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Abstract

For any non-trivial abelian group A, a graph G is said to be
A-magic if there exists a labeling f of the edges of G with non zero

elements of A such that the vertex labeling f* defned as f*(v) = Zf(uv)
taken over all edges uv incident at v is a constant*. A graph is said to
be A-magic if it admits A- magic labeling. In this paper we consider
(moduloZs,+) as abelian group and we prove Z, - magic labeling for
various graphs and generalize Z4, -magic labeling for those graphs.
The graphs which admit Z4p-magic labeling are called as Z4,-magic

graphs.
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1 Introduction

By a graph G(V,E) we mean G is a
Finite, simple, undirected graph. The concept
of magic labelings were introduced by Sedlacek
in 1963, Kong, Lee and Sun® used the term

magic labeling for the labeling of edges with
non negative integers such that for each

vertex v the sum of the labels of all edges
incident at vis same for all v. In particular
the edge labels need not be distinct.

For any non-trivial abelian group A
under addition a graph G is said to be A-
magic if there exists a labeling f of the edges
of G with non zero elements of A such that,

the vertex labeling f* defned as f*(v)= =f
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(uv) over all edges uv incident at v is a constant.
Throughout this paper, we choose Z4 which
is additive modulo 4 as the abelian group and
we prove some graphs such as Ladder, step-
graph, C{ and Helmgraph (H,) are Zs-magic
graphs. At the end, we prove that they are
all Z4p-magic graphs. Throughout this paper
by a path P,, we mean, it is a path of length
n — 1, and having n vertices®.

2 Main Results

Defnition 2.1.2 The cross product
G x G, has its vertex set V1 x V, and two
points u=(uy,uy) and v= (v1,v,) are adjacent
in G1xG, whenever (ui=v; and u, adjacent
to vo) or (uz = v, and u; adjacent to vq). The
product Ppx Py is called plannar grids and
P, x P, is called ladder. it is denoted as L,.

Theorem 2.2. The Ladders L, are
Z4-magic for n > 2.

Proof. Let V(L,) be the vertex set
and E(L,) be the edge set of the graph L.

Then V(Ly) = {vi/1<i<n} U {ui/1<i<n} and
E(I—n) = {X11X21---Xn-11 y11y21'"yyn-11e11e21"'1en}

where X; = Vj Vi+1
Yi=Uj Uiy Vi=1,2,....,n-1.
and ej = ujvi Vi= 1,2,...,n
Let f: E(Ln) > Z4 — {0} defned as
f(x)=landf(y)=1,1<i<n-1
f(er) =f(en)=2
f(e) =1, vVj=2,3,..n -1
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Now, f*: V(L) = Z4
£ (vi)=Ff(ei)+f (xi0)+f(x;) for i=2,3,...n-1
Similarly f(u;) = f(ei) + f(yi.1) + f(y;) for
i=2,3,...,n-1
f *(vi)=1+1+1=3 (mod 4) for i=2,3,...,n-1
=3
fru)=1+1+1=3(mod4)
=3 fori=2,3,....,n-1
fHvy) = f(ed) + f (x0)
f*(vi) =2 +1=3(mod 4) =3
sameway f *(vy) =2+ 1=3 (mod 4) = 3
f*u)=2+1=3(mod4) =3
f*(up) =2+ 1=3(mod 4) =3

Hence, f *(V(Ly)) is a constant and it is equal
to 3 where 3 € Za.

Therefore, L, admits Z4-magic.
The following figure illustrates the above

theorem. 2.2 for n = 4. 0
Example 2.3.
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Figure 1 Z4-Magic Labeling of L4

Definition 2.4.1 Let P, be the path of
n vertices and n-1 edges. Let us define each
vertex as(1,1) (1,2) (1,3),..., (1,n). The edge
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e1,i = (1,i) (1,i+1), wherei=1,2,...n-1. On each
edge we errect a ladder with n-(i-1) steps
including the edge e, .

This graph is called Step graph and
denoted as ST,, where n denotes the number
of vertices in the base.

