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Abstract

Prime labeling originated with Entringer and was introduced
by Tout, Dabboucy and Howalla®*. A Graph G(V,E) is said to have a prime
labeling if its vertices are labeled with distinct integers 1,2,3,...,|V(G)|
such that for each edge xy the labels assigned to x and y are relatively
prime. Agraph admits a prime labeling is called a prime graph. In this
paper, we prove that (P,®S,)¥, (P,®Ss)* and C, ® Sy are prime graphs.

1. Introduction

A simple graph G(V,E) is said to have
aprime labeling (or called prime) if its vertices
are labeled with distinct integers 1,2,3,...,|V(G)|,
such that for each edge xy<E(G), the labels

assigned to x and y are relatively prime?.

We begin with listing a few definitions\notations
that are used.

e Agraph G= (VE) is said to have order |V|
and size |E|.

o AvertexveV(G) of degree 1 is called pendant
vertex.

e Pyis a path of length n-1.

o Astar S, with n-spokes is given by (\V,E) where
V(Sn)={Vo,V1,V2,...,Vn} and E(Sp)={vovi/
i=1,2,...,n}. Vo is called the centre of the

star.

e Let G be any graph and Sy, be a star with
m spokes. We denote by G ® Sy, the graph
obtained from G by identifying one vertex
of G with any vertex of Sy, other than the
centre® of Sp.

e A regular bamboo tree is one point union
of (Pn ® Sm)* where k is the number of
copies® of P, ® S,

2. Main Results
Theorem 2.1 (P,®Sy)* is prime.

Proof:

The graph (PnS2)¥ has kn+1 vertices
and kn edges.
V={u, vi¥, x;, yj/1<i<n-2, 1<j<k}
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E= {uv19/1<j<k} U {viOvi0*D/1<i<n-3, 1<j<k}
U {Vn2Ox/1<j<k} U {vnDyj/1<<k}
Define :V—{1,2,3,...,kn+1} by f(u)=1

Casel: nis even

f (vi0)=n(j-1)+i+1, 1<i<n-2, 1<j<k

f(x;) =f(vn2D)+1, 1<j<k

f(y) = f(vna®)+2, 1<j<k

GCD(f(vi? f(vix1P))= GCD(n(j-1)+i+1, n(j-1)
+i+2)=1, 1<i<n-3, 1<j<k

GCD(f(va2?), f(x)))=GCD(n(j-1)+n-1,n(j-1)
+n) =1, 1<j<k

GCD(f(vn2"), f(y;))=GCD(n(j-1)+n-1,n(j-1)
+n+1) =1, 1<j<k

Case 2: nis odd

f (vi¥) =n(j-1)+i+1, 1<i<n-3, 1<j<k, j =1
(mod2)
f (Vi(j))
(mod2)
f(vn2) = f(vns®)+2,1<j<k, j = 1(mod2)

=n(j-1)+i+1, 1<i<n-2, 1<j<k, j =0

fix)  =f(vn2D)-1, 1<j<k, j = 1(mod2)

f(Xj) :f(Vn-Z(j))"'l: 1Sj3k’ J = O(m0d2)
f(y;) - f(Vn-z(j))"'lv 1<j<k, j = 1(mod2)
(y;) - f(Vn-z(j))"'Zv 1<j<k, j = 0(mod2)

GCD(f(vi? f(vix1P)) = GCD(n(j-1)+i+1,n(j-1)
+i+2) =1,1<i<n-4, 1<j<k

GCD(f(vn.3), f(vi.20)) = GCD(n(j-1)+n-2,n(j-1)
+n) =1, 1<k, j=1(mod2)

GCD(f(vin3®), f(vi.20)) = GCD(n(j-1)+n-2,n(j-1)
+n-1) =1, 1<j<k, j =0(mod2)

GCD(f(vn2?), f(x))) =GCD(n(j-1)+n,n(j-1)+n-1)
=1, 1<j<k, j=1(mod2)

GCD(f(va2?), f(x;)) =GCD(n(j-1)+n-1,n(j-1)
+n) =1, 1<k, j=0(mod2)
GCD(f(vn2"), f(y;)) =GCD(n(j-1)+n,n(j-1)
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+n+1) =1, 1<k, j=1(mod2)
GCD(f(vn2?), f(y;))) =GCD(n(j-1)+n-1,n(j-1)
+n+1) =1, 1<j<k, j=0(mod2)

Therefore, (P,®S,) admits prime labeling and
hence, (Pr®S2)* is a prime graph?.

