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Abstract

A set S — V is a induced -paired dominating set if S is a
dominating set of G and the induced subgraph <S> is a perfect matching.
The induced - paired domination number yip(G) is the minimum cardinality
taken over all paired dominating sets in G. The minimum number of
colours required to colour all the vertices so that adjacent vertices do

not receive the same colour and is denoted by y(G). The authors®
characterized the classes of graphs whose sum of induced paired

domination number and chromatic number equals to 2n -6, for anyn > 4.

In this paper we extend the above result and characterize the classes of
all graphs whose sum of induced paired domination number and
chromatic number equals to 2n - 7, for any n > 4.
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1. Introduction we follow? the number of vertices in G is
denoted by n. Degree of a vertex v is denoted

Throughout this paper, by agraphwe by deg(v). We denote a cycle on n vertices by

mean a finite, simple, connected and undirected ~ Cn,a path of nvertices by Pn, complete graph
graph G(V, E). For notations and terminology,  on n vertices by K. If S is a subset of V, then
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<S> denotes the vertex induced subgraph of G
induced by S. A subset S of V is called a
dominating set of G if every vertex in V-S is
adjacent to at least one vertex in S. The domi-
nation number y(G) of G is the minimum
cardinality of all such dominating sets in G. A
dominating set S is called a total dominating
set if the induced subgraph <S> has no isolated
vertices. The minimum cardinality taken over
all total dominating sets in G is called the total
domination number and is denoted by y:(G).
One can get a comprehensive survey of results
on various types of domination number of a
graph®2. The chromatic number (G) is defined
as the minimum number of colors required to
color all the vertices such that adjacent
vertices receive the same color.

Recently many authors have introduced
different types of domination parameters by
imposing conditions on the dominating set and/
or its complement. Teresa W. Haynes'! intro-
duced the concept of paired domination number
of a graph. If we think of each vertex s € S, as
the location of a guard capable of protecting each
vertex dominated by S, then for domination a
guard protects itself, and for total domination
each guard must be protected by another
guard. For a paired domination the guards
location must be selected as adjacent pairs of
vertices so that each guard is assigned one
other and they are designated as a backup for
each other. Thus a paired dominating set S
with matching M is a dominating set S={v1,v>,
V3,...Var.1, Vai} With independent edge set
M = {ej, e, €3, .... &} where each edge e; is
incident to two vertices of S, that is M is a
perfect Matching in <S>. AsetSc Vis a
paired dominating set if S is a dominating set
of G and the induced subgraph <S> has a
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perfect matching. The paired domination number
Ypr(G) is the minimum cardinality taken over
all paired dominating sets in G. Aset Sc V'is
a induced -paired dominating set if S is a
dominating set of G and the induced subgraph
<S> is a perfect matching. The induced - paired
domination number vi,(G) is the minimum
cardinality taken over all paired dominating sets
inG.

Several authors have studied the
problem of obtaining an upper bound for the
sum of a domination parameter and a graph
theoretic parameter and characterized the
corresponding extremal graphs. In®, Paulraj
Joseph J and Arumugam S proved that y + «
< p, where denotes the vertex connectivity
of the graph. They proved® that y. + y <p + 1
and characterized the corresponding extremal
graphs. They also proved similar results for y
and yx. In’, Mahadevan G SelvamA, Iravithul
Basira A characterized the extremal of graphs
for which the sum of the complementary
connected domination number and chromatic
number. In®, Paulraj Joseph J and Mahadevan
G proved that yp +y <2n— 1, and characterized
the corresponding extremal graphs of order
up to 2n — 6. Motivated by the above results,
in this paper, we characterize all graphs for
which yip(G) + x(G) = 2n — 7 for any n > 4.

We use the following preliminary
results and notations for our consequent
characterization:

Theorem®® 1.1 If G is a connected
graph of order n > 3, then yjp(G) < n-1 and
equality holds if and only if G is isomorphic to
P3, Cs, Ps or G” where G’ is the graph as in the
following Figure 1.1.
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Figure 1.1 (where s, t > 2)

Notation 1.2: C3(n1Pm1, NoPro, nngg)
is a graph obtained from C3 by attaching n;
times the pendent vertex of Pyi(Path on m;
vertices) to a vertex u; of C3 and attaching n,
times the pendent vertex of Pmyy(Path on my
vertices) to a vertex u; for i # j of C3 and
attaching ns times the pendent vertex of
Pms(Path on mj3 vertices) to a vertex uk for i #
j #kof Cs.

