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Abstract

Many decisions involve multiple stages of choices and events.
In this paper to develops fuzzy dynamic system approach for solving
multistage decision-making problems. Fuzzy dynamic system is a
promising tool for dealing with multistage decision-making and
optimization problems under fuzziness. The cases of deterministic,
stochastic, fuzzy dynamic system, fuzzy criterion set dynamic
programming, fuzzy termination time’s are analyzed. Lastly, summarize
the main results of the computational complexity.
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1. Introduction

Decision making problems usually
arise when decision are made in the sequential
manner over time, where earlier decisions may
affect the feasibility and performance of later
decisions. The multistage decision making or
multistage control problems may be summarized
and purposes of our discussion. The problem
is dynamic inthat of its characteristics, exemplified
by state evolve in time as a result of their
present values and some decisions made. There
are some stages, exemplified by time instants,

discrete or continuous decisions are made?®. A
decision made at a given stage, and at a given
state, induces a change in the output of the
process. The performance of the process is
measured over some planning horizon, and is
expressed by an aggregate of partial scores
that express the performance of the particular
stage decisions. An optimal sequence of
decisions or controls at the consecutive stages
over the planning horizon is then sought.
Dynamic programming is a powerful formal
tool for dealing with a large spectrum of multistage
decision making and control problems. In mid
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1950’s 2, dynamic programming has become a
standard tool in many fields including operation
research, control theory and engineering,
engineering, computer science, etc. Dynamic
programming has been one of the earliest
general techniques to which fuzzy sets theory
has been applied®®.

The multistage decision making process
is finite if there are only a finite number of
stages in the process and a finite number of
states associated with each stage. Many
multistage decision process have returns
associated with each decision, and these returns
may vary with both the stage and state of the
process. The multistage decision process is
deterministic if the outcome of each decision
is known exactly*®.

The mathematical program:

optimize z =i f.(x)
i=1

n

subjectto Y x,<b;b>0,% >0 and i=12,..n
i=1
(1)

2. Principle of optimality in dynamic
programming :

Dynamic programming is an approach
for optimizing multistage decision making
processes. It is based on Bellman’s principle
of optimality. This principle, begin with the last
stage of an n-stage process and determine for
each state the best policy for leaving that state
and completing the process, assuming that all
preceding stages have been completed.

Let u is the state variable, whose

values specify the states, M, (u) is the optimum
return from completing the process beginning
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at stage j in state u, dj(u) is the decision

taken at stage j that achieves mj(u). The
entries corresponding to the last stage of the

process, mn(u) and dn(u) are generally

straightforward to compute. The remaining
entries are obtained recursively; i.e. the entries
for j thstage (j =1,2,..., n —1) are determined
as functions of the entries for the (j + 1) th
stage'®%0,

The dynamic programming approach
is well specified processes modeled by Eq.(1)
in which each decision pays off separately,
independent of other decisions. For Eq.(1), the

value of my(u) for u=0,1,....,b are given by,

m, (u) = optimum {f, (x)} 2)

0<x<u

The recursion formula is

m, (u)=optimum {1, () + m, (- )} (3
for j = n-1, n-2,....1. In Eq.(2), the decision
variable x (which is denoted x,, in Eq.(1)) runs
through integral values, as x (E X; ) inEq.(3).
That value of x which yields the optimum in
Eq.(2) is taken as d(u) and that value of x
which yields the optimum in Eq.(3) is taken as
d;j (u). If more than one values of x yields either

optimum, arbitrarily choose one as the optimal
decision. The optimal solution to program

Eq.(1) is 2" =m,(b) the optimal return from
completing the process beginning at statel
with b units available for allocation, with z*
determined, the optimal decisions X; , X ..., X"
are found sequentially from



)xa_d b— xl—xz)
(x —x) (4)

3. Decision making under fuzziness :

The basic elements® of general
approach are: a fuzzy goal G in X, a fuzzy
constraint C in X, and a fuzzy decision D in X,
X is a (non-fuzzy) space of options. The fuzzy
relation

,UD(X):,L‘C(X)/\,UG (X)' vxe X (5)
which expresses the “goodness” of an xeX
as a solution to the decision making problem.
Considered, for definitely good (perfect) to for
definitely bad (unacceptable), through all

intermediate values. The “aAb =min(a,b)”
operations is commonly used and is assumed
throughout this paper though many other
operations are also employed'*1°,

For an optimal (non-fuzzy) solution, an xeX
such that

Hp (X* ) =Sup Up (X) = Sup(,uc (X)/\ Hg (X))
xeX xeX (6)

The multiple fuzzy constraints and
fuzzy goals are defined in different spaces.
Suppose that the fuzzy constraint C is defined
as a fuzzy set in X={x} the fuzzy goal G is
defined as a fuzzy set in Y={y} and a function

f:X —>Y, y=1f(y) is known X and Y

may be sets of decisions and their outcomes,
respectively.

