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Abstract

In this paper we study semigroup semirings using chain lattices
as semirings. Such study is new and innovative. Condition for these
semigroup semirings to contain special elements like zero divisors, units

and idempotents are obtained.
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1 Introduction

This paper has three sections. Section
one is introductory in nature. Section two
studies semigroup semirings using finite
monoids as semigroups and chain lattices as
semirings. Condition for these semigroup
semirings to contain special elements like zero
divisors etc are obtained. The conclusions are
given in the final section.

2 Semigroup Semirings using chain lattices
as semirings :

The definition*? of semigroup semiring
is made only to make this paper self contained
one. Throughout this paper it is assumed all
semigroups are finite and contain identity that
is they are finite monoids. Condition for these
semigroup semirings to contain special

elements like zero divisors etc are obtained.
For more about semigroup semirings refer34>,

Definition 2.1: Let S be a finite
monoid under product operation x (or
operations other than +) and C, be the
chain lattice of finite order. The set

n
C.S= { Zaisi ‘n <o i €S, aj € Cp, +, x}
i=1

with two binary operations ‘+’ and x is
defined as the semigroup semilattice or
semigroup semiring if the following
conditions are satisfied:

n
Zbi Si e CS

i=1

n
i If o= 23S and B =
i=1

then a = gifandonly if s = bifori =1, 2,
..,hands;eS.
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n n
i Let o= S and p= 2.0 pein

i=1 i=1
C.S then

erp= Y ase2hs=(a+h)s
i=1 i=1

i=1

p
_ Y (aub)s,
i=1
is in C,S.
i=1 j=1 k

Sk = Six ;e S

=Y (a,nb,)s,

:Z YiSk ; yk € Cyis in C,S. (k runs
k

over finite number).
iv. aisi = sig; for all aje C, and sije S.
v. l.a; = ai.1 = a; for all aje C,; 1 the
identity element of the semigroup of S.
vi. 1.s;=si.1 =siforall s,e Sand 1 C, is
the greatest element of C,.
vii.0.si = 5.0 = 0 for all s;e Sand 0 € C,,.
viii. If 0 € S then a;.0 = 0.a; for all aje C,,.
iX. ax(f+ y) =ax B+ axyforall o, B,
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y € CpS.

First this will be illustrated by some
examples.

Example 2.1: Let Co=0<a;< as <
... < a1 <1 be the chain lattice of order 9. S =
{Z10, x} be the semigroup. CoS be the semigroup
semiring of S over the chain lattice Cy. Co-S
has zero divisors and 0(CyS) < .
For take x=ag5 and y=(a,4+asz8+as2) e CoS.

Xty = agh + ax4 + az8 + a2 e C,S.
Xxy= (a35) x(a24+ as8 + a42)
=(agma2) (5 x4)+(agma3) (5 X8)
+ (agma4) (5 X2)
=—agx0+ ag 0+ agx0
=0.

Thus CgS has zero divisors since the
semigroup semiring has zero divisors CgS is
not a semifield. Further as S is a commutative
s0 is CeS.

Example 2.2: Let C;; =0 < ap< ag
< ... <ai<1 beachain lattice of order 12. S
= {Zi3, x} be the semigroup of order 13. Cy,S
be the semigroup semiring of finite order which
IS commutative.

Clearly if

X = a110 + az5 + a3 + ag7 + ajp and y= a;5 + a;3 + asd + age CqoS.
X+y = (@110 + a5 + a3 + ag7 + a,)) + (a1d + as3 + asd + ag)
= a;10 + (a3u 8.1)5 + (azu 8.7)3 +ag7 + asd + ajpU ag
= a;10 + a15 + a3 + ag7 + asd + agis in CqiS.
Let
a = a710 + as2 + agand b = as9 + agll + a,12 + a; e C15S;
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axb

(8.710 + as2 + ag) X (8.59 + agll + axl2 + al)
(a7m 8.2) 10 x 12 + (a5ﬂ 8.2) 2 x12 + (ag-ﬂ 8.2) 1x12 +

(a7ma;s) 10 x9 + (asnas) 2 x9 + (agnas) 1 x9 + (a7 a,) 10 x 11 + (asM as)

2x11+ (@nas) 11+ (arnar) 10 x1 + (asnar) 2 x 1+ (agM ay)

= a73 + a1l + agl2 + a712 + asd + agd + asb + ag9 + agll + a710 + as2 + ag

= a73 + (ag v as)ll + (agua7)12 + ash + (ag U ap)9 + a,6 + a710 + as2 + ag

= a7;3 + asll + a;12 + asb + ag9 + a;6 + a;10 + as2 + ag.

