a-continuous® if 1(V)is o- closed
in (X, 1) for each open subset V of (Y, o).
(v) contra semi continuous® if (V) is
semiclosed in (X, t) for each open subset
V of (Y,0).
(vi) p-continuous®® if (V) is p-closed in
(X, 1) for every closed set V of (Y, o).
(vii) ji-continuous® if f1(V) if i -closed in
(X, 1) for every closed set V of (Y,c).
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Definition 2.5:
A topological space (X, 1) is a
(i) Tpispace' if every [i-closed subset of
(X,7) is closed in (X,7).
(ii) uT p spacet if every fi-closed subset
of (X,t) is p-closed in (X,1).

3. - lrresolute maps :

We introduce the following definition.

Definition 3.1 :

Amap f: X = Y is called [i-
irresolute if f1(V) is [i-closed in X for every
(i-closed set Vin Y.

Example 3.2 :

Let X=Y={a, b, c}, T ={x, ¢, {a},
{b, c}} and o = {, ¢,{a}.{a, c}}. Clearly the
identity map f: X — Yis [i-irresolute, since
every subset of X is fi-closed in X.

Proposition 3.3 :
Iff: X > Yis [i-irresolute, then f is
(i -continuous but not conversely.

Proof :
Since every closed set is 1 -closed, we
get the proof.

Example 3.4 :

Let X=Y={a, b, c}, 1 ={X, ¢, {a},
{b}, {a, b}} and o ={Y, ¢, {a}, {b, c}}.

Here pc(X, t) = P(X) — {a, b} and
nc(X, t) = P(X). Clearly the identity map f:
X =Y is fi-continuous but not fi-irresolute,
since {a, b} is [i-closed in'Y but f*({a, b}) =
{a, b} is not [i-closed in X.
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Proposition 3.5 :

Amap f: X - Yis f-irresolute if
and only if (V) is i -open in X for every [i-
open set V of Y.

Proof :

Letf: X — Y be p-irresolute and V
be an [i-opensetinY. Then f1(VC)is i -closed
in X. But ¥1(V°) = (fF1(V))® and so f1(V) is
f-open in X. Converse is similar.

Proposition 3.6 :
Letf: X —>Y and g:Y — Z be any two
maps. Then
a) go fis [i-irresolute if both fand g are [i-
irresolute.
b) go fis i-continuous if g is [i-continuous
and f is [i-irresolute.

Proof (a) :

Let F be [i-closed set in Z. Since g is
n-irresolute, g*(F) is [i-closed in Y. Since fis
n-irresolute, f1(g™(F)) = (go H)*(F) is -
closed in X. Thus go fis [ -irresolute.

Proof (b) :

Let F be closed set in Z. Since g is [i-
continuous, g**(F) is [i-closed in Y. Since f is
n-irresolute, fX(g(F)) = (gof)* (F) is -
closed in X. Thus go fis [i-continuous.

Proposition 3.7 :
Let X be a topological space, Y be a

Tp-space and f : X — Y be a map. Then the
following are equivalent.

(i) fis p-irresolute.
(i) fis [i -continuous.
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Proof :

(i) = (ii) : Follows from Proposition 3.3
(if)= (i) : Let F bea [i-closed in Y. Since Y is
T (1-space, F is a closed set in'Y and by hypothesis,
f1(F) is p-closed in X. Therefore f is [i-
irresolute.

Theorem 3.8 :
Letf: X — Y be pi-irresolute. Then f
is p-continuous if X is a puT [i -space.

Proof :

Let F be a closed subset of Y. Since
every closed set is [i-closed, F is fi-closed in
Y. Sincef: X Yis i -irresolute, f1(F) is {1 -closed
in X. Also X is a T i -space, we get f1(F) is p-
closed in X.

4. Strongly (- Continuous, Perfectly [i-
Continuous and Totally [ -Continuous :

Definition 4.1 :
Amap f: X — Yis said to be strongly
f-continuous if the inverse image of every

(1-open set of Y is open in X.

Proposition 4.2 :

If amap f: X — Y is strongly fi-
continuous, then f is continuous but not
conversely.

Proof :
Since every open set is -open, we get
the proof.

