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Abstract

Takano! have studied and defined decomposition of curvature
tensor in a recurrent space. Sinha and Singh? have studied decomposition
of recurrent curvature tensor field in a Finsler space. Further, Negi and
Rawat® studied decomposition of recurrent curvature tensor fields in a
Kaehlerian space. Rawat and Silswal” studied and defined decomposition
of recurrent curvature fields in a Tachibana space.

In the present paper, we have studied the decomposition of

curvature tensor field R[‘jk in terms of two vectors and a tensor field.

Also several theorems have been established therein.

1. Introduction

An Almost Tachibana space is an
Almost Hermite space i.e. a 2n- dimensional

space with an almost complex structure Fl-h
satisfying the conditions

iph — _ ph
FF" = —4; (1.1)
and with a Riemannian metric ;i satisfying

FfF ges = 9ji (1.2)
from which
Fjy = —Fy; (1.3)

where
Fi = Ff g (L4)
and finally has the property that the skew-

symmetric tensor Fiy is a Killing tensor

Finj + Fipi =0 (1.5)
from which
FrL+Fr=0
ij T I = (1.6)
and

where the comma (,) followed by an index
denotes the operator of covariant differentiation
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w.r.t. the metric tensor YJij of the Riemannian
space.
If the space satisfies the condition®

F=0. (18
then the space is said to be Tachibana space

and denoted by T;¢.
The Riemannian curvature tensor field is

Rijic = 0, {,}11(} —o )+ {Z} {/i{} B {[};}{llk}

The Ricci tensor and scalar curvature are
respectively given by

Rij=Rgj and R = g'R;; (1.9)
It is well known that these tensors satisfy the
identity

iika = Riki — Rik,j (1.10)
R; = 2R{, (1.11)
F{Ryj = =Ry Ff (1.12)
and
F*RL = RAF} (1.13)

The holomorphically Projective curvature

tensor Phk is defined by

h _ ph h h
Pijk = Ry + m+2) (Ru 8" — Ry 6
+ SucF* — Sy Fl + 28,F) | (1.14)
where
Sij - FiaRaj (115)

The Bianchi identities are given by

Rl + Rl + Riyj = 0 (1.16)
and

Rl]ka + lea] + Rla] k= 0 (1-17)

The commutative formulae for the curvature
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tensor fields are given as follows

—Ti; = T*RLjx (1.18)
and
Tl ml Tl Im — TaRaml Tc?Rgnl (1-18a)

ATachibana space T, is said to be Tachibana

recurrent space of first order if its curvature
tensor field satisfies the condition

R = lek (1.19)

where A, IS a non-zero vector and is known
as recurrence vector field.

ijk,a

The following relations follows immediately
from (1.19) i.e.

Rija = AqRi; (1.20)
Multiplying the above by g%/, we have
Ry =24R. (1.21)

2. Decomposition of curvature tensor field

Ruk :

Consider the decomposition of recurrent
curvature tensor field Ruk in the following
form

lek_P XiYik (2.1)

where two vectors P", X ;, and a tensor field

Yj,k such that
PhA, = 1. (2.2)

Now, we have the following:

Theorem (2.1) : Under the decompo-
sition (2.1), the Bianchi identities for R”: ik take
the forms

XiYie +XYe; + XY ;=0 (2.3)
and
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Aay},k + Aij’a + AkYa,j - 0 (24)

Proof : From (1.16) and (2.1), we have
Ph [X,iY},k + X,ij,i + X,kYi,j] - 0(25)

Multiplying (2.5) by Ay and using (2.2), we
obtain the required result (2.3).

Again, using (1.17), (1.19) and (2.1), we have

XiPMAY ke + A q + A Yg ;] = 0(26)
Multiplying (2.6) by Ay, and using (2.2), we have

X,i [AanJk + Aij‘a + AkYa,j] = 0 (27)
Since X ;= 0
. [Aan’k + Aij,a + AkYa,j] =0.

which completes the proof of the theorem.

Theorem (2.2): Under the decompo-
sition (2.1), the tensor field R}, Ri; and Y,
satisfy the relation
AaR{ix = AiRjx — AjRiye = XY}

i (2.8)

Proof : With the help of (1.10) and
(1.19), we have

AaRiji = AiRj — iRy (2.9)
Multiplying (2.1) by A and using relation (2.2),
we have

ARl = X Yk (2.10)
In view of equations (2.9) and (2.10), we get
the required result (2.8).

Theorem (2.3): Under the decompo-
sition (2.1), the quantities A, and P" behave
like the recurrent vectors. The recurrent form
of these quantities are given by

Aam = Umda (2.11)
and

P = —pmP" (2.12)

Proof : Differentiating (2.9) covariantly

w.r.t. X", and using (2.1) and (2.8), we have
AamPeX Yk = AimRjx — AjmRix  (2.13)
Multiplying (2.13) by A, , and using (2.1) and
(2.9), we have
Aam(AiRjx — 4iRi) = Aa(AimRjx — AjmRu) (2.14)
Now, multiplying (2.14) by Ay, , we have
Aam ARk = ARy ) A = AAn(AimRjic = AjmRir) (2.15)
Since the expression on the right hand side of
the above equation is symmetric in a and h,
therefore®

AamAn = AnmAa
provided AiRjk - AjRik =0

(2.16)

The vector field A, being a non-zero, we can
choose a proportional vector field ur,, such that

Aam = Hmha (2.17)
Further, differentiating (2.2) w.r.t. x™ and
using (2.17), we have
Pl = —un,P", (since 4, # 0) (2.18)
which proves the theorem.

Theorem (2.4) : Under the decompo-
sition (2.1), the vector X ; and the tensor Yjy
satisfies the relation
X,i)/]',k()lm + :um) = X,iY}',km + Yj,kXi,m (219)

Proof: Differentiating (2.1) covariantly
w.r.t. x™ and using (1.19), (2.1) and (2.18), we
get the required result of the theorem®.

Theorem (2.5): Under the decompo-

sition (2.1), the curvature tensor and holomor-
phically projective curvature tensor are equal if

Vil (X8 — X ;61") + X,(F'F} — F!'F})}
+2X,Y; FEF =0 (2.20)

Proof : Equation (1.14) may be
expressed as
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h _ ph h
Pjix = Riji + Dijy

where

(2.21)

1
h _—_ =
Dijtc (n+2) (R

— SiFl + 28;F})

k8" = Rix 8" + Sy '

(2.22)

Contracting indices h and k in (2.1), we have
Rij = PkX’in'k (223)
In view of (2.23), we have
Sij = F{P™X Y m, (2.24)
Making use of relations (2.23) and (2.24) in
(2.22), we have
h _
Dijk - (Tl + 2) [Yk,m
+ X, (F'F! — FPF} + 2P™X Y, FRFY] = 0(2.25)

Rl . if

P™{(X;6" — X ;81")

From (2.21), it is clear that Pf}, =

D!, = 0, which in view of (2.25), becomes
ViemP™{(X 8 — X ;61) + X (F'F} — F'F})}

+ 2P™X Y, Fe L = 0 (2.26)
Multiplying (2.26) by A, and using (2.2), we
obtain the required condition (2.20).

Theorem (2.6) : Under the decompo-
sition (2.1), the scalar curvature R, satisfy the
relation®

Ry = guX Y (2.27)
Proof : Multiplying equation (2.23),
we have

9YRi; = guP*X Y, (2.28)
or R = P*gUX Y, [+ R = gYR;](2.29)
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Now, multiplying (2.29) by A, then using (2.2)
and (1.21), we have

Ae=g"XY.
which completes the proof of the theorem.
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