This is the way product is performed.
Clearly a + b =0 is impossible in C1,S. Thus
CipSisasemifieldasa xb =0foranya, b e
Clp_S.

Example 2.3: Let Ci; be the chain
lattice of order 11. Let S = {Zs, x} be the
semigroup of order 6. C,,.S be the semigroup
semiring of finite order. Clearly Cy;S is
commutative but is not a semifield.

For take x = a93 e CuS.
Clearly
X XX = ag3 x ag3 = (agﬂag) (3 X3) = ag3.

Thus x is an idempotent element of Cy4S.

Consider y = azd € CuS;
yxy=azd x a34=(a3m 8.3) (4 X4) =azd=y.

Thus y is also an idempotent of Cy3S.
Let a = (a3 + as4) € Ci1S
ax a= (ajp3 + as4) x (a3 x as4)
= (azopn ai) 3 x3 + (asnap) 4 x3 +
(@0nas) 3 x4 + (asnas-) 4 x4

= a3 + asd = a.

Thus a is also an idempotent of C13S. C11S
has zero divisors.

For take

p=as2 + as4 and q = as3 € Cy3S.
pxq = (a2 + as4) x as3
= (a4ma5) 2 x3+ (a5ma5) 4 x3
= O’

so C11S has non trivial zero divisors. Hence
C11S is not a semifield.

Next consider semigroup semiring
which is non commutative®.

Example 2.4: Let Cig = 0 < ajg <
i< .. <ax< a; <1 be a chain lattice of
order 16 and S = S(4) be the symmetric
semigroup of order 4%, Let C16S be the
semigroup semiring of finite order. Clearly C1S
is non commutative as S(4) is a non commu-
tative semigroup.

Now how sum and product operations
are performed on Cy6S is described briefly.
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Let

and

X+y

123 4
x=a4
[2143

y= a'10(

[

1 2 3 4
13 41

12 3
10134

aio 1
1

+ (a,na,)

3
4
(a,nay) { (

j2

1 3
(a4 uaz) 4

1 2 3 4
a, +
2 21 4

1 2 3
a'2
2 1 4

1 2 3 4
1113

oo
)<l

4

1
2

1
+ay 3

[

)=
2 3 4
2 1 4 3

234
143
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4 1 2 3 4
+a9 +a6
2 1113

4 1 2 3 4
3 +a, 2 2 1 4 +a,eC, S

)M 12 3 4
Y3 1 4 2
R

1 2 3 4
1 3 41

1 2 3 4 12 3 4
+ a +
31 4 2 °'1 11 3

1 2 3 4 12 3 4
+a]
2143} 221 4) %
12 3 4
13 41
1234”

2143
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12 3 4 123 4
@na) | (2 1 4 3 2 21 4
12 3 4

@nao) 3 1 4 3

1234 (1234
@onaw) | {3 1 4 2] °(1 3 4 1
123 4) (123 4
@ona) | 13 1 4 2] %214 3
123 4) (1234
3142 |2214
123 4
@onan) (3 1 4 2
2
(amalo) 1 1

12 3 4 1 2 3 4)]
+@na) | 1111 3/ °l21 4 3

+ +

+

+ + +

+

H
W
w b
N—

(o)

VAR
=
w N
A~ W
NN
N—
| I—

- 1 -
[ (1 2 3 4 1 2 3 4
+@na) | (111 3 "2 21 4

1234 123 4
*@na0) (3 g 1 3)t @00 |1 3 4 1
12

4 1 2 3 4
2 1 3J+(a6ﬂa7) 2 2 1 4)7% 80

_ a(1234J+a1234+a1234
PB114) %1234 T2 241

B~ W

+(ana,) (
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1 2 3 4 1

+all02143”‘”(4

123 4 12

Tawly o 4 p)tA0|3

+al1234+alzs4+a(1234J
10

12 2 2 4) ®l22 21 1113

+al(1234}%[12341%[1234
10
1341) %2143 "|2214

+ appe C16S'