Example 4.3 :

Let X=Y={a, b, c}, 1 ={X, ¢, {c},
{b, c}}and o = {Y, ¢, {b,c}}. Letf: x> Y
be an identity map. Then f is continuous but
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not strongly [ -continuous, since for the fi-
openset {b} inY, F1({b}) = {b} is not openin X.

Proposition 4.4 :

Let X be a topological space, Y be a
Tp-space and f : X — Y be a map. Then the
following are equivalent.

(i) f is strongly [ -continuous.

(i) f is continuous.

Proof : (i) = (ii) Follows from
Proposition 4.2
(if) = (i). Let VV be p-openinY. Since Y'is a
T (-space, V is openin Y. By (ii) f*(V) is open
in X. Therefore f is strongly [i-continuous.

Proposition 4.5 :
If a map f: X —» Y is strongly
continuous, then fis strongly i -continuous.

Proof : Follows from definitions.

The following example supports that
the converse of the Proposition 4.5 is not true.

Example 4.6 :

Let X=Y={a, b, c}, 1 ={X, ¢, {c},
{a, c}, {b, c}} and o = {Y, ¢, {c}, {a, c}}.
Let f be an identity map. Clearly f is strongly
i-continuous but not strongly continuous.
Since f1({c}) = {c} which is open but not
closed in X.

Definition 4.7 :

Amap f: X — Yis called perfectly
f-continuous if the inverse image of every
(1-open set in Y is both open and closed in X.
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Proposition 4.8 :

If a map f: X — Y is perfectly fi-
continuous then fis perfectly continuous (resp.
continuous) but not conversely.

Proof :

Let V be an open set in Y. Then V is
f-openin'. Since f is perfectly [i -continuous,
(V) is both open and closed in X. Thus f is
perfectly continuous and also continuous.

Example 4.9 :
Let X=Y={a, b, c}, t={X ¢, {b},
{a, c}} and o = {Y, ¢, {b}}.

Here [io(Y, o) = {X, ¢, {b}, {b, c},
{a, b}}. Clearly the identity map f : X —> Y'is
perfectly continuous and continuous but not
perfectly [i-continuous. Since the set {a, b}
is 1 -openin’Y but f*({a, b}) = {a, b} is neither
open nor closed in X.

Proposition 4.10 :
Iff: X — Yis perfectly i -continuous

then it is strongly [ -continuous but not
conversely.

Proof :
Similar to the proof of the Proposition 4.8.

Example 4.11 :

Let (X, 1) and (Y, o) be defined as in
Example 4.6, then f is strongly i -continuous
but not perfectly i -continuous. Since the set
{a, c}is -openinY and f1({a, c}) = {a, c} is
open but not closed in X.

From the above discussions we have
the following implications. A — B represents
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Aimplies B but not conversely.
Perfectly Perfectly i-  Strongly o
— —
Continuous Continuous Continuous
| Strongly

Continuous «—— Continuous

Proposition 4.12 :

Let X be a discrete topological space,
Y be any topological space and f :X — Y be a
map. Then the following are equivalent.

(i) fis perfectly i -continuous.

(ii) fis strongly [1 -continuous.

Proof : (i) = (ii) : Follows from Proposition
4.10

(if) = (i) : Let V be any [i-open set in Y. By
hypothesis (V) is open in X. Since X is a
discrete space, f1(V) is also closed in X and
so f is perfectly [i-continuous.

Proposition 4.13 :

Iff: X >Yandg:Y —> Z are
perfectly 1 -continuous then their composition
of : X — Z is also perfectly [-continuous.

Proof :

Let V be a [1-open setin Z. Since g is
perfectly (i -continuous, g*(V) is both openand
closed in'Y. Also f is perfectly [i-continuous f
Ygt(V)) = (go ) (V) is both open and closed
in X. Thus gof is perfectly {-continuous.

Proposition 4.14 :
Letf: X—>Yandg:Y—>Zbeany two
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maps. Then their compositiongof: X —> Zis

(1) [u-irresolute if g is perfectly [ -continuous
and f is {1 -continuous.

(ii) strongly {1 -continuous if g is perfectly
(i -continuous and f is continuous.

(iii) perfectly p-continuous if g is strongly
continuous and f is perfectly (i -continuous.

Proof :
Similar to the proof of the Proposition 4.13.

Definition 4.15:

Amap f: X — Y is said to be totally
f-continuous if the inverse image of every
open subset of Y is [i-clopen subset of X.