Notation 1.3: C3(U(Pm1, Pm2)) is a
graph obtained from Cj by attaching the
pendent vertex of Py (Path on my vertices) and
the pendent vertex of P (Paths on my vertices)
to any vertex u of Cs.

Notation 1.4: Ks(n1Pm, N2Pmp, N3Pma,
N4Pm4, NsPms) IS a graph obtained from Ks by
attaching nj times the pendent vertex of
Pm1(Paths on m; vertices) to a vertex u; of Ks
and attaching n, times the pendent vertex of
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Pmz(Paths on m; vertices) to a vertex u; for i #j
of Ks and attaching ns times the pendent vertex
of Pmg(Paths on mjs vertices) to a vertex ug
for i # j # k of Ksand attaching n4 times the
pendent vertex of Pps(Paths on my vertices)
toa vertex u; for i = j= k # | of Ksand attaching
ns times the pendent vertex of Prs(Paths on ms
vertices) to a vertex upy, for i = j = k= I mof Ks.

Notation 1.5: C3(Pp) is the graph
obtained from C3 by attaching the pendant edge
of Py to any one vertices of C3 and Kn(Ppy) is
the graph obtained from K, by attaching the
pendant edge of Pm to any one vertices of
Ki. C3(Kyp) is the graph obtained from Cs, by
attaching the root vertex of Ki, to any one
vertex of Cs. For n < p, Ky(n) is the graph
obtained from K, by adding a new vertex and
joint it with n vertices of K.

2. Main result

Theorem 2.1: For any connected
graph G of order n (n>3), yip(G) + x(G)= 2n—
7 if and only if Gz C3(P5), C3(3P3), C3(P6),
C3(K13), C3(2P2, P2, 0), C3(P3, P3, 0), C3(Ps3,
P2, P2), C5(P4, P2, 0), C3(u(P4, P2)), C3(u(Ps,
P2)), Ks(P4), Ks(P3), Ks(2P3), Ks(2P3),
K7(P2), K7(2), K7(3), K7(4), K7(5), K7(6),
K5(P3, Pz, 0,0,0), K5(P2, Pz, 0,0,0), KgOI’ any
one of the graphs shown in Figure 2.1
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Proof: If G is any one of the graphs
stated in the theorem, then it can be verified

that yip(G) + x(G)=9 = 2n—7. Conversely, let
Yip(G) + % (G) = 2n — 7. Then the various
possible cases are (i) yip(G) = n—1 and %(G) =
n -6 (ii) yip(G) = n—2 and (G) = n — 5 (iii)
¥in(G) = n-3 and %(G) = n -4 (iv) yip(G) = n-
4 and x(G) = n-3 (V) yip(G) = n-5and (G) =
n—2 (vi) yip(G) = n-6 and x(G) = n - 1(vii)
Yip(G) = n=7 and ¢(G) = n.

Case (i): yip= n-land y =n-6.

Since yip = n-1, by Theorem, 1. 1
G=z=P3, C3, Psor G’ where G’ is the graph as in
Figure 1.1. Since x =n-6, G=G’. But for G’,
=3, n =9 so that G=C3(3P3), G1.

Case (ii):yip=n-2and 3 =n-5.

Since ¢(G) = n-5, G contains a clique
K on n-5 vertices (or) does not contains a
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cligue Kon n-5vertices. Let S = {vi, vo, V3,
V4, Vs}. Then <S> has the following possible

cases. <S> = Ks, K, Ps, Cs, P3 U Py, P3U

K2, Ks UKy, P4UKy, KsUKa, Kz UK 2, Cy
U Kj, and the remaining all possible spanning
subgraphs on 5 vertices.

Subcase (i): If <S> = K.

Let v1, Vo, V3, V4, V5 be the vertices of
Ks. Since G is connected, there exists a vertex
u; in Kp.s which is adjacent to any one of {vi,
V2, V3, V4, Vs}. In this case {u;, vi} forms a yip
set of G so that yip = 2 and n = 4, which is a
contradiction. Hence no graph exists.

Subcase (ii): If <S> = K.