34+a101234
1 3 4 2 31

N ow PN
[T
N—
+
QD
K
o
7\
[ S
N
W
N N
N—

Thus + and x are performed.
Consider

1 2 3 4 1 2 3 4 1 2 3 4
Boly 3 4 17212 1 4 3)7% (2 2 1 4
1 2 3 4 1 2 3 4
+a10]><[a4 2143+a103142+
123 4
311 1 1 3)%al
123 4 12 3 4
= @ya)| (1 3 4 1 2 1 4 3

1234 (1234
+@n3) |12 143 2143

y xX

1234\ (12 3 4
+@n3) |12 21 4)°|2 1 4 3

123 4
*@w) 2 1 4 3
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1 2 3 4 1 2 3 4
T @0 |13 4 1) (31 4 2
1234 1234
T@Nag | 12143 (31402

1234\ (12 3 4
t@nay |12 21 4/°(3 1 4 2

1
+(8‘10/”3‘10)3
1234, (1234
*@pa) | |13 4 1) (111 3
[ (12 3 4 1234
+@na) | 12143 1113

1234\ (1234
*@na) |12 21 4)°11 11 3

123 4 123 4
*@03) |11 1 3)T@3) (1 3 4 1

12 3 4 123 4
@) |5 1 4 3T @) |5 5 1 4

+8.10ﬂ8.6
1 2 3 4 12 3 4 12 3 4
= % 2 4 3 2)7%l1 2 3 4% |11 2 3

1 2 3 4 12 3 4
8 l2 1 4 3)7T% |3 4 2 3
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2 3 4 1
Tap(1 3 2 4)T% 1
2 3
Taol1 1 3
2 3 4
Tap(1 1 1 3)" %0

1 2 3 4
t02 2 1 4) %0
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2 3 4 12 3 4
1 3 2/7%(3 1 4 2

4 12 3 4 12 3 4
1/¥% 111 3 1)"% (111 3

12 3 4 1 2 3 4
134 1% 1|21 4 3

Clearly x xy =y xX; thus C .S(4) is a non commutative semigroup semiring.

However C S(4) has no zero divisors but has units as well as idempotents. For take

111

X=a, (l 23 ij € C,.S(4);

12 3 4 (1234} (1234}
XxX=a X a =a =X
7(1111J71111 71111

Thus x is an idempotent of C16S(4).
Thus C16S(4) is only a semigroup semiring
which is a semidivison ring.

In view of this the following result is
important:

Proposition 2.1: Let C,S(m) be the
semigroup semiring of the symmetric
semigroup S(m) over the chain lattice C,.

i. CpS(m) has idempotents.
ii. ChS(m) is only a semidivision ring.

Proof: Follows from the simple fact

1 2 3 ... m
XZaily g oq . q)ECSM

is such that x x x = x. Thus C,S(m) has
idempotents. Since S(m) has no zero divisors
and S(m) is non commutative semigroup;
CyS(m) is a semidivision ring.

It is an important and an interesting
observation to see that the existence of
idempotent in a semiring does not imply the
existence of a zero divisor a marked difference
between rings and semirings.

Next the properties of semigroups S = {Z,, x}
are characterized.
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Proposition 2.2: Let S = {Z,, x} be
the semigroup (n a prime) and C,, be the
chain lattice of order m. The semigroup
semiring Cp,S is a semifield.

Proof: Follows from the fact S has
no zero divisors as n is a prime; hence Cp,,S is
a semifield; for always a + b =0 if and only if
a=b=0foralla,b eCrSanda.b =0is not
possible.

Proposition 2.3: Let Cy, be the chain
latticeO<m-2< m-1<..<my<m<
1 and S = {Z,, x} be the semigroup. C,S be
the semigroup semiring of the semigroup S
over the chain lattice Cn. CiS is not a
semifield if and only if Z, has zero divisors.

Proof: When Z, has zero divisor
clearly CiZy, has zero divisors so CnZp, is not
a semifield. If C.,Z, has zero divisors since Cy,
is a chain lattice only zero divisors are
contributed by Z,. This is true from proposition
2.2. Hence the result.