Now, the induced fuzzy goal, both G' and C
are defined as

pe (X)= ug [f(x)] for each x e X ©)
and the (min-type) fuzzy decision is

Fuzzy Dynamic System Approach to Multistage Decision Making Problems.

ﬂD(X)Z He (X)/\ Hc (X)= Hg [f (X)]/\ Hc (X) ,
for each x e X (8)
The n fuzzy constraints defined in X, C4,Cs,...,Cy,

m fuzzy goals definedin Y, C41,Cy,...,Cpy, and a
function y=f (x), then the (min-type) fuzzy
decision is

40 = g, [F A e s, [ 00 s

(X)A .o Apie (x), foreach xe X (9)

Now we proceed the multistage decision
making case within the above general
framework®24,

4. Multistage decision making (control)
under fuzziness :

We assume, the dynamics of the
deterministic dynamic system under control is
described by a state transition equation

X, = f(x,u), t=01,.. (10)

where X, X, € X = {x}=1s,,s,,...,,} are
the states at time t and t+1, respectively and
ueU ={uj={c,c,,..,c,} is the decision
(control or input) at t; X and U are assumed
finite.

The state transitions are given Eq.(10),
the consecutive decision U, are subjected to fuzzy

constraints C' and on the states X1 fuzzy
goals Gt areimposed, t=0,1,..., N —1. The

multistage decision making process is evaluated
by the fuzzy decision which is assumed a
decomposable fuzzy setin U x X x...xU x X, IS

/\ Hs 1( t+1):|
(11)

tuD(UO'ull s Uy 1‘X ) = /\ [ﬂct
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where N is termination time. The basic case,

the optimal sequence of decisions ug, U, ...
such that

Hp (uo'ul ""'uN—l‘XO)

’uN—l’

= max A [ ) A g (x| (12)

Ug,Uy,....Uyy t=0

For simplicity, a fuzzy goal, f (XN ) isonly

imposed on the final state xy. Then the fuzzy

decision is
:uD(UO’ul’“"uN—1|XO): {;UCO (uo)/\ Ha (Xl)}
(13)

AIIRA {MCN—l (uN—l)/\ Hen (XN )}

and the problem is to find uj,u; ...
such that

*
luN,]_!

max [u (U,

SUs Uy 1%, )=
luD(UO’uli 5uN—l‘ 0) Ug.ly sty
A g (XA e A s Uy ) A g (X )]

(14)
This general problem formulation may be
extended, mainly with respect'#1°:

P The type of termination time: fixed and
specified in advance, fuzzy, implicity given
infinite.

P Thetype of the dynamic system: deterministic,
stochastic, fuzzy and fuzzy stochastic.

» The type of objective function: cost
minimization, profit/benefit maximization
and fuzzy criterion set based satisfactory
degree maximization, and virtually all cases
a dynamic programming type algorithm can
be devised.
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5. Fuzzy dynamic system for the case of a
fixed and specified termination time :

The case of a fixed and specified (in
advance) termination time is basic, and provides
a suitable point of departure for extensions.
Here we discussed a deterministic, stochastic,
fuzzy dynamic system and fuzzy criterion set

dynamic program™*2?,

5.1 The case of a deterministic dynamic
system :

A deterministic system is described by its
f(xt,ut);
X, X,y € X =1{8,,8,,, ={C,CpreCp ) ;
t=01..,N-1; X, € X is the initial state

and N < oo isa fixed and specified termination

state transition Eq.(10), i.e. X, ; =
s,j;uel

time. The fuzzy constraints are uco(uo),...,

Henaa (U,H) and the fuzzy goal is £« (XN )
The fuzzy decision is

:uD(UO’ulﬂ"’uN—l‘XO): :UCO(UO)/\---/\

lu(;N-l(uN—l)/\luGN (XN) (15)

and to find ug,u; ,...,uy_,, such that

max [/Jco (uo)

0 Uy Ung

Hp (UO’ul ""’uN—l‘XO)

/\..-/\/«ICN—l(uN—l)/\lLlGN (XN )] (16)