Example 2.5.
(41)  (42)
&1 (3:2) 3:3)
(2,1) (2,2) (2,3) (2,4)
(1,1) (1,2) (1,3) (1,4)
Figure 2 ST4

Theorem 2.6. ST, is Z4-magic n>4

Proof. The graph ST, has (n?+3n-

2)/2 vertices and n? edges. Any vertex is
given by (i,j), where i denotes the row and
J denotes the column.

Let f : E(STn)—>Z4-{0} defined as
FI(L,j-1)(1.p]=2=f [(-1,1)(,1)] for j=2,n
FIADQA, J+D]=1=1[(] +1,1)(,1)] for

j=2,3,...,n-2
f [(n,2)(n-1,2)]=2=f [(2,n)(2,n-1)]
f [(n-i,2)(n-1-1,2)]=f [(2,n-i)(2,n-i-1)]=3,
i=1,3,...,n-4ifnis odd
(or) i=1,3,...,n-3 if n is even
f [(n-k,2)(n-k-1,2)]=f [(2,n-K)(2,n-k-1)]=1,
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k=2,4,....n-3 if nis odd
(or) k=2,4,...,n-4 if n is even

For j=3,4,...,n/2 for even n (or) "T” for odd n

f [(n-i,j)(n-i-1.))] = T [(.n-)(.n-I-1)] = 2,
i=j-2,j-1,...,n-(j+1)

For a fixed j,j=2,3,4...(n-1)/2 when n is odd
(or) j=2,3,4...n/2 when n is even
FLAD3Aj+1)]=f [(,1)(J+1,i)]=2 where
i=j+1, j+2,...,n-(j-1)

Forj=1

FLG.D3A,j+1)]=f [(,1)(J+1,1)]=2 where
i=3,4,...,n-2,n

f [(n-1,1)(n-1,2)]=f [(1,n-1)(2,n-1)]=1 and
f1(2,1)(2,2)]=f [(1,2)(2,2)]=1

Let f*:V(STy) — Z4

f*(1,1)=(2+2) = 0 (mod 4)=0

similarly

f*(1,n)=f *(n,1)=(2+2) = 0 (mod 4)=0

f *(i,n-(i-2)) = f *(n-(i-2),i)=(2,2) = 0 (mod

4)=02<i< ™ foroddn (or) 2<i< 242

for even n

f+@2,n-j) = f *(n-j-2), 1 < j < n-3
f*(2,n-j) = [(2,n-))(2,n-j+1)]+ f [(2.:n-))
(2,n-j-1)]+f [(2,n-))(1,n-))]+
f[(2,n-))(3,n-])], 1 <j<n-3
=0 (mod 4) =0
f(n-},2) = f [(n-],2)(n-j+1,2)]+f [(n-],2)
(n-j-1,2)]+
f [(n-},2)(n-j,1)]+f [(n-},2)
(n-j,3)], 1 <j<n-3
=0 (mod4) =0
f *(2,2)=1+3+3+1= 0 (mod 4)=0 for even n
f 7(2,2)=1+1+1+1= 0 (mod 4)=0 for odd n

For3<i< ™ whennisoddand3<i<¥

when n is even
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f*(i,n-j)=Ff *(n-j,i), i-1< j < n-i

f@n-j)=f [(i,n-))(,n-j+ 1)1+ [(i.n-))
(i,n-J-1)]+
f [(i,n-))(i-1,n-1)]+f [(i,n-])
(i+1,n-))]
= 2+2+2+2 (mod 4)
=0,i-1<j<n-i
f(n-j,i)=f [(n-},)(n-j+1,0)]+f [(n-].i)
(n-j-1,i)]+
f [(n-j,1)(n-J,i-1)]+f [(n-},i)
(n-j,i+1)]
= 2+2+2+2 (mod 4)
=0,i-1<j<n-i
f*(1,i) =f*(i,1) = 2+1+1=0(mod 4)=0,
i=2,3,...n-1

Here f *is a constant and it is equal to zero
for all veV(STy)

Hence ST, is Z4 magic 0
Example 2.7.
2
2 2
1 2
1 3 2
2 2 2
1 1 2 2
1 1 3 2
2 1 2 1 9
2 | 1 1 2 |

Figure 3 Z4-Magic Labeling of STs
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Figure 4 Z4-Magic Labeling of ST1o

Defnition 2.8.2 Let C" denote the

one point union of 't' cycles C,, of length n.
This graph has t(n-1)+1 vertices and tn edges.

