Ultra Scientist Vol. 25(2)A, 327-332 (2013).

Total Neighborhood Number of a Graph

V.R. KULLI" and D.K. PATWARI?

(Acceptance Date 17th July, 2013)

Abstract

A set S of vertices of a graph G is a total neighborhood set of
G if G is the union of the subgraphs induced by the closed neighborhoods
of the vertices in S and for every vertex ueV there exists a vertexv € S
such that u is adjacent to v. The total neighborhood number ny(G) of G
is the minimum cardinality of a total neighborhood set of G. A total
neighborhood nomatic partition of G isa partition {V1, Vo, ..., Vk} of Vin
which each Vj s a total neighborhood set of G. The total neighborhood
nomatic number ny,(G) of G is the maximum order of a partition of the
vertex set of G into total neighborhood sets. In this paper, we obtain
results about two parameters, the total neighborhood number and total

neighborhood nomatic number.
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1. Introduction

All graphs considered here are finite,
undirected without loops and multiple edges.
Let G=(V, E) be a graph with p vertices and g
edges. For graph theoretic terminology we
refer to Harary?®,

A subset D of Vis called a dominating
set of G if every vertex in V — D is adjacent to

some vertex in D. The domination number y(G)
of G is the minimum cardinality of a dominating
set of G. A recent survey of y(G) is given in
the book by Kulli®.

A dominating set D of a graph G
without isolated vertices is called a total dominating

set of G if the induced subgraph (D) has no
isolated vertices. The total domination number
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1:(G) of G is the minimum cardinality of a total
dominating set of G. This concept was
introduced by Cockayne et al.?.

For any vertex veV, the open
neighborhood of V is the set N(v)={ueV, uveE}
and the closed neighborhood of v is the set
N[v]=N(v) W{v}.

Aset S of vertices of G is a neighborhood

setif G = U N [v] . The neighborhood number

vesS
no(G) is the minimum cardinality of a neigh-
borhood set of G, see’.

A set S of vertices of G is a total neigh-

borhood set if G = U(N [v]> and for every

veS
vertex u in V, there exists a vertex v in S such
that u is adjacent to v. The total neighborhood
number ny(G) of G is the minimum cardinality
of a total neighborhood set of G. This concept
was introduced by Kulli and Patwari in®.

Let 5(G) denote the minimum degree

and [ X | (LXJ) the least (greatest) integer greater
(less) than or equal to x.

We note that n,(G) is only defined for
G with §(G) > 1.

We need the following result.

Theorem A°®. For a graph C_Ip ,p>5,
N, (C_:p) =3.

2. Total Neighborhood Number:
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Exact values of ny(G) for some
standard graphs are given below.

Proposition 1. For any complete
graph Ky with p > 2 vertices,

Proposition 2. For any complete
bipartite graph Kp, , with 1 <m <n,
nt(Km’ n) = m + 1

Proposition 3. For any cycle Cp with
p > 3 vertices,

n(c,)-| 2|

Proposition 4. For any path P, with
p > 3 vertices,

nt(pp):[%p].

Proposition 5. For any wheel W, with
p > 4 vertices,

The following results give lower bounds
for ny(G).

Theorem 6. For any graph G without
isolated vertices,

no(G) < ny(G).

Theorem 7. For any graph G without
isolated vertices,

1(G) < 1(G) < (G).

Theorem 8. If a nontrivial connected
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graph G with a y-set S and V-S is independent,
then

11(G) = n(G).

Proof: Let Sheayi-set of G. If V- S
is independent, then G =U<N [u]> Hence

ues
S is a ni-set of G. Thus ny(G) < y(G). By
Theorem 7, we have y:(G)<n{(G). Thus y(G)
= nt(G).

Remark 9. If G is a tree with m > 2
cutvertices and every cutvertex is adjacent
with at least one endvertex, then

No(G) = 1(G) = (G) = n(G).

Theorem 10. For any connected graph
G with p > 3 vertices,
2<n(G)<p-1.

Furthermore, both inequalities hold if G is Cs
or Ps.

Theorem 11. Let G be a graph without
isolated vertices. Then

n(G) = p
ifand only if G = mKy, m > 1.

Proof: Suppose ny(G)=p. Let Gy, G, ...,
G, be the components of G. Each G;, 1 <i <

m, has p,— 1 vertices and G;# K. By Theorem
10,
n(Gi)<pi—1,1<i<m.

We have
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<3(n-1

i=1

<p-m
which is a contradiction. Thus Gi=Kj, 1 <i<
m and hence G = mK5,, m>1.

Conversely, suppose G = mKj, m>1.
Obviously n(G) = p.

Theorem 12. Let S be a total neighbor-
hood set of G. If V — S is independent, then

a0(G) £ n(G) < 20,(G).

Proof: Suppose S is a total neighbor-
hood set of G and V — S is independent. Then

IV -S| < Bo(G)
or p — ni(G) < Bo(G).
Thus p = Bo(G) < ny(G).
or o0(G) < n(G).

We now prove the upper bound. Suppose
D is a minimum vertex cover of G. Since G
has no isolated vertices, there exists a vertex

v; for every vertex u; € D such that uyv; is an
edge.

Let S=Du{v1,v2,...v%}.

Then S is a total neighborhood set of G. Thus

n(G) <| S|
or  MG) < 2a4(G).

Theorem 13. Let G be an r-regular
graph with p vertices and r > 1. Then

(G)<p-r+1
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and this bound is sharp.