Next consider the matrix semigroup
using the natural product x,. For the notion of
natural product in matrices refer®.

Example 2.5: Let Cg =0 <ag< as <

. <a;<a;<1 be the chain lattice of order
8and S = {(a1, a2, a3) | aie Z7, 1 <i <3, x}
be the matrix semigroup. CsS is the semigroup
semiring. CgS has zero divisors and units. (1,
1, 1) is the unit of CgS. CsS is not a semifield.

Example 2.6: Let

ae”Z . ,,1<i<5 x}
1 n

17

w
I
L p e

D

be the column matrix semigroup under the
natural product xp. Cjp =0 <ag<ar< .. <
a, < a1 < 1 be the chain lattice of order 10.

C10S be the semigroup semiring. C1,S has zero
divisors.

All the idempotents are only of the form

aZ
ae{0,1}; 1 <i <5, x }cS.

o
I
R

1

1
element is [1].

1

1

9 2

1
2 9 1
— |16 — (16 H —
X=5 and y= ] €C,,Sis such that Xx Y= 1 :
6 3 1
Let
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0 7 0
6 0 0
a=|% and b =|8 eClOS axnbzo
7 0 0
9 0 0
is a zero divisor.
Apart from this let
0 0 0
3 0 5 7
a=a,|0|+a, |0|+a,|0+a
4 7 0 12
0 0 0
and
47 [2] [0 ]
0 0 0
B=a, |7|+a,|0|+a |6 cC,S.
0 0 0
6 _4_ _12_
0]
0
_10
ax p= .
0
_0_

Thus C, S has zero divisors even though the

semigroup S = {Z ., x} has no zero divisors.

Example 2.7: Let

8 a & &
&G & a; 8 aiE 213; 1<i< 12,Xn}
8 &, a&; &,

M=

be the matrix semigroup under product x;. Let

K. Jayshree, et al.

C, = {0, 1} be the chain lattice of order two.

C,M be the semigroup semiring. C,M has zero
divisors however the idempotents are from the
subset

a & a a
P=ia a a a

8 8, a; a,

a e {0, 1}; 1<i<12,x }cM.

P is the collection of all idempotents from M.

Thus C,M has idempotents though Z13
has no idempotents or zero divisors.

Thus matrix semigroup S under the
natural product paves way for several idempo-
tents, units and zero divisors even if S is built

using Zp; p a prime.

Finally this leads to the following
result:

Proposition 2.4: Let S = {collection
of all m x n matrices with entries from Zi;
xn} be the matrix semigroup and Cs = {0 <
A 2< 853< ... < az< a; < 1} be the chain
lattice of order s. CsS be the semigroup
semiring of S over Cs.

i. CsS has zero divisors, units and idempotents.

ii. P ={m x n matrices with entries from {0,
1}} if tis a prime is the only subset of
idempotents of S.

iii. Q@ = {m x n matrices with entries from
{0, 1, collection of all idempotents from
Z}; if tis a non prime} < S is the only
collection of idempotents of S.

Proof: Follows from the fact S has
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zero divisors, units and idempotents. Further
(ii) and (iii) can be verified to be true.
This will be illustrated by an example.

Example 2.8: Let
S_{(ai a, a a4J
& 8 a; &
be the matrix semigroup under the natural
product xp.

1111
is the unit element of S.

acZ;1<i<8, x}

1111

Let C3 = {0 < a;< 1} be the chain
lattice of order three; C3S be the semigroup
semiring of S over Cs. The units of S are
L (R I N T 1
That is

b= {al a, a a j
8 8 a8 8
alone are units of S.
Further every x e P is such that

, (1111

=t 11 1)
P is also a subsemigroup of S. Consider
— (& 2 a3 a
M=t

aﬁ aE a7 aﬁ

ae{l, 5} cS

a,e{0, 1,3, 4}; 1_<i_<8,><n} S

is the collection of all idempotents in S.
Let

103 4) (1143
P=3;{4 0 1 3)*(3 4 1 1J¢C>
o[t o3 e, (r1as
P=1"a 013 "3 a1

103 4 103 4
_— X
=ama)ig 013/ "401 3

1143 11 4 3
T3 a1 1) %3411

+(@,n1) [1 0 3 4J Xn(l

4 01 3 3

1143 1
+(1na) (3 41 ljxn(4
:a(l 0 3 4]_'_(1 14 3]_'_(
401 3 3411 0

# p.
Thus in general p is not an idempotent of C,S

though
10 3 4 11 4 3
401333411
are idempotents further in this case
1 0 3 4 1143, (1000
401373411 " loo13
is also an idempotent. Thus in this case M is
an idempotent subsemigroup of S.