Theorem 2.9. C(" is Z;-magic where

Cnis a cycle of length n and t denotes the
number of cycles.

Proof. Let ug be the vertex shared
by all the t cycles. Let u?i=1,2,...,n-1 be
the other vertices ofjth cycle wherej=1,2,3,...t

Case 1 n is even and teN
let f: E(C"”)—>Z4—{0} be defned as follows

fuu?)=11<j<t
fuzul) )=11<i<(n-2)/21<j<t

f(uPull)=3,1<i<(n-2)/21<j<t
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and
f (Uoul) =3,1<i<(n-2)/2j=1,2,....t
Let f *: V(C")—>Z4 defned as

F*(uo) _ZCf (uu) + f (u, u“)h

E(1+3).t (mod 4)
= 0(mod4)=0

f (u(l))— f(u(l) u(l))+f(u(l) ul(+11))
=(1+ 3) (mod 4)
=0,1<i<n-2,1<j<t

f (u(l)) f(u(l) (J))+f(u(l)u)

= (1+3) (mod 4)
=0,1<j<t
Here we find f *(v) is a constant and it is equal

to 0 for all veV(C(").

Case 2 :
Subcase (a) nisodd t =1 (mod 2)

Letf: E(C") — Z4-{0} defined as
f(uu?)=1=f (uul’), 1<j<t
f(uPull)=1,1<j<tand1<i<n-2
F2V(C0) - 24

£ *(uo) _ZCf (uu) + f (u, u“)h

=(1+1)t(mod 4)=2
f (u(l))— f(u(l) u(l))+f(u(l) ul(+11))
=(1+1)(mod 4)
=2(mod4)1<i<n-2,1<j<t
f (u(l)) f(u(l) (J))+f(u(l)u)

= (1+1) (mod 4)
=2,1<j<t
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f *(v) is constant and it is equal to 2 for all
vev(c)

Subcase b n is odd and t=0 (mod 2)
Let f: E(C")— Z4 - {0} defined as
f (uu) = f(uull))=3,1<j<t
also
f(uPuld )=3, 1<i<(n-3)2, 1<j<t

2|+1

fUPu) =1, 1<i<(n-1)2, 1<j<t
+ . V(C(t))—> Z4 we find

£ *(uo) _ZCf(u uy + f (uyu'?) h

(3 + 3)t (mod 4)
6(2m) (mod 4) =0

F () _ZCf(u U9+ £ ()
(3+1) (mod 4)
0,1<i<n2 1<j<t
f +(u(1)) =f (u(l) u(l)1)+ f (u(l)u )
=@B+1)(mod4)=0,1<j<t
So f *(v) is a constant for all veV(C(")

Hence, Cis Z,-magic graph in all the cases®

Example 2 10 o
Usg
3 /\ 1
A3 1< }u;"
1 3
(3) 1 (2
i 3 W
i,
1 /N 3
T 3
u(23) 3 Pl rz\ ul?

Figure 5 Z4 -Magic Labeling of Cf)
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Figure 7 Z4 -Magic Labeling of C{?

Definition 2.11.2 The Helm is graph
obtained from a wheel W, by attaching a
pendent edge at each vertex of the n-cycle
of the wheel of order n. It is denoted as H.
H, has 2n + 1 vertices and 3n edges.

Theorem 2.12. H, is Z4-magic for n>3

Proof. Let the centre of the wheel
be u. Let uq,uy,...,u, be the vertices on the
wheel W, and vi,vy,...,vy be the pendant
vertices joined with us,us,...,Upn.