Proof: Let ueV. A set D=(V-N(u))
w {w} is a total neighborhood set of G where
w € N(u). Thus

n(G) < [D[=](V—=N(u) v {w}|
or (G)<p-r+1

The complete graphs K, p>2, achieve
this bound.

Theorem 14. If T is a tree withm > 2
cutvertices, then

n(T)=2.

Proof: Let u, v be two endvertices of
T. Then u, v are adjacent vertices of degree

p-1inT .HenceS={u, v} is a total neigh-
borhood set of T . Thus

n(T)<|s|=2
and since ny(G) > 2, we see that
n(T)=2.

Theorem 15. If T is a tree withm > 2
cutvertices, then

n(T)+n (T)<p.

Furthermore, equality holds if and only if T is
P4 or Ps or Pg.

Proof: If T is a tree with m>2 cutvertices,
then clearly n(T) < m. By Theorem 14,

n(T)=2.Thus

n(T)+n(T)<m+2<p.
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We now prove the second part.

Suppose N, (T)+n, ('F): p. Since

n, ('F) =2, we have n(T)= p-2. Assume T

has at least 3 endvertices. Then ny(T) <p-—3;
a contradiction. Thus T has exactly 2 endver-
tices. Then T is a path.

Suppose T=Py, p=7. By Proposition 4,
n, (Pp) = [Z—;J # p—2,whichis a contradi-

ction.

Suppose T=P, or P3. Then T has

isolated vertices and n, ('F) does not exist.
Hence G = P4 or Ps or Pg.

Converse is obvious.

Theorem 16. If Cp, is a cycle with p>7
vertices, then

nt(cfp):&

Proof: By Theorem A, n, (6p) =3,
p > 5. By Theorem 6, n, (CTp)Snt (6p).
Thus 3<n, (5p), p>7. Letuy, Uy, ..., Up be
the vertices of Cp, p> 7. In C_;p, we see that
(N[u])Uu(N[u,])=C, ~{u,.u,}. A set
S = {uy, uy, us} is a total neighborhood set of

Cp, where N[u,] contains uy, Up, Uzand Up.
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Thus N, (5p)£3. Hence N, (6p):3.

Theorem 17. If C; is a cycle with p >

7 vertices, then
= 2p+11
n, (Cp)+ n, (Cp) ST

Proof: By Proposition 3 and Theorem
16, the result follows.

Theorem 18. If both G and G are
connected graphs with p > 4 vertices, then

n(G)+n (G)<2(p-1)
n(G) .nt(é)ﬁ(p—l)z.

Furthermore, the bounds are attained
if and only if G = P,.

Proof: Suppose G and G are
connected. By Theorem 10, n(G) <p -1 and

n, (C_E) < p—1. Hence both inequalities hold.

The second part is easy to prove, so
we omit proof.

3. Total Neighborhood Nomatic Number:

The domatic humber d(G) of G is the
maximum order of a partition of the vertex set
of G into dominating sets. This concept was
introduced by Cockayne et. al.>. The total
domatic number dy(G) of G is the maximum
order of a partition of the vertex set of G into
total dominating sets. This concept was
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introduced by Cockayne et al.®. In this section,
we establish some basic results on the total
neighborhood nomatic number of a graph.

In>, Kulli and Patwari introduced the
concept of total neighborhood nomatic number
as follows:

Let G be a graph without isolated
vertices. Atotal neighborhood nomatic partition

of G is a partition {vi, vy, ..., v} of Vin which
each Vjis a total neighborhood set of G. The

total neighborhood nomatic number ny,(G) of
G is the maximum order of a partition of the
vertex set of G into total neighborhood sets.

The total neighborhood nomatic number
of some standard graphs are given below.

Proposition 19. If K, is a complete
graph with p > 2 vertices, then

nm(Kp):EJ.

Proposition 20. If C, is a cycle with
p > 3 vertices, then
ntn(Cp) = 1

Proposition 21. If K, 5 is a complete
bipartite graph with 1 <r <, then
ntn(Kr’ S) = 1

Proposition 22. If W, is a wheel with
p > 4 vertices, then

ntn (Wp) = 2 .

It is easy to see the following result.
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Proposition 23. If G is a graph without
isolated vertices, then

Nn(G) < 8(G).

Proposition 24. If G is a nontrivial
tree, then nip(G) = 1.

Proposition 25. If G is a graph without
isolated vertices, then

n(G) ni(G) < p.

Proof: Suppose {vi, vy, ..., Vnm} is a
total neighborhood nomatic partition of G. Then

|Vi| > ny(G) for each i.
P
H ———2n,(G).
ence - © . (G)
Thus  ny(G) npw(G) < p.

From Proposition 23 and Proposition
25, we have

Proposition 26. If G is a graph without
isolated vertices, then

N, (G) < min {5(G), P s (G)} .

Proposition 27. If G is a graph without
isolated vertices, then

ntn(G) < dt(G)

Proof: By Theorem 7, y(G) < ni(G).
Hence np(G) < di(G).

Theorem 28. If G is a graph without
isolated vertices, then

N(G) + np(G) < p + 3(G).
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Furthermore, equality holds if and only if G =
mKy,, m>1.

Proof: By Theorem 11 and Proposition
22, the inequality follows:
We now prove the second part.

Suppose ny(G) + nip(G) = p + &(G).
Assume ny(G) < p. Then ny(G) > 3(G), which
is a contradiction. Thus ny(G) = p and hence

by Theorem 11, G=mKj,, m >1.
Converse is obvious.
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