Example 4.16 :
Let X=Y={a, b, c}, 1 ={X, ¢, {a},
{b. c}} o ={Y. ¢, {a}}.

Here ic(X, t) = P(X). Define a map
f: X > Yhbyf(a) =b f(b) = candf(c) = a.
Clearly fis totally [i -continuous.

Proposition 4.17 :
Every perfectly (i -continuous map is
totally i -continuous.

Proof :

Letf : X — Y be perfectly -continuous
map. Let V be an open set in Y. Then V is
f-openin'. Since f is perfectly [i -continuous,
f1(V) is clopen in X implies that f1(V) is
-clopenin X.

The following example shows that the

converse of the above Proposition 4.17 is not
true.
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Example 4.18 :

Let (X, 1) and (Y, o) be defined as in
Example 4.16, then f: (X, t) — (Y, o) is totally
(i -continuous but not perfectly [ -continuous.
Since the set {a} is p-open in (Y, o) but
1 ({a}) = {c} is not clopen in (X, 7).

The following two examples shows
that totally [i-continuous and strongly -
continuous are independent®.

Example 4.19 :

Let (X, 1) and (Y, o) be defined as in
Example 4.16, then f: (X, t) — (Y, o) is totally
(iL-continuous but not strongly -continuous,
since the set {a} is fi-open in (Y, o) but
1 ({a}) = {c} is not open in (X, 1).

Example 4.21 :
Let X=Y={a, b, c}, 1 ={X, ¢, {a},

{a, b}, {a, c}}and o ={Y, ¢, {a}}. Let f: (X,
1) — (Y, o) be an identity map. Then f is

strongly [ -continuous but not totally
f-continuous. Since the set {a} is open in Y
but f1({a}) = {a} which is j-open but not
f-closed in X.

Proposition 4.22 :
Every totally {1 -continuous map is fi-
continuous.

Proof :

Clearly follows from definitions.

The following example supports that
the converse of the Proposition 4.22 is not true.

Example 4.23 :
Let X=Y={a, b, c}, 1 ={X, ¢, {a},
{c}, {a, c}} and 6 = {Y, ¢, {b, c}}. Define a



On }1 -Irresolute functions in topological spaces.

map f: X > Y by f(a) = c, f(b) =a and f(c) =
b. Here the map f is [ -continuous but not
totally [i-continuous, since for the open set
{b, c}inY, f* ({b,c})={a, c} which is {1 -open
but not i -closed in X.

From the above Propositions and
examples we have the following diagram.
A — B (resp. A <«+>» B) represents A
implies B but not conversely (resp. A and B
are independent of each others).

trongly (i -continuou
A

Pertfectly
(i -continuous

(i -continuous

v

Totally [ -continuous

Remark 4.24 :

Itis clear that the totally [ -continuous
map is stronger than fi-continuous map and
weaker than perfectly [i-continuous map.

5. Contra p-Continuous :

Definition 5.1 :

Amap f: X — Yis called contra fi-
continuous if (V) is [i-closed in X for each
open set V of Y.
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Proposition 5.2 :
If f : X = Y is contra continuous, then
it is contra i -continuous.

Proof :
The proof follows from the fact that
every closed set is [i-closed.

The following example shows that the
converse of the Proposition 5.2 is not true.

Example 5.3 :

Let X=Y={a, b, c}, t={X ¢, {b},
{a, c}} and o ={X, ¢, {a}}. Here ic(X, 1) =
P(X). Let f: X — Y be an identity map. Here
the map f is contra [i-continuous but not
contra—continuous, since for the open set {a}
inY, f1({a}) = {a} is not closed in X.

Proposition 5.4 :

If f: X > Yis contra o - continuous
(resp. contra semi —continuous) then f is contra
(i -continuous but not conversely.

Proof :

The proof follows from the fact that
every a -closed (resp. semiclosed) set is [i-
closed.

Example 5.5 :

Let (X, 1) and (Y, o) be defined as in
Example 5.3, then f is contra fi -continuous but
it is neither contra a-continuous nor contra
semi-continuous. Since for the open set {a} in
Y, f1({a}) = {a} is neither a-closed nor
semiclosed in X.

Proposition 5.6 :
Let X bea Tp-space. If amap f: X
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Y is contra fi-continuous, then f is contra
continuous.