Let v1, Vo, V3, V4, V5 be the vertices of

K s. Since G is connected, all the vertices of
K sare adjacent to a vertex u; in Kps. In this
case {u;, v1} forms a yip set of G so that yi, =
2 and n = 4, which is a contradiction. Hence
no graph exists. Since G is connected, One

vertiex of K sis adjacent to a vertex u; in Ky.5
and one vertex is adjacent to u; and one vertex
is adjacent to uyx and one vertex is adjacent to
u; and one vertex is adjacent to un, for i = j = k

# | # m. In this case yip, set of G does not
exists. Since G is connected, there exists a

vertex u; in K sis adjacent to vi, vz, Vs, v4 and
u; for i = j is adjacent to vs. In this case {uj, uj}
for i = j forms a vyi, set of G so that yi, = 2 and
n =4, which is a contradiction. Hence no graph
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exists. Since G is connected, there exists a

vertex u; in K sis adjacent to vi, vz, v3 and u;
for i # j is adjacent to v4 and vs. In this case
{uj, u;} for i = j forms a iy set of G so that vyip
=2 and n =4, which is a contradiction. Hence
no graph exists. Since G is connected, there
exists a vertex U; in K sis adjacent to vy, v
and u; for i # j is adjacent to vz and v4 and ug

for i # j # k is adjacent to vs. In this case yip
set of G does not exists.

Subcase (iii): If <S> = Ps.

Let v1, Vo, V3, V4, V5 be the vertices of
Ps. Since G is connected, there exists a vertex
u; in Ky.5 which is adjacent to any one of { vi,
vs} or {vo, Va} or {vs}. If u; is adjacent to vi,
then {uj, Uk, V1, V2, Vs, s} for i j forms a yip
set of G so that yjp = 6 and n = 8. Hence K =
K3 = ujupus. If ujp is adjacent to vi, then Gz
C3(Ps). Since G is connected, there exists a
vertex u; in K. which is adjacent to v,. In this
case {Ui, V2, Vs, Vs} forms a yip set of G so that
Yip = 4 and n = 6, which is a contradiction.
Hence no graph exists.

Subcase (iv): If <S> = P3 U Ky, (or) Pz UK 2,
(or) Kz U Ky, (or) Cs.

In all the possible cases, it can be
verified that no graph exists.

Subcase (viii): If <S> =Pz U P,.

Let v1, Vo, V3 be the vertices of P; and
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V4, Vs be the vertices of P,. Since G is connected,
there exists a vertex u; in Kns which is adjacent
to any one of { vi, v, v3} and any one of {vy,
vs}. In this case {uj, vz, V3, V4} forms a yip set
of G so that yjp = 4 and n = 6, which is a
contradiction. Hence no graph exists. Since G
is connected, there exists a vertex uj in K.
which is adjacent to any one of {vi, vo, v3}
and u; for i = j is adjacent to any one of {vs,
vs}. In this case {u;, Vo, va, v4} forms a i, set
of G so that i, = 4 and n = 6, which is a
contradiction. Hence no graph exists. Since G
is connected, there exists a vertex uj in K.
which is adjacent to v and vs. In this case {u;,
Uk, V2, V3, V4, Vs } for i = j forms a vi, set of G so
that i, = 6 and n = 8. Hence K = K3= uju,us.
Let u; be adjacent to v, and vy. 1T deg(vy) =1
= deg(vs), deg(vy) = 3, deg(vs) = 2, deg(vs) =
1, then G =G..

Subcase (ix): If <S> = K4 U Ky, (or) P4 U

Kz, (or) K3 UK 2, (or) C4 U Ky and all possible
spanning subgraph S on 5 vertices®”.

In all the above possible cases it can
be verified that no graph exits.

If G does not contain a clique K on
n-5 vertices, then it can be verified that no
new graph exists.

Case (iii): yip = n-3 and y=n-4.
Since y=n-4, G contains a clique K

on n — 4 vertices or does not contain a clique
Kon n—4 vertices. Let G contain a clique K

on n — 4 vertices. Let S = V(G) V(K) = {vy,
Vo, V3, V4}. Then the induced subgraph <S>
has the following possible cases: <S> = Ky,

K., P4, C4, Ky3, P3 UKy, Ko U Ky, K3 UKy,
K2 U K2, Ky — {€}, C3(1,0,0).

Subcase (i): If <S> = Ky, (or) Ka.

In all the various possible cases, it can
be verified that no graph exists.

Subcase (iii): If <S> = Py,

Let {v1, v, vs, v, } be the vertices of
P4. Since G is connected, there exists a vertex
u; in K4 which is adjacent to any one of {vi,
v} or any one of {v, vs}. Let u; be adjacent
to v; for some i in Kp.4. Then {u;, vi, Vs, Va}
forms a yip set of G so that yj, =4 andn =7
and hence K = K3 = ujupus. If uy is adjacent
to vy, then G = C3(Ps). Let u; be adjacent to v,
for someiin Ky4. Then {u;, ug, vz, va} for i#
J # k forms a i, set of G so that yij, =4 and n =
7 and hence K =Kjz=ujuyus. If uy is adjacent
to vo. If deg(v1) = 1 = deg(va), deg(vy) = 3,
deg(vs) = 2, then G = G3.

