Ultra Scientist Vol. 27(2)A, 127-134 (2015).

Groupoid Semirings Which Satisfy Special Identities

V. RAJESWARI and P. GAJIVARADHAN

Department of Mathematics, Pachaiyappa’s College,
Chennai — 600 030 (India)

(Acceptance Date 23th June, 2015)

Abstract

In this paper we study groupoid semirings which satisfy special
identities. Such study is new and innovative.
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1. Introduction

This paper is organized into three
sections. Section one is introductory in nature.
Section two defines groupoid semirings which
satisfy special identities. Conclusion are
provided in the last section.

Throughout this paper groupoids are
built using Z,. These concepts are recalled
from? Just for the sake of completeness we
recall them.

Definition 1.1: Let 2, ={0, 1, 2, ...,
n-1}; n>3. For a, be Z,\{0} define a binary
operation * on Z, as follows; a * b=ta+ub
(mod n) where t, u are 2 elements in Z_here
"+ " is the usual addition of 2 integers and
"ta ' means the product of the two integers
tanda. {Z,, (t, u), *} is defined as the groupoid.
We denote this groupoid by {Z,, (t, u), #}
or in short by Z, (t, u).

It is interesting to note that for
varying t, u € Z,, we get a collection of
groupoids for a fixed integer n.

Example 1.1: Let Z; = {0, 1, 2, ...,
6}. The groupoid Z; (3, 4) is given by the
following table:

RlOoN|O|W|O |~

(O2N I \S) Nop X NSV Nanl BN |l I\ S

N|o|lw|Oo|h~|Fk,|OT|W

OO ]|WIN|FL|O| *
ARl |O|W|O|O
oO|lw|lo|lh|Fkr|lOIN|>
wW|o|~|IF,|lOIN|O|OT
Ol |W|O

This is a finite groupoid of order 7, which is
non commutative.

Definition 1.2: A groupoid G is said
to be a Moufang groupoid if it satisfies the
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Moufang identity (xy) (zx) =
all x,y, zin G

(x(yz))x for

Example 1.2: Let (G, *) be a groupoid
given by the following table:

* ao ai ao ds

ao do a» ao da

a1 ai as ai ds

ar ar ao as dg

as as a1 as daj

(ar * ag) * (@2 * a1) = (a1 * (as * @) * &
(a1 * as) * (a2 * az) = az * 4o = as.

Now (a; * (as * a2)) a1 = (a1 * ag) *
a1 = as * a; = a;. Since (a1 * as) (az * a1) #
(a1 (as * a2)) * a1, we see G is not a Moufang
groupoid.

Definition 1.3: A groupoid G is said
to be a Bol groupoid if G satisfies the Bol

identity ((xy) 2) y = x ((yz) y) for all x, y, z
in G

Definition 1.4: A groupoid G is said
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to be a P-groupoid if (xy) x = x (yx) for all
X,y e G

Definition 1.5: A groupoid G is said
to be right alternative if it satisfies the
identity (xy) y = x (yy) for all x, y € G
Similarly define G to be left alternative if
(xx) y =x (xy) for all x, y € G

Definition 1.6: A groupoid G is
alternative if it is both right and left
alternative, simultaneously.

For more about these groupoids and
the identities they satisfy refer 2. Throughout
this paper C, =0 <a; < ... <an < 1 denotes
a chain lattice and L is a distributive lattice.
For properties and definitions of semirings.
Please refer'?,

Definition 1.7: Let (G, *) be a
groupoid of finite order G may or may not
contain identity. Let C, be a chain lattice
of order n. Let C,G = {Collection of all finite

formal sums of the form Z ogi; 1; runs over
i

a finite index; ai € C, and gi € G}. Define

two binary operations + and x on C,G.

For a—Zag and § = Zﬂg € CG
R Z ag,+ Z B
:Z (a+pB)g; (a, B,eC and a+f=aL B, € C)
| = Z(Oﬁ v B)g,

a+0=2 ag+0= 2 (4 U0y,
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= 2ag =
axpf= Zaigix Zﬂigi

=Z %9, where = af = 0N B eG g =9,*g G

Clearly0 -a=0=0aforall « eCnG, 0e
C.

Asl eCy 1 -gi € ChG, thus G <
CnG; however as 1 may or may not be
present in G. C, z C,Gif 1 ¢ G

Thus {C,G, +, x} is defined as the
groupoid semiring of the groupoid G over
the semiring C,.

The following observations are essential.

i. C,G is a non associative semiring.

ii. C,G may or may not contain identity element;
C.Ghaslifandonlyifl e G

iii. C,G is commutative if and only if G is
commutative.

Thus C,G in general is a non associative, non
commutative semiring without identity.

This method enables one to obtain
semirings which are non associative in a nice

way. Since both C, and G are of finite order
the groupoid semiring C,G is of finite order.

All these groupoid semirings are non
associative semirings. For the first time a
systematic study of these non associative
semirings satisifying special identities is carried
out.

2. Groupoid semirings which satisfy special
identities :

In this section groupoid semirings
which satisfy special identifies like P-semirings,
alternative semirings, Bol semirings and
Moufang semirings are defined, developed and
their properties are given.