Clearly, the last two terms are £ - (u N_1 ) A

fgn (f(Xy_y,Uy_;)) depend on uy ,, hence
Eq.(16) can be rewritten as

;uD(uofulf“'fuN—l‘XO) max [,UCO )
-1

Up,Ug,
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Ao N P (UN,l)/\ Hen (XN )]

= maX

Ug Uy Uy g

[uco(uo)A...A T

A TN"’E((”C“* (Upa) A g (F (XN—l’uN—l))):|

(17)
On repeating this backward iteration for

Uy_p Uy gy, Uy, We ODbtain the set of dynamic
programming recurrence equations:

Hen- (%y-)= TN&}X{MCN* (U )A Hgn-ia (XN—i+1)}

AN = f(XN—i'uN—i )v i=12,.,N
(18)

where 4 i () is a fuzzy goal at t =N —i
induced by a fuzzy goal at t = N —i +1.

An optimal sequence of decision
sought, Uy, U, ,...,Uy,_, , is given by the successive
maximizing values of u,_; in Eq.(18). It is
convenient to represent the solution u; , by an
optimal policy a, : X —U, such that
u =a’(x,), t=0,.,N -1, ie. relating an
optimal decision to the current state.

5.2 The case of a stochastic dynamic system:

The stochastic system is assumed to
be a Markov chain whose temporal evolution
is described by a conditional probability

P(X.a%,U,) such that x,x., e X =1s,,

S8, )y U €U ={C,C,,.,C ) Xy € X

ey 9Op R
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is the initial state, t=0,1,..., N -1and N <«
is a fixed and specified termination time.
Now the following two problem formulations:

» due® to find an optimal sequence of

decisions Ug, Uy ,...,Uy_, to maximize the

probability of attainment of the fuzzy goal
subject to the fuzzy constraints, i.e.

:uD(u;’uI"“’uL—l‘XO):u Ena)u( [/JCO(UO)

A tiges Uy) At ()] (19)
where the fuzzy goal is viewed to be a fuzzy
event in X whose (non-fuzzy) probability®
is,

E,UGN(XN): ZP(XN|XN—17UN71)'IHGN(XN)
XN EX (20)
» duel’ to find an optimal sequence of
decisions to maximize the expectation of

the fuzzy decisions membership function,
i.e.

Hp (ug’u:""’u;—l‘xo): , Mmax E[,UCO(UO)

U Uy g

Ao g (U ) A g (3] (21)

These function are clearly not equivalent.

5.2.1 Bellman and Zadeh’s approach?®:
Since in EQ.(19) pew:(Uyy)A Epge
(f(Xy_4,Uy_,)) dependonly on, the next two

right-most terms depend only on u,_, etc., the

structure of Eq.(19) is essentially the same as
that of Eq.(17), and the set of fuzzy dynamic
programming recurrence equation is
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Hen-i (XN—i ) = Tﬁix{‘uCN’i (uN—i )/\ E:uGN*”l(XN—iJrl)}

E,UGN—M(Xme) = Z P(XN—i+1|XN—1’uNfl):uGN*”l(XN—iJrl);i =12,..,N (22)

XN €X

and we consecutively obtain uy,_, or optimal policies a,,_,, such that uy,_, =ay_,(x,_)-
5.2.2 Kacprzyk and Staniewski’s approach!’ : To solve problem Eq.(21), first introduce a
j+1

sequence of functions h. : X x )'( U — [0,1] and g;: X x |X1U - [0,1]; i=01.2,..N;
j=1 =

j=12,..,N -1, such that

hy (XN 1Ug e UN-1)= ;UCO(UO)/\ e A ;UCN—l(UN-l)/\ ,UD(UO’"" UN-1|X0)

9y (X Ugyeons Uy ) = > A CTRR uk)'P(Si|Xk’uk)
=]

h (X, Ugens Uy ;) = muakx 9, (X, Ug,rs U, ) (23)

ho(xo)= mlix go(xo’uo)

The consecutive decisions and states are U,...,U; and X,..., X;, respectively, then g;

*

is the expected value of 1 (| Xo ) provided that the next decisions are optimal, i.e. U ;1 ,u ;2 yeeey Uy g -

1

It can be shown'®!7], that there exist functions o, : X><_X1U —>U such that
j=

hk(xk,uo,...,ukfl) =gk(xk,uo,...,a)kfl,a)k(xk,uo,...,ukfl)). Then, an optimal policy sought,

a, ,t=012,.,N -1 isgiven

a; = wo(xo)
al*(XO’ Xl) = a)l(xli ag(xo))
(24)

ay 4 (Xg, Xpyeenn Xy ) = a)Nfl(fol,b:,fz(xo,...,foz,...,bg(xo)),...)
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It is depends not only on the current state but
also on the trajectory.