Subcase (iv): <S> = C,.

Let {vi, v, V3, V4} be the vertices of
C4. Since G is connected, there exists a vertex
u; in K-n4 Which is adjacent to vs. Let u; for
some i in K4, be adjacent to vs, then {u;, u;,
vy, Va} for i) forms a yip-set of G so that yip
=4 and n=7. Hence K = K3 = <uq, U ,Uz>. If



66

us is adjacent to vj, then deg(vi) = 3, deg(vz)
= deg(vs) = deg(vz) = 2,and so G = G4. Let uy
be adjacent to vy and v». If deg(vi) = deg(vz)
=3, deg(vs) = deg(vs) = 2,then G = Gs. Let ug
be adjacent to v; and v, and us be adjacent to
Vo. If deg(vy) = 3, deg(vy) = 4, then G = Gg.

Subcase (v): <S> = Ky 3.

Let v be the root vertex and vz, v3,Va
are adjacent to vi. Since G is connected, there
exists a vertex u; in K,.4 which is adjacent to
vy (or) any one of {v», vs, V4} and vq. Let u; for
some i in K4 be the vertex adjacent to v,
then {ui, vi} isayip -set of G so that yi, = 2 and
n =5, which is a contradiction. Hence no such
graph exists. Since G is connected, there exists
a vertex u; in K4 which is adjacent to any one
of {vz, v3, V4}. Then u;for some i, is adjacent1
to v2. In this case, {u;, uj, v1, va} fori=jisan
Yip et of G so that yj,=4 and n = 7, and hence
K = K3z =<uj, Uy,Us>. Let u; be adjacent to v..
If deg(vy) = 3, deg(vs) = deg(vs) = 1, deg(v2)
=2, then G = Gy. Let u; be adjacent to v, and
vs. If deg(v1) = 3, deg(v2) = deg(vs) =2, deg(va)
=1, then G Gg. Let u; be adjacent to v, and
V. If deg(vy) = 3, deg(vz) = deg(vs) = 2, deg(vs)
=1, then G = Gq. Let u; be adjacent to v, and
u be adjacent to v,. If deg(vy) = 3, deg(vz) =
deg(vs) = 2, deg(vs) = 1, then G = Gyp.

Subcase (vi): <S> = K3 U K;j.

Let v1, v, and vz be the vertices of Ks
and v, be the vertex of K;. Since G is connected,
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there exists a vertex u; in Kn4 which is adjacent
to any one of {v1, vy, v} and {v4}. In this case
{uj, vi} is ayip set of G, so that yip =2 and n =
5, which is a contradiction. Hence no graph
exists. Since G is connected, there exists a

vertex u; in K4 which is adjacent to v,, and u;
for iz], is adjacent to vs4. In this case, {u;, u;,
V1, V3} is ayip-set of G so that yip=4 andn=7.
Hence K = K3 =<ug, U ,Uss. Let u; beadjacent
to vy and u; be adjacent to v, If deg(vi) =
deg(vs) = 2, and deg(vz) =3, deg(vs) = 1, then
Gz Gll-

Subcase (vii): <S> = P3 U Kj.

Let v1 ,vy, V3 be the vertices of P; and
V4 be the vertex of K. Since G is connected,
there exists a vertex u; in Kn4 which is adjacent
to any one of {v1, Vo, vs} and {v.}. Let u; be
adjacent to vy and vy. In this case {uj, vz, V3,
V4} is a yjp-set of G, so that yi, =4 and n=7.
Hence K = K3 = <uj, uz,Us>. Let u; be adjacent
to vy and vy. If deg(vy) = deg(vz) =2, deg(vs) =
1, deg(v4) =1, then G = C3(U(P4, Pz)) Let up
be adjacent to v; and v, and let uz be adjacent
tov,. If deg(vy)=2, deg(v,) = 3, deg(vs) = deg(va)
=1, then G = Gy5. Since G is connected, there
exists a vertex u; in K,.4 which is adjacent to
vy and there exists u; for i+ j, is adjacent to vs.
In this case, {uj, Uj, V2, v} is a yip-set of G so
that yip=4 andn =7, and hence K = Kz = <uj,
Uz ,Uss. Let uj be adjacent to vy and let us be
adjacent to v,. If deg(v1) = deg(v2) =2, deg(vs)
= deg(vs) = 1, then G = C3(P4, P,0). Since G
is connected, there exists a vertex uj in K4
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which is adjacent to vy and vg. In this case,
{uj, v2} is a yjp-set of G so that yip=2 and n =
5, which is a contradiction. Hence no graph
exists. Since G is connected, there exists a

vertex uj in K4 which is adjacent to voand u;
for i) is adjacent to v4. In this case, {uj, U, Vo,
va}is ayip-set of G sothatyjp=4 andn=7, and
hence K=K3=<ujy, Uy ,Uss. Let u; be adjacent to
voand let us be adjacent to vy. If deg(v1) =deg(vs)
= deg(vs) = 1, deg(v2) = 3, then G = G3.