Proof :
The proof follows from definitions.

Remark 5.7 :

The following two examples shows
that the contra [i -continuity and continuity are
independent.

Example 5.8 :

Let (X, ) and (Y, o) be defined in
Example 5.3 is contra [i-continuous, but not
continuous, since for the open set {a} in Y,
f1({a}) = {a} is not open in X.

Example 5.9 :

Let X=Y={a, b, c}, 1 ={X, ¢, {a},
{a, c}}and o ={Y, ¢, {c}}. Here nc(X, 1) =
{X, ¢, {b}, {c}, {b, c}}. Defineamapf: X
— Y by f(a) = c, f(b) = a and f(c) = b. Here
the map f is continuous but not contra -
continuous, since for the open set {c} in Y,
1({c}) = {a} is not [i-closed in X.

Proposition 5.10 :

Iff: X — Yis contra -continuous map
and g:Y Zisa continuous map thengf: X —»
Z is contra i -continuous.

Proof :
Clearly follows from definitions.

Remark 5.11 :
The following example shows that the
composition of two contra [i -continuous maps
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is not contra fi-continuous map.

Example 5.12 :

Let X=Y=2Z={a, b, c}, t={X ¢,
{a} {a, c}}, o ={Y. ¢, {a}} and n = {Z, ¢,
{b}}. Definea map f: (X, 1) — (Y, o) by f(a)
=b, f(b)=candf(c)=aandg: (Y, o) - (Z,
n) is the identity map. Here [ic(X, 1) = {X, ¢,
b}, {c}, {b, c}} and fic(Y, o) = {Y, ¢, {b},
{c}, {b, c}}. Clearly f and g are contra [i-
continuous maps but go f:(X, 1) > (Z, n) is
not a contra i -continuous map, since for the
open set {b}in Z, (go ! (b) = F1(gt(b))=f*
(b) = {a} is not -closed in X.

Lemma 5.13 :
The following properties hold for
subsets A and B of a space X.

i) X € ker(A) ifandonly if A F = ¢ for
any closed set F of X containing x.

ii) A c ker(A) and A = ker(A) if A'is open
in X.

iii) If Ac B, then ker(A) — ker(B).

Theorem 5.14 :

Assume that 10(X, t) is closed under
arbitrary union. Then for a map f: X Y, the
following are equivalent.

i) f is contra [ -continuous;

i) for every closed subset F of Y, f1(F) e
no(X, 1);

iii) for each x € X and each closed set F of
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Y containing f(x), there exists U no(X, )
and x € U such that f(U) c F;

iv) f(ficl(A)) < kerf(A), for every subset
Aof X;

v) pcl(fi(B))c F(ker(B)), for every subset
Bof Y.

Proof :

(i) = (ii) :Obvious

(if) = (iii) : Let x be any point of X
and F be any closed set of Y containing f(x).
By (ii), F1(F) € fo(X, t) and x e f1(F) put U
= f1(F). Then U € io(X, t) and f(U) c F.

(iif) = (ii) : Let F be any closed set of
Y and x € FI(F). Then f(x) € F and there
exists Uy € 1o(X, 1) and x € Uy such that
f(Uy) c F. Therefore, by hypothesis f(F) =
WU x e F1(F)} € fo(X, 1).

(if) = (iv) : Let A be any subset of X.
Suppose that y ¢ ker(f(A)). Then by Lemma
5.13, there exists a closed set F of Y containing
y such that f(A) N F =¢. Thus we have A n
f1(F) = ¢ and [icl(A) N F1(F) = ¢. Therefore,
we obtain f( i cl(A))~F=¢ and y ¢ f([icl(A)).
This implies that f([u cl(A)) < kerf (A)

(iv) = (v) : Let B be any subset of .
By (v) and Lemma 5.13, we have f(jcl f*
(B))  kerf (F}(B)) < ker(B) and ficl(F(B))
c £ (ker(B)).

(v) = (i) : Let V be any open subset
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of Y. Then by (v) and Lemma 5.13, we have
pcl(f1(V)) c fiker(V)) = F1(V). Thus f1(V)
= ncl(fY(V)). This shows that (V) is fi-
closed in X by Proposition 4.10 on -continuous
functions in topological spaces?.
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