Example 2.2
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Fig 1. (Ps®S,)° — n even
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Fig 2. (Ps®S,)° - n odd
Theorem 2.3 (P,®S3)¥ is prime

Proof:
Let u be the initial vertex. The graph
has k(n+1)+1 vertices and k(n+1) edges.

V={uvi? x; y;.zi/1<i<n-2,1<j<k}
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E= {uv:9/1<j<k} U {viDv;, D/1<i<n-3,
1<j<k} U

{vn2® xj/1<j<k} U {VnW yj/1<j<k} U
{vn297/1<j<k}

Define :V—{1,2,3,... k(n+1)+1} by f(u)=1
Case 1 Suppose n=1(mod2)

f(vi@) = (n+1)(j-1)+i+1, 1<i<n-3, 1<j<k
f(vn2®) =f(vn30)+2, 1<j<k

fox) = f(vna®)-1, 1<j<k
fly) = f(vna®)+1, 1<j<k
fiz) = f(vaa)+2, 1<j<k

GCD (f (v ), f (vi:1?)) = GCD ((n+1)(j-1)
+i+1, (n+1)(j-1+i+2)=1, 1<i<n-4,1<j<k
GCD (f (va3®), f (va2¥))= GCD ((n+1)(j-1)
+n-2,(n+1)(j-1)+n) =1, 1<j<k

GCD (f (va2?), f (x)) =GCD ((n+1)(j-1)+n,
(n+1)(j-1)+n-1) =1, 1<j<k

GCD (f (va2", f (yj)) =GCD ((n+1)(j-1)+n,
(n+1)(-1)+n+1) =1, 1<j<k

GCD (f (vn2?), f (z)) = GCD ((n+1)(j-1)+n,
(n+1)(j-1)+n+2) =1, 1<j<k

Case 2 Suppose n=0(mod2)

Subcase2(i) n=4(mod6)
f(vi)= (n+1)(-1)+i+1, 1<i<n-3, 1<j<k
f(vn20)=f(vn3D)+2, 1<j<k, j=0(mod2)

fix)  =f(vn2?)-1, 1<j<k, j=0(mod2)
f(y;) = f(vn2)+1, 1<j<k, j=0(mod2)
(z)) = f(vn29)+2, 1<j<k, j=0(mod2)

f(Vn_z(l)) = f(Vn-s(l))+3
fix) = f(vne®)-1
fyr) = f(vaa)-2
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fz) = f(vno®)+1
f(vao®) = f(vas®)+1, 1<j<k, j=1(mod2), j1,
1<j<k

fix) = f(vno®)+1, 1<j<k, j=1(mod2) , j=1
fly) = f(vno®)+2, 1<j<k, j=1(mod2) , j=1
f(z) = f(vaa®)+3, 1<j<k, j=1(mod2) , j£1

GCD (f (Vna®), f (vn2))=GCD (n-2, n+1)=1
GCD (f (vn2™, f (y1)) = GCD (n+1, n-1) =1
GCD (f (vaa?), f (va2®)) = GCD ((n+1) (-1)
+n-2,(n+1)(j-1)+n) = 1, 1<j <k, j=0(mod 2)
GCD (f (va29), f (x))) = GCD ((n+1)(j-1)+n,
(n+1)(j-1)+n-1)=1, 1<j <k, j=0(mod 2)
GCD (f (va2D, f (yj)) = GCD ((n+1)(j-1)+n,
(n+1)(j-1)+n+1)=1, 1<j <k, j=0(mod 2)
GCD (f (vn2?), f (zj)) = GCD ((n+1)(j-1)+n,
(n+1)(j-1)+n+2)= 1, 1<j <k, j=0(mod 2)
GCD (f (Va3®), f (vn29))=GCD((n+1)(j-1)+n-
2, (n+1)(j-1)+n-1)=1, 1<j <k, j=1, j=1(mod 2)

Subcase2(ii) n=0(mod6)
f(vi?) = (n+1)(-1)+i+1, 1ddiddn-3, 1<j<k
f(vn2¥) =f(vn30)+2, 1<j<k, j=0,2,4(mod6)

f(x) = f(vna®)-1, 1<j<k, j=0,2,4(mod6)
fly)  =f(vn2")+1, 1<j<k, j=0,2,4(mod6)
fiz) =f(vn2D)+2, 1<j<k, j=0,2,4(mod6)

f(Vn2¥) =f(vns®)+1, 1<j<k, j=1,3(mod6)