Subcase (viii): <S> = K, U K;.

Let v; and v, be the vertices of K,
and vs, v4 be the vertices of K,. Since G is
connected, there exists a vertex uj in K4 Which
is adjacent to any one of {vi, vo} and any one
of {vs3,v4}. Let u; be adjacentto vy and vs. In
this case {uj, Uk, V1, V2, va, V4} forms ayip-set of
G sothatyj, = 6 andn=9. Hence K = Ks = <uj,
Uz,Us, Us, Us>. Let u; be adjacent to viand vs. If
deg(vi) = 2, deg(vs) =2, deg(v2) = 1 = deg(Vva),
then G = Ks(2P3). Since G is connected, there
exists a vertex u; in Kn.4 which is adjacent to
vy and there exists u; for i j, is adjacent to va.
In this case, {uj, v1, V2, v} for i = j forms a
Yip-set of G so that yjp=4 and n =7, and hence
K = K3 = <uj, Up,U3>. Let u be adjacent to v
and let u, be adjacent to v;. If deg(v1) = deg(vs)
=2, deg(vo) = deg(vs) = 1, then G = C5(P3,
P3,0). Let u; be adjacent to vsand v, and let u
be adjacent to v;. If deg(v1) = deg(vs) = deg(vs)
=2, deg(v2) =1, then G Gi4. Let u; be adjacent
to vsand v4 U, be adjacent to v1 and let us be
adjacent to v;-. If deg(v1) = 3, deg(vs) = 2 deg(va)

=2, deg(v2) = 1, then G=Ggs. Let u; be adjacent
to v, and let up be adjacent to v; and vs. If
deg(vi) = 2, deg(v2) = deg(vs) =1, deg(vs) = 3,
then G = Gys. Let uj be adjacent to vs, u; be
adjacent to vy and v3, and let uz be adjacent to
vgy. If deg(vi)=2, deg(v2)=1, deg(v4)= 2, deg(vs)
=3, then G = Gi7.

Subcase (ix): <S> = K, UK ».

Let v; and v, be the vertices of K,
and vz, v4 be the vertices of K,. Since G is
connected, there exists a vertex uj in K4 Which
is adjacent to v; and v, and any one of {vs,v4}.
Let u;j be adjacent to vy, vy, vs. In this case {u;,
vz} forms a yip - set of G, so that yi, = 2 and n
=5, which is a contradiction. Hence no graph
exists. Since G is connected, there exists a
vertex u; in Kn.4 which is adjacent to v; and
there exists u; for i=j, is adjacent to v, and vs.
In this case, yipo- set of G does not exists. Since
G is connected, there exists a vertex uj in Kp4
which is adjacent to v; and there exists u; for
i), is adjacent to v, and u for i=j=k is adjacent
to va. In this case, {u;, uj, va, va} for i#] forms
a yip-set of G so that yijp= 4 and n = 7. Hence
K = K3 = <uj, Up,U3>. Let u; be adjacent to v,
and let u, be adjacent to v; and us be adjacent
tovs. If deg(vy) = deg(v2) = deg(vs) = 1, deg(vs)
=2, then G = C3(P3, P2, P2). Let u; be adjacent
to vo, U, be adjacent to vi and v, and let uzis
adjacent tovs. Ifdeg(vy) = deg(vs) =1, deg(v)
=2, deg(vs) = 2, then G = Gyg. Let u; be adjacent
to v, Uy be adjacent to v, and v, and let us be
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adjacent to viand vs. If deg(vy) = 2, deg(vs) =
1, deg(v2) = 2, deg(vs) = 2, then G = G1g. Let
us be adjacent to v, u, be adjacent to v; and let
uzbe adjacent to vz and v;. If deg(vy) = deg(vs)
=2, deg(vz) = deg(vs) = 1, then G = Gyo.
Subcase (x): <S> = K4 — {e}.