oo &~k
S
=
Nl

[N
© 9 rr w
w b
N—

= o
w o
~—

This may not in general be true for all
matrix semigroup built using Z,.

This is proved by the following
examples:

Example 2.9: Let

a4 &
a 8,
8 &
&

be the matrix semigroup under the natural
product x.

aeZ,1<i<8 x}

12’

Y

I

B
L L L@

aef0, 1, 4, 9}; 1<i<8, x }c W

o
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is a subsemigroup of W. P is an idempotent
subsemigroup of W. However if CyW is a
semigroup semiring and CxP is a subsemiring.
But clearly CxP has elements which are not
idempotents of CyoW.

Next the study of idempotent semigroups
under v (or M) is analysed first by examples.

Example 2.10: Let S = {1, a,, a;,
o By, ¢ N 13 NAJ=gif =] 1M’ = a,
a; na = a/;1<i,j <8} bethe idempotent
semigroup or a semilattice of order 10. Cyo =
{0<ag<a;<..<a;<a;< 1} bethechain
lattice of order 10. C40S be the semigroup

semiring of S over Cyj.
Let

o =a3a, + asa,+ as.

oP=a3a, +as A, +as+(asMas) a,+(asM as) a,
+(as86)( ;M ay)+(asas) a,+(as8s) a,
+ (asM as) (a;Ma;)

= a3+a6aé+a5

is an idempotent of Cy,S. This has both zero
divisors and idempotents.

It is to be noted that one can in the
above definition put ¢ = 0 without loss of
generality. If ¢ is used define ai¢p = ¢ and ¢.0
= 0 and ¢ is assumed to be the zero of C,S.

Example 2.11: Let S be any idempotent
semigroup with 1 and 0 such that s;~s; =5
and sins;=0,sin1=s;i=] Chany
chain lattice. The semigroup semiring C,S

K. Jayshree, et al.

is such that every x e C,S; x* = x. For take

n
X:Zaisi; sie S\ {0, 1} and a; € C,,
i=1

XXX:{Z(aimai) Si msi+2(aimaj) M s;}

n
=Y as+0.
i=1

Hence the claim. Let
X =1+ a151+ass, € C,S.
X2 = 1+a131+a352+a151+a352+(a1m 8.3)(51/752)
=X.
If 1 is replaced by a, that is let
y =as + a:S; + ass;
y2 = ayt+a;Si+assSy+ (a4m 3.1)51 + (a4m 3.3) S
+ (a4m 8.1)51
+ (au ag)sy+(ar as) (S S2)+(as &)
(Slﬂ Sz)
=a4 + a;S1 + assy
Thus every element is an idempotent.
In view of this one has the following result in
case of idempotent semigroup under » of the
special form described in Example 2.11.

Proposition 2.5: Let S={1,a, , a,,
vy ar'n,O/aima,:Oifi;éj aimai=ai,1

na =a] 0 »aj=0;1<i,j<m}be the
idempotent semigroup. C, be any chain
lattice. C,S be the semigroup semiring of
the semigroup S over the semiring C,. Every
a € CpyS is an idempotent of C,S.

t
Proof: Let a = Zaiai' e CgS.

i=1
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Clearly o2 = ain C,S; hence the claim (using
ajn aj=0ifi=jandana=aiifi<jor

gjifj<iandaiva=a;ifi>janda;ifi<j).
3. Conclusion

In this paper semigroup semirings
using specifically chain lattices as semirings is
studied. It is proved semigroup semiring
CnS(m) is semidivision ring. Finally conditions
for semigroup semirings C,S to contain zero
divisors, units and idempotents are obtained.
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