V(Hy) = {u} v {u/l <i<n}u{vi<i<n}
E(Hn)={uui/1 < i<n}o{uvi/l <i<n} {uiuj+1/1
<i<n-1}

C. Sekar, et al.

Case 1 Letn =1 (mod 2)

Let f: E(Hn)—Z4-{0} denned as follows

f(uuy) =2, 1<i<n
fuur)=1<i<n-1
f(uun) =1

f(UiVi)=2, 1<i<n

Let f* 1 V(H)>Zs

Zn: f (uu,)
i=1

(2+2+2+...+2).n (mod 4)
=6 (mod4) 2
=2
£ (u) = f (Uup)+ f (UigUi)+ f (Uilien)+H (Uivi)
= (2times 2 + 2 times 1)
(2+2+1+1)(mod 4)
=2,1<i<n
fr(v)=2, 1<i<n
f * is constant and it is equal to 2 for all
veV(H,)

£ (u)

Case 2 n=2 (mod 4)
Let f: E(Hn) — Z4 - {0} defined as follows
fuy)=1, 1<i<n
f(UZi.1U2i) =2, 1<i<nl2
f (Uailis1) =1, 1 <i < (nf2)-1
f (uup)= 1
f(UiVi)= 2, 1<i<n

Let f *: V(Hn) — Z4 by definition

fru= 2 fuu)
i=1

= 1+1+1+..+1(n) times
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= 2 (mod 4) =2

£ () = (uui)+ f (i) + F(Uitien)+f (Uiv)
=2,1<i<n

fr*w)=2 Vi=12..n

Therefore, f * is constant and it is equal to 2
for all veV(H,). Hence H, is Z, magic.

Case 3n =0 (mod 4)
Subcase (3a) n =0 (mod 8)

Let f *: E(Hn) — Z4- {0} defined as follows

f (uu)=2, 1<i< g -2

f (uuj)=1, g -1<i

IA

n

f(uiui+1)=1,1<i< = -2

n
2
f (Uili+1)=2, 2-1 <i<n, i=1(mod2)

f (Uii+1)=1, 2-1 <i<n-1,i=1 (mod?2)

f (uun)=1
f (UiVi)=2, 1<i<n

Let f ¥ V(Hn) — Z4 by definition
n
fru= 2 fuy)
i-1

n—-4

= 2+2+...2FT‘Q times+1+1

n+4
+1+...+1 T times

= 2(mod 4) =2

£ () = f (uui)+ f (Uit + F (Uitie)+H (Uivi)
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= (2times 2 + 2 times 1)
= (2+2+1+1)(mod 4) Vi =1,2,...n

=2
f*(v) =2 (mod 4)
=2Vi=12,...n

Subcase (3b) n =4 (mod 8)

f(uu)=2, 1<i< g

f(uui)=1,g+1sis n

f(uiuiv)=1,1<i< g
f (upup)=1

f (Un-2i+1Un2i)=1,1<i< n_1

2
f (Un-2i+2Unai+1)= 2,1 <i< D

Let f *V(Hn) — Z4 by definition
n
fru= 2, fuu)
i-1
= 2+2+...2F2;’ times +1+1+1+...+ 1
o o
Hf times
= 2(mod 4)=2
£ (u) = f (Uup)+ f (UigUi)+ f (Uilien)+H (Uivi)

(2 times 2 + 2 times 1)
(2+2+1+1)(mod 4) Vi=1,2,...n

2
f*(v) =2 (mod 2)
=2Vi=12,...n

Therefore, f* is constant and it is equal to 2
for all veV(H;,). So H, admits Z, magic.
Note ug = u, and Up+1 = Uj. 0
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Example 2.13.

Ultra Scientist Vol.25(2)A, (2013).

Observation 2.14.

In all the above, theorems, if we

multiply the edge labeling by any positive
integer p, we get the vertex labeling to be a
constant and the constant value is p times (original
constant occurs in the respective place of each
case). Hence we can prove that all the above
graphs admit Z4,-magic labeling. So the graphs
Ln, STy, CV and Hy are Z4p-magic graphs.
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