5.2.3 The case of a fuzzy dynamic system:
In this case the system is fuzzy and its dynamics
is governed by a state transitions equation

X1 =F(X,,U,), t=012,... (25)
where X, , X,,, are fuzzy states at time (stage)

tand t + 1, and U, is a fuzzy decision at t
characterized by their membership functions

Hy, (Xt)v :uxm(xm) and  Hy, (ut)'
respectively. Eq.(25) is equivalent to a
conditioned fuzzy'*'® set uxm(xm|xt,ut)
by

HD(UO""’UN—1|XO): max

and an optimal sequence of fuzzy decisions u;‘

*

,UD(UO’---’U:H‘XO)

= max max (uuo(uo)/\ Heo (Uy)A.... A Max max

Ung Una

Up Uo

w | A mxilx(uXN (X ) A frgn (%, )

Fuzzy Dynamic System Approach to Multistage Decision Making Problems.

Baldwin and Pilsworth! proposed a
dynamic programming scheme. First, for

each t=012,...,N -1 a fuzzy relation
He (ut , Xt+l) = He: (ut)/\ Hgea (Xt+1) is
constructed. The degree to which U; and
Xw+1 satisfy Ctand C™*1is

Hr (ut 1 Mg (ut 1 Xeaa ), Xt ) = muiix[(,uuI (ut ) A

pe 0 ), () g ()|

m%fil/,zD(Uo,...,UNfJXO)

(26)
The fuzzy decision is
(,Uuo (uo )/\ Heo (uo ))/\ A TNELX(/JUN,l (UN—l)/\ Hen (UN—l))
(27)
,U,,_,, such that
:uUN,l(uN—l)/\:uCNfl(uN—l)/\
max max(yXN () g (%)) || (28)

Hence the set of dynamic programming recurrence equation is

Hen (X N )= I’T](EN:IX[,LIXN (XN )/\ Hen (XN )]

o000

N-i L Una

1=12,..,N-1

max, (0 ) o (DX )

Hyneina (XN,M) = r?NaiX[rpNalX(#uNi (uN—i )/\ Hoynoia (uNfi+1|XN—i WUn ))} AUy, (XN—i ) (29)
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They redefine the problem formulation
in terms of the reference fuzzy states and fuzzy
decisions to finally make Eq.(29) solvable by
them!418,

6. Fuzzy dynamic programming for the
case of a fuzzy termination time :

Let R={0L1...k-Lkk+1.. N}
be the set of decision making states. At each

t € R, afuzzy constraint , (ut ) and a fuzzy

goal Hg. (XV), v € R is imposed on the final
state. The fuzzy termination time is given by
p7(v), v e R, which is a termination time v.

The fuzzy decision is now!1?

luD(UO’ul""’uv—l‘XO): NCO(UO)/\-"/\

po U ) A (Vg (%) 30)

and to find an optimal termination time v" and

an optimal sequence of decisions ug,u; ..., U, ,
such that

uD(u;,uf,...,u:tl‘xo): max [ﬂco(Uo)

V,Ug Uy ey Uy_q

N N (uv—l)/\ Her (V)':u(;v (Xv )] (31)
6.1 The case of a deterministic dynamic
system :

Eq.(31) was formulated and solved by
Kacprzyk®l. Then, Stein?! presented a

computationally more efficient model and
solution.
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Kacprzyk’s approach: In Kacpr-
zyk’s®12, formulation the set of possible

termination times is {v e R: u;(v)> 0} =
{k,k+1,...,N} < R, hence an optimal sequence

of decisions is ug, U, ,...,Ug ;, Uy ,...,U, ;. The

part U, ,,uUy,...,u._, is determined by solving

{uevi (Xv—i ’V) = rU?X{:uCV*i (uv—i )/\ :uGV*M (Xv—i+llv)}

X f(x, i U,;), V=K k+1...,N-1
(32)

v-itl —

where £, (XV,V): uT(V).uGv (XV) an optimal
termination timev", found by the maximizing
vin

Hoes (X V) = max g (X1 V) (33)

The part u,, U, ..., U, _, is then determined by
solving
{#Gkvl (Xk—i+1) = Tﬁ)l({#ckfifl (uk—i—l)/\ Hewi (u ki )}