f(x;) - f(Vn-z(j))"'l: 1<j<k, j=1,3(mod6)
fiy) = f(vn2®)+2, 1<j<k, j1,3(mod6)
f(z) - f(Vn-z(j))"'S: 1<j<k, j=1,3(mod6)

f(Vn2®) =f(vn.a®)+3, 1<j<k, j=5(mod6)

f(XJ) = f(Vn-Z(J))'ly 1S1Sk! JES(mOdG)
fly) = f(va2®)-2, 1<j<k, j=5(mod6)
fiz) = f(va20)+1, 1<j<k, j=5(mod6)
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GCD (f (va2?), f (X)) = GCD ((n+1) (-1) +
n-1, (n+1) (j-1) +n) =1, 1<j<k, j=1, 3(mod 6)
GCD (f (29, f (yj)) = GCD ((n+1)(j-1)+n-1,
(n+1)(j-1)+n+1) =1, 1<j <k, j=1, 3(mod 6)
GCD (f (va2®), f (7)) = GCD ((n+1)(j-1)+n-
1, (n+1)(j-1)+n+2) =1, 1<j<k, j=1, 3(mod 6)
GCD (f (Vn39),f(vn29))=GCD ((n+1)(j-1)+n-
2, (n+1)(j-1)+n+1)=1, 1< j <k, j=5(mod 6)
GCD (f (va29), f (x))) = GCD ((n+1) (j-1)
+n+1, (n+1) (j-1) +n) =1, 1<j <K, j=5(mod 6)
GCD (f (vn2¥, T (yj)) = GCD ((n+1)(j-1)+n+1,
(n+1) (-1) +n-1) = 1, 1<j <Kk, j=5(mod 6)
GCD (f (va2?), f (z;)) = GCD ((n+1)(j-1)+n+1,
(n+1)(j-1)+n+2) = 1, 1<j <k, j=5(mod 6)

Subcase 2(iii)  n=2(mod6)
f(vi®)= (n+1)(-1)+i+1, 1<i<n-3, 1<j<k
f(vn2?)=f(vns®)+1, 1<j<k, j=1(mod2)
f(x))= f(vn20)+1, 1<j<k, j=1(mod2)
f(yy)= f(vn2®)+2, 1<j<k, j=1(mod2)
f(z))= f(vn2V)+3, 1<j<k, j=1(mod2)
f(Vn2®)=f(vn3®)+2, 1<j<k, j=0(mod2)
f(x;)= f(vn2®)-1, 1<j<k, j=0(mod2)
f(yj)= f(vn2®)+1, 1<j<k, j=0(mod2)
f(z))= f(vn2V)+2, 1<j<k, j=0(mod2)

In this case also for every edge

uveE(G), it can be verified that GCD (f(u),
f(v))=1.

Therefore, (Pn®83)k admits prime4

labeling and hence, (P,®S3)* is a prime graph.
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Example 2.4

Fig 3. (Pg®S3)° n odd

Fig 5. (Ps®S3)° n =0 (mod6)
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Fig 6. (Pg®S3)° n =2 (mod 6)

Theorem 2.5 C,, ® Sy, is prime
Proof:

The graph C,, ® Sy, has n+m vertices
and n+medges. Let uy, uy,...,u, be the vertices
of the cycle ¢, and vy,va, ...,V be the vertices
of the star and v, be the central vertex.
V={uiv/1<i<n 1<j<m}

E={uiuis/ 1 <i<n-1} u{upus} v {uvi} v
{vivil2<i<m}

Case (i) nis even
Define f: V — {1, 2,...,ntm} by

Example 2.6
ud u3 uz
5 4 E
o c
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f(vi) =1, f(uy) =2, f(uj)) = i+1,2<i<n
f(vi) = n+i-1,2<i<m

In this case also for every edge
uveE(G), it can be verified that GCD(f(u),
f(v))=1.

Case (ii) n= 3, 5and nis odd

Definef: V—> {1, 2,...,ntm} b vy
f(u)=2,f(ve) =1, f(vp) =n+l, f (uy) = n+2
f(u)=1+1,2<i<n-1,f(vj))=n+i,3<i<m

In this case also for every edge uve
E(G), it can be verified that GCD(f(u),f(v))=1.
Case (iii)n=3,5
Define f: V— {1, 2, ..., n+tm}
f(v1) =1, f(vo) = 2, f(u;) = i+2,
f(vi)=n+i+2, 3<i<m

1<i<n

In this case also for every edge
uveE(G), it can be verified that GCD(f(u),
f(v))=1.

Therefore, C, ® Sy, admits prime
labeling and hence, C,, ® Sy, is a prime graph.
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