Let vy, V2, V3, V4 be the vertices of K.
Let e be any one of the edges inside the cycle
C4. Since G is connected, there exists a vertex
u; in K4 which is adjacent to vy or degree 3.
In this case {uj, v1} is a yip-set of G, so that i,
=2 and n=5, which is a contradiction. Hence
no graph exists. Since G is connected, there
exists a vertex u; in K,.4 which is adjacent to
v of degree 2. In this case, {uj, Uj, v1, va} isa
Yip-set of G so that yip= 4 and n = 7. Hence K
= K3 = <uy, Uy ,U3>. Let u; be adjacent to v,. If
deg(vi1) = deg(v2) = deg(vs) =3, deg(vs) = 2,
then G = Gy;. Let uj be adjacent to vpand let
uzadjacent to v,. If deg(vy) = 3, deg(vz) = 4,
deg(vs) = 3, deg(vs) = 2, then G = Gy,.

Subcase (xi): <S> = C5(1, 0, 0).

Let v1 ,v7, v3 be the vertices of C; and
let v4 be adjacent to v;. Since G is connected,
there exists a vertex u; in Kn4 which is adjacent
to vz. In this case {uj, Uk, v1, Vo} for i = j=Kkis
a yip-set of G, so that yj, = 4 and n = 7. Hence
K = K3 = <uj, Ug, Uss. If Uy is adjacent to v»,
deg(v1) = deg(vy) = 3, deg(vs) = 2, deg(vs) =
1, then G = Gy3. Let uy be adjacent to v, and
let up be adjacent to v,. If deg(vi) = 3, deg(v2)
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=4, deg(vs) = 2, deg(vs) = 1, then G = Gya.
Since G is connected, there exists a vertex u;
in K4 which is adjacent to v;. In this case
{uj, vi} is a yip - set of G, so that yijp = 2 and n
=5, which is a contradiction. Hence no graph
exists. Since G is connected, there exists a
vertex u; in K4 which is adjacent to v4. In this
case {Uj, Uj, Vo, va} for i # j forms a yp -set of
G sothatijp =4 andn = 7. Hence K = K3 =
<uj, Up,Uss. If Uy is adjacent to vy, deg(vi) = 3,
deg(v2) = deg(vs) = deg(vs) = 2, then G = Gys.
Let u; be adjacent to v4 and let uz be adjacent
to v4. If deg(vy) = 3, deg(vo) = deg(vs) =2,
deg(vs) = 3, then G = Gys. Let u; be adjacent
to v, Uy be adjacent to v, and let uz be adjacent
to vy. If deg(vy) = 3, deg(vs) = 2, deg(v4)=2,
deg(v2) =4, then G = Gy7. If G does not contain
a cliqgue K on n — 4 vertices, then it can be
verified that no new graph exists.

Case (iv): yip = n—=4 and x=n-3.

Since x=n-3, G contains a clique K
on n—3 vertices or does not contains a clique
K on n-3 vertices. Let S = V(G) —-V(K) = {v1,
Vo, V3}. Then the induced sub graph <S> has
the following possible cases. <S> = K3 K,
Ps, Ko [ K.

Subcase (i): <S> = K.

Let vi, Vo, v3 be the vertices of Ka.
Since G is connected, there exists a vertex u;
in Kn.3 which is adjacent to any one of {vi, v»,
vs}. Let u; be adjacent to vy, then {u;, vi}isa
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Yip-set of G, so that yj, = 2 and n = 6. Hence K
= K3 = <uy, Uy, Uz>. Let ujbe adjacent to v. If
deg(v1)=3, deg(vs)=2 =deg(Vvy), then G = Gyg.
Let u; be adjacent to v, and vsand let us be
adjacent to v». If deg(v1) = deg(vs) =3, deg(v2)
= 3, then G = Gyg. Let uy be adjacent to vy, u
be adjacent to vz and let uz be adjacent to v..
If deg(v1)=deg(v2),= deg(vs) = 3, then G = Ggp.
Let uj be adjacent to both the vertices v; and
V3, Uy be adjacent to vs, and let uz be adjacent
to vo. 1T deg(vy) = 3, deg(vy) = 3, deg(vs) = 4,
then G = Gas.

Subcase (ii): <S> = K.