Xgi = f(xk—i—lluk—i—l);i =12,..k-1 (34)

Stein’s approach: Stein?! presented a compu-
tationally more efficient dynamic programming

approach. At t = N -1, ie{2,...,N -1},
and attain

Hgn-i (Xyi) =z (N - i),uGN,. (Xy_; ) or apply

Upy_i attain Henai (uN—i )/\ Hen-in (XN,iJrl)-
The set of recurrence equation,

Hen (XN—i ) =K, (XN—i )TNE}.X{HCN" (uNfi )/\ Hp-in (Xme )}

Xy = f(XN—i'uN—i);i =12..N (35)
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and an optimal termination time;

Hgna (X ) > nu1Na_x{ucN,i (Ui ) A g (Ryi)f uD(u;,uf,...,u;lfl‘xo) max [ﬂco o)
- (36) V,Ug Uy e, Uy

6.2 The case of a stochastic dynamic system: ~ A...A U s (Uv,l)/\ EMGV (XV )] (37)

This stochastic dynamic system was
where X, )= v).u . (x,); and

first formulated and solved in Kacprzyk!!? Hae () = par (Wt ( ) _
by combining the section 4.2.1 and 5.1. An 1V 47 (v)> 0} = {k, k+1,...,N }.As in section

optional termination time v and an optional 421 we determine V- and U ..U ..U
2.1, e Uoen

sequence of decisions Uy, Uy ,...,U ., suchthat  pysolving -
:qufi< ) max{lucv I( v I)/\ E,UGV '+1< v |+1)}
EIUGV '+1< v |+1 ZP( v i+1 v -1 v 1)X,UGV '+1< v |+1) 12 N (38)
Xy_js €X
and V" is given by the maximizing v in
H gk (Xk—l): max: 4 i (Xk—l’v) (39)
The remaining part u,_,,U, s,...,U, is obtained by solving
lqu-l-i (Xk—l—l) er]E?X{,uCk 1-i (uk -1- |)/\ Elqu i (Xk |)}
E,qu_i (Xk—i = Z P(Xk—i ‘Xk—l—i Uk )X H ki (Xk—l—i );i =12,..k-1 (40)

Xe_i €X

In the later Stein’s?!, formulation the problem is solved by the following set of recurrence
equations

Hn-i (Xyi)= :U(EN; (Xni)A max{uCN,i (Up-i)A ST (XN—i+l)}
EluGN '+1( N |+l ZP< N |+l| N-i? N |)XHGN I+1( N |+l) 12 N (41)

Xn_i€X

where v* occurs when ,UGN_i( N ,)> maX{,UCN ( Uy i)/\ E,LIGN—Hl (XN_M)} (42)

UN-i
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6.3 The case of a fuzzy dynamic system:

In this case, fix some (finite and
relatively small) number of reference fuzzy
states (and possibly decisions), and obtain an
auxiliary approximate system whose state
transitions are of deterministic system type [14]
and [18]. Then, Stein’s [21] approach can be
employed.

7. Computational complexity :

The development of efficient algorithms
for processing various aspects of fuzzy
dynamic programs is an important research
area in dynamic programming. In this section,
we will summarize main results of the
computational complexity analysis. Esogbue!®

using two algorithms of Kacprzyk® and Stein?
for the fuzzy termination time discussed.

The basic dynamic programming
formulation of the problem proposed by Stein?!
is the same expect for the structure of the
recurrence equations that require N only
iterations of the optimizing process as opposed
to N(N+1)/2 required is Kacprzyk’s algorithm.
The space and the time complexities are of order
O(n) and O(mn), respectively. Essentially, the
time complexity is of order o((2m —1)N —k)).
This is of order o(k?).

The total storage demand is n(N — k + 1)

(N —k +2)/2+2n+n(k —1).Thisis order
O(k). It was pointed out, the difference
between the earliest and the latest possible
termination times is an important factor in the
computationally burden of this optimization
process.
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So, the model proposed by Stein?! is
computationally more efficient, taking O(k)
memory spaces in O(k?) operations, as opposed
to O(k?) memory spaces in O(k®) operations
in Kacprzyk’s® model. The superiority is
exhibited both from the space and time
complexity considerations.

8. Conclusion

We have shown that a brief exposition
of main aspects of fuzzy dynamic system,
including main problem classes and major
applications in a variety of fields. For other
surveys of fuzzy dynamic system and its
applications, we refer the reader’, a follow up
study by *® and then the fundamental presentation

by 12 and 6.
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