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Abstract

Throughout this paper we have defined a new concept of almost
strongly M-flat modules! and we are motivated®. And given several
properties of them®®. This paper concept introduced as a generalization

of flat modules.

There are two part in discussion

In first part we study Almost strongly M-flat modules and in
second section we study about the homomorphism

0y : AX® Homg (X/, N))> Hom, (AZ®X/, AL ®N/)
Where A is an R-algebra, X’ and N” is R-modules.

And last result we prove M be almost strongly M-flat modules
then following statement are equivalent.
a) Any finitely generated ideal I is almost M-projective
b) Everysubmodule of M is almost strongly M-flat modules.
c) Everyflat module is almost strongly M-flat module.

Key words and phrases: Flat, module, sub- module, strongly
injective and projective, strongly projective, annihilator, exact sequence,
homomorphism, epimorphism, finitely generated.

Introduction

Definition 1.1: A module Ug is flat
relative to a module RM (Or that = U is M-flat)
in case the functor U g‘) —) Presserves
the exactness of all short exact sequence with

middle term M. Then of course, U is almost
M-flat.

Definition 1.2: A ring R is said to be
right strongly M-flat if every right R-module
almost strongly M-flat*?®,



Definition 1.3: Let K be any sub
module of M is any indecomposable module.

Lemma 1.4: Let M=T ®zT ! where
T and T are submodules of M. Given K is

essential in M. Therefore KN T #= 0 and

K NT™1 % 0. Since K is implies that KT
and KT, This implies that K T®g T* which
is contradiction.

Definition 1.5: TM)={U/,; is almost
M — flat}
T-Y(U) = {M/U is almost M — flat}.

Definition 1.6: A module £ U is
called almost strongly M-flat if UeT (M”) for

every indexing set J. Where M/ = Z(;d[M; ).

Remark 1.7: Cleary U is almost strongly
M-flat if and only if M/ € T~1(U).

Lemma 1.8: If U is almost strongly
M-flat = U is M - flat.

Proposition 1.9: Let U be M'—faithful,
then 2U is almost strongly M-flat.

Proof: Consider any exact sequence
0 - K - X M’of R-modules.

We show that 0—>E(u ® k)@—f> T (u® M)

is an exact sequence.

Let 2 (u®f)(u®k)=0 where ueU, keK. Then
u®f (k)=0.
Hence by given condition f(k)=0 . Which gives
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k=0, since f is one-one
It follows that u®f is monomorphism®*°,
Hence U is almost strongly M-flat.

Lemma 1.10: Let U, M be an
R-modules. If U is strongly M-flat then U is

flat over £ .
Vi ™ (M)

Proof: Suppose that ¥ U is almost
strongly M-flat.

Let R = 15 (M). Then by “Morita theorem”
R

We have R can be embedded in a direct

product of M, thatisR < M/ for some index
set J.

Due to fact that ZU is M’ almost flat
and T~1(U) = {M/U is M — flat},

Is closed under sub module. We get, U is
R -flat.

Lemma 1.11(Ozen): Let M be finitely
presented and A-coherent Then M is quotient
A-coherent.

Theorem 2.1: If Us is almost strongly
SM—flat and Q is U-injective thensHom (U, Q)
is injective. Where

s = %(M) and s = Endg(u).
S

Proof: 0 » 3] — f — S be an exact
sequence
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Us are almost strongly SM—flat, hence by above
lemma (1.11). Since is an exact sequence.

Applying Homg(-,Q), we get the sequence U
is flat

0-Us ®T > TURS - Us ®S = XU
is an exact sequence.

Applying Homg (-, Q), we get the sequence

Homg(ZU®S ,Q) — Homr(ZURI ,Q)—0 is
exact consider the following commutative
diagram.

Homr(ZURS ,Q) Homr(ZI®,Q)—>Homr (EURT ,Q)—0

| \(

Homs (S, $Homg (SU, Q)— Hom (f, Hom

(ZU, Q))> Homs(SI , Homg (XU, Q))
By the assumption, it is clear that Hom(ZI

Homs (S,Homgr(ZP,2ZM))—

I

n

Homg (ZP, HOMg(S,2M)) -  Hom(P, Hom(c,, £M)) —

By the assumption, Hom(ZP, Hom(a,
>M)) is natural epimorphism? This implies that
the upper homomorphism Hom(a, Hom(ZP,
>M) is also epimorphism. Hence Homg
(ZP,ZM)s is almost injective®?,

Definition 2.3: If R is commutative,
and X, N are R-modules we will called the module

Hom(o,,Hom(ZP,2M)—

®f,Q) is natural epimorphism and hence Hom
(f, Hom(ZU,Q)) is also natural epimorphism.