Let vy, Vo, V3 be the vertices of K.
Since G is connected, one of the vertices of
K3 say u; is adjacent to all the vertices of S
(or) ui be adjacent to vi, v>and u;j be adjacent
to vsfor ij (or) u; be adjacent to v; and u; be
adjacent to v, and uk be adjacent to v for i =j=k.
If u; for some i, is adjacent to all the vertices
of S, then {u;, u;} for i #j, is a yip-set of G, so
that yip =2 and n = 6. Hence K = K3 = <ug, Uy,
uss. If uyis adjacent to all the vertices vy vy,vs,
then G = C3(Ky3). Since G is connected, there
exists a vertex u; in K3 is adjacent to v, and
u; for i #j is adjacent to v, and vs, then {u;, uj}
is a yip-set of G, so that yi,= 2 and n = 6. Hence
K = K3 = <ug, Uy, Uszs. Let us be adjacent to v,
and v, and let uz be adjacent to vs. If deg(vi)
= deg(v2) = deg(vs) =1 then G Cj3(2P,, P;,0).
Since G is connected, there exists a vertex u;
in Kn.3 is adjacent to vy and u; for i j is adjacent

to vo and uy for i = j = k in Kn3 is adjacent to
vz, then vi, -set of G does not exists.

Subcase (iii): <S> = Ps.

Let vq, Vo, V3 be the vertices of Ps.
Since G is connected, there exists a vertex u;
in Kn.zwhich is adjacent to vy (or equivalently
v3) or vy. If uj is adjacent to vy, then {u;, vo} is
a yip-set of G, so that yj, = 2 and n = 6. Hence
K = K3 = <ug, Up,Uszs>. Let up be adjacent to v..
If deg(vo) = 3, deg(v1) = deg(vs) =1, then G
=~ Ggp. Let up be adjacent to v, and let uy be
adjacent to v,. If deg(v2) = 4, deg(v1) = deg(vs)
=1, then G Gs3. Let u; be adjacent to and let
usz be adjacent to vs. If deg(vy) = 1, deg(v2) = 3,
deg(vs)=2, then G=G34. Since G is connected,
there exists a vertex u; in Ky.3 is adjacent to vy
then {ui, uj, vz, va} for i #j is a yip-set of G, so
that vi, =4 and n = 8. Hence K = Ks = <ug, Uy,
Us, Ug, Us>. Let u; be adjacent to vy. If deg(vy)
= deg(v2) =2, deg(vs)=1, then G = K5(P,). Let
up be adjacent to vy and let us be adjacent to
vy. If deg(vy)= 3, deg(v2) = 2, deg(vs) = 1, then
G = Ggs. If upis adjacent to v; u4 be adjacent
to viand let usbe adjacent to v;. If deg(vi) = 4,
deg(vo) = 2, deg(vs) = 1, then G = Ggg.

Subcase (iv): <S> = K, [1 Kj.

Let v1, v, be the vertices of K, and vs
be the vertex of K;. Since G is connected,
there exists a vertex u; in K,.3which is adjacent
to any one of {v1, v} and {vs} (or) u; is adjacent
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to any one of {vi, vo} and u; for i is adjacent
to va. Inthis case, {uj, v1, V2, va} forms a yi, -set
of G, so that yi, = 4 and n = 8. Hence K = Kz
= <uy, Uy, Us, Uy, Us>. Let up be adjacent to v,
and let u, be adjacent to vs. If deg(vi) = 2,
deg(v2) = deg(vs) =1, then G Ks(P3, P2, 0, 0,
0). Let uj be adjacent to vi, U, be adjacent to
vsand let us be adjacent to vi. If deg(vy) = 3,
deg(vz) = 1, deg(vs) =1, then G = G37. Let uy
be adjacent to vs, U, be adjacent to vsand let
u4 be adjacent to vs and us be adjacent to v;. If
deg(v1) =4, deg(v2)=deg(vs) =1, then G = Gsg.
Since G is connected, there exists a vertex u;
in Kn.3 which is adjacent to vs, vs, so that {u;,
vi} is ayip-set of G. Hence yi, = 2 and n = 6,
so that K= K3 = <uj, Uy, Us>. Let u; be adjacent
to viand vs. If deg(vi) = 2, deg(v2) = deg(vs)
=1, then G = C3(u(P3, P2)). Let u; be adjacent
to viand vs and let up be adjacent to vi. If
deg(v1) =3, deg(v,)=deg(vs) =1, then G = Gsq.
Let u; be adjacent to v; and vs, u, be adjacent
to viand let usbe adjacent to vs. If deg(vs) = 3,
deg(v2) = 1, deg(vs) = 1, then G = Gyo. IT G
does not contain a clique K on n 3 vertices,
then it can be verified that no new graph exists.

Case (v): vip = n=5 and y=n-2.

Since y=n-2 G contains a clique K
on n—2 vertices or does not contains a clique
K on n-2 vertices. Let G contains a clique K
on n-2 vertices. Let S = V(G) V(K) = {v,
Vo}. Then the induced subgraph <S> has the
following possible cases. <S> = K, K 2.
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Subcase (i): <S> = K..

Let vq, V> be the vertices of K,. Since
G is connected, there exists a vertex uj in Kpo
which is adjacent to any one of {vi, v2}, then
{uj, vi} is ayip-set of G, so that yijp = 2and n =
7. Hence K = K5 = <uq, Uy, U3, Us, Us>. Let ug
be adjacent to v;. If deg(vi) = 2, deg(vy) = 1,
then G = Ks5(P3). Let uj be adjacent to v; and
let us be adjacent to v;. If deg(vi) = 3, deg(v2)
=1, then G = Gg3. Let uy be adjacent to vy, ug
be adjacent to v; and let us be adjacent to v;.
If deg(v1) = 4, deg(vy) = 1, then G = Gg. Let
u; be adjacent to v, uz be adjacent to v; and
let uy be adjacent to vy, us be adjacent to v;. If
deg(vi) = 5, deg(v2) = 1, then G = Gys. Let uy
be adjacent to v; and let u, be adjacent to v».
If deg(vy) = deg(v2) =2, then G = Gyq. Let u;
be adjacent to vi, U, be adjacent to voand let
uz be adjacent to v,. If deg(vy) = 3, deg(v1) =
2, then G = Gys.

Subcase (ii): <S> = K.

Let vy, v, be the vertices of K ». Since
G is connected, v; and v, are adjacent to a
common vertex say u; in Kn (0r) vy is adjacent
to uj and v, is adjacent to u; for some i # j in
Kn-2. In both cases, {u;, u;} is a yip-set of G, so
that yip =2 and n = 7. Hence K = Ks = <ug, Uy,
Us, Ug, Us>. Let u; be adjacent to vq and v,. If
deg(vi) = 1 = deg(vz), then G Ks(2P5). Let uy
be adjacent to v; and u, be adjacent to v. If
deg(v1) = deg(vz) =1, then G Ks(P,, P2, 0,0, 0).
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Let uj be adjacent to v, and v, and let u, be
adjacent to v,. If deg(v1) = 1, deg(v,) = 2, then
G = Ggg. Let uy be adjacent to vy and v, uy be
adjacent to vy and let us be adjacent to v;. If
deg(v1) = deg(vz) =2, then G = G47. Let u; be
adjacent to vy, U, be adjacent to v, and let us
be adjacent to v, u, be adjacent to v;. If
deg(v1) = deg(v2) = 2, then G = Ggg. Let u; be
adjacent to vy, up be adjacent to v, and let us
be adjacent to v, us be adjacent to v; and let
us be adjacent to v;. If deg(vi) = 3, deg(v2) =
2, then G = Ggg. Let uy be adjacent to v; and
Vo, Uz be adjacent to vy and let us be adjacent
to vy. If deg(v1) = 1, deg(v2) = 3, then G = Gsp.
If G does not contain a cligue Kon n -2
vertices, then it can be verified that no new
graph exists.

Case (vi): yip = n=6 and x=n-1.

Since y=n-1 G contains a clique K
on n-1 vertices. Let {v1} be a vertex not on
Kn.1. Since G is connected, there exists a vertex
vy is adjacent to one vertex u;j of K. In this
case {ui, V1} is ayip -set of G so that yj,= 2 and
n=8. Hence K = K7 = <uq, Uy ,Us, Us, Us, Ug, U7>.
If up is adjacent to vy, deg(v1) = 1, then G =
K7(P2). Let u; be adjacent to vy and let u, be
adjacent to vy. If deg(vi) = 2, then G = K7(2).
Let u; be adjacent to vy, up be adjacent to v;
and let us be adjacent to vi. If deg(vi) = 3,
then G= K7(3). Let u; be adjacent to vy, u, be
adjacent to vy and let us be adjacent to v, us
be adjacent to v;. If deg(v1) =4, then G K7(4).

Let u; be adjacent to vy, up be adjacent to v;
and let us be adjacent to vi, us be adjacent to
vy and let us be adjacent to v;. If deg(vy) = 5,
then G = K7(5). Let u; be adjacent to vy, u, be
adjacent to vy and let uz be adjacent to v, us
be adjacent to v; and let us be adjacent to vi,
Ug be adjacent to v;. If deg(vi) = 6, then G =
K7(6). If G does not contain a clique Konn 1
vertices, then it can be verified that no new
graph exists.

Case (vii): yip=n-7and y =n

Since, G = K,. But for Ky, yip =2 so
that n = 9. Hence G = K.
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