Hence SHomg (XU, Q) is injective.

Proposition 2.2: Let P, M be an
R-modules and S= Endg (M).

If Mg is injective and =P is M-projective
then Homg(2P,ZM)s is almost injective.

Proof: Let O— J - & — S be an
exact sequence. Applying the functor Homs
(-,Ms) and Homg(P,-) respectively, we get the
sequence.

Homg (2P, Homs (S,M)— Homg (2P, Homs
(J,M) > O is exact.

We show that Homs (- , Homy (ZP,*M))
is exact. Let n be the canonical isomorphism.
Consider the commutative diagram?2

Homs(J,Homg(ZP,ZM))

I

n
HomR(P, Homg(J, £M))

Homg(N,X) the X — dual of N.

Let A be an R-algebraic, X and N are
R-modules.

Then there exists a natural A-homorphism.
Ox : AZR Homg (X, N/)— Hom,
(AX®X/, AX N/ ) is given be
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Oy : (a®f){(b®x)} = ab®f(x),a,b €
A,x€X,f € Hom (X,N).

We want to investigate conditions
under which 6k is an isomorphism for all R-module

N. Clearly 6« will be isomorphism provided A
is flat R-algebra.

Theorem 2.4(Ozen): Let M be finitely
presented , the following are equivalent

I. M s coherent .

Il. (S)M-A I is closed.

1. (S)M-Af s closed under direct product under
limit (where R is coherent ring.)

Theorem 2.5: If R is a Dedekind domain
and M is flat R-modules, the (Z)f_imitan is
isomorphism if and only if ¢ pom(- x IS an
isomorphism.

Proof: “only if”

Suppose ¢ Hom (-, x) is an isomorphism vV X-

duals. = ¢ Hom (-, x) is an isomorphism for
limit

X-dual of —> Hom(R™ ,X).

limit limit
Bult, H,(t)m(—> Hom(R™ ,X) = «— Hom(R™ ,X)
mit
= «— (Hom(R,X))"
limit ]
& XV
limit

limit .
=>(2)Hom(—>R"i,X): 0 = x" is

an isomorphism.

Conversely: Suppose @ iimit . is
— X
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an isomorphism. To show that @ ;. _ xy 1S

an isomorphism Vv X-duals. It suffices to
consider the X-duals of flat modules.

Since if t is the torsion submodule of an
arbitrary module F then

Hom(F.X)= Hom (F /., X)

limit
But if F is flat then F = —— F; Where Fj is

finitely generated and free say of rank n;

Therefore
limit
Hom(F.X)= Hom( — F; ,X)
limit
= «—Hom(F;,X)
limit ]
= «— Hom(R™ ,X)
limit
= «— (Hom(R,X))"
limit
= XM,

Theorem 3.1: Let M be Strongly
M-flat modules then following statements are
equivalent
I.  Any finitely generated ideal I is almost
M —flat modules.
I1. Every submodule of M is almost strongly
M-flat modules.
I11. Every flat module is almost strongly M-flat
module.

Proof: This concept we take®.

I. = I1. Considere the following commutative
diagram with | M flat finitely generated ideal.
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B

DM

o * :‘:,i: S

:':.: ”.‘: N
OrM —> M —>Q®gM

Now | is M-flat ,hence there exists a
homomor phism g:l _>1(? M such that iog=h

But M is submodule of M then implies
the existence of a homomorphismy:R— Ms.t.
yop=g

Hence h=iog=i0(yop) =(i 0y)0 f=00f

Where a= (i 0 ):R—c hence M? is
strongly M-flat.
I1.=1. Consider the following commutative
diagram with the exact row and | finitely
generated

Y
Ve M >0
®5M %‘ >
o L
R

n

But M” is almost strongly M-flat hence

there exists a homomorphism a:R—M? such
that f=c0g since R is almost flat then emplies
that there exists a homomorphism i:R—>M s.t.
o=y 01 Now a=c0g=(y 0oi)og=yo(iog) =y
oh.

Where hog: i— M.hence | is almost M flat
module.

I1I=1 Letm; € Mand M’ € X R such that
M=% M”.m; where i < M < n.

By the dual basis lemma, there exists
{m;:iel}< Hom(M” R) such that for all almost
i. and since | is almost M flat module.

I11= Il obviously.
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