Definition 2.1: Let LG be the
groupoid semiring of the groupoid G over
a distributive lattice L. If for all ,a, f €
LG; (ef)a = a(Ba) then LG is defined to
be a P-semiring (P- groupoid semiring).

First examples of them will be given.

Example 2.1: Let G = {Zz, (5, 0), *}
be the groupoid and C;s be the chain lattice.
CisG be the groupoid semiring. C1sG is a
P-groupoid semiring or in short P-semiring.

Example 2.2: Let G = {Zs, (4, 0) *}
be a groupoid. C; be the chain lattice. C,G is
the P-groupoid semiring.

Example 2.3: Let G = {Zs, (0, 3), *}
be the groupoid.

L= ag a
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be the lattice. LG be the groupoid semiring.
Let
o = (a102 + 2200 + g3 + a104)
and
B = (a10s + @205 + 8203 + 92) € LG
(90=0,01=1,0=2,0s=3,04=4, g5 = 9)
(aB)o=[(a102+a200+gs + a104) x (A1ga+azgs+
a:0s + 92)] o
= (@100 + 0 + 1090 + 100 + 0 + @203 + 2203
+0+0+axQgs+axgs+0+ago+ ag+
Qo + a100) o
= (Qo + a20,) (3102 + @2go + gs + 2104)
= 2100 + 0 + aygotasgotazgs + gs + a1go + 0
=00t 0s .

Now
a(Ba)=af(aigs + 8295 + 203 + g2) x (a2 +
a20o + gs + a104)]
= o (agot+ 0 + 0 + asgo + 0 + axgo + axgo +
gs + aigo + 0 + 0 + a;Qo)
= (102 + @2go + g3 + a104) x (Qo + Ja)
= a10ot+ a20o + gotaigotaigstargstgs+asids
=00+ 03 LN

I and Il are equal. Thus if G is a P-groupoid
sois fora, p € LG

In view of this the following result is true.

Theorem 2.1: Let G = {Z,, (0, t), *}
be the groupoid. L be any lattice. LG the
groupoid semiring is a P-semiring if and
only if t? =t(mod n).

Proof: If for o, B € LG; (af)a =
o(Ba) then LG is a P-groupoid semiring. LG
is a P groupoid semiring if and only if G is a P-
groupoid and that is if and only if t? =t (mod n).
proved as in 2
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Other types of P-semirings are got using the
following P-groupoids.

Example 2.4: Let G = {Z1, (5, 5), *}
be the groupiod L be any lattice. LG be the
groupoid semiring. LG is a P-groupoid semiring,
where

L= ai do

0

Forifa, B € LG (o x B) x o= (o)
a=aPa)=ax (P xa).
Take

o = a1010 + 204 + a20s
and

B =a10ot+ gs + A207 € LG
ax(Bxa)= o [(a190 + s + a207)x (A1010 + A204
+ a;05)]
o [a1g2 + @105 + 0 + 0 + a,g; +a2gy
+ 0 + 2,07 + a200]
(21010 + @204 + 8205) % (g2 + @207 +
ax0o + a10s)
a10o + a20s+a2Q0 + 82011 + 0 + &gy
+0+aQgs+ags+age+0+0
Qo + 06 + 82011 + @207 + 8201 + a20s

L

(aB)a o(fo) as af = Bo.
Hence LG is a P-groupoid.
In view of this we have the following theorem.

Theorem 2.2: Let G = {Z,, (t, t), *}
be the groupoid. L be any distributive lattice.
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LG is a P-groupoid semiring.

Proof: Follows from the simple fact
G is a P-groupoid. Similar to the proof given
in?.

Next the concept of Bol groupoid
semiring is defined in the following.

Definition 2.2: Let LG be a groupoid
semiring. LG is a Bol groupoid semiring
(Bol Semiring) if and only if ((afB)y)p =
o(By)y) for all «, g, y € LG.

Some examples of Bol groupoid
semiring will be provided in the following.

Example 2.5: Let G = {Zz, (4, 5), *}
be the Bol groupoid. L = Cq be the chain lattice
and LG be the groupoid semiring. LG is a Bol
groupoid semiring.

Let
o = a1g7 + asgy, P = a70s + asQo
and
Y = ai0is € LG
Consider
((oxB)xy)xB=(((a197 + asg2) x (args + asYo))
xy) x B
= ([a7013+ @013 + A6¥s + AeJs] x V) x P
=[(ar013 + asgs)ai0is] x (args + asJo)
= (a702 + @602) x (a79s + AeQo)
= a0z x (2705 + asQo)
=a70i3 + a6Js |

ax[(Bxy)xB]=a x ([(a7gs + asGo) x a101s] B)
= ax([arG10 + sG] x (8795 + aeQo))
=a x (@G0 x (8705 *+ aedo))
=a x (asgs + asgo
= (2197 + @sg2) x (a79s + asGo)
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=27 (Q13) + a7013 + asJs + Ac0s
=a70i3 + a60s G

I and Il are identical. Thus LG = CyG is Bol
groupoid semiring. (Since G is a Bol groupoid
from 2).

Example 2.6: Let G={Z3s, (10, 5); *}
be the Bol groupoid.

ai do
L= %
dg %
ds
az
0

be the distributive lattice. LG be the groupoid
semiring. LG is a Bol groupoid semiring or Bol
semiring.

In view of all this the following
theorem is proved.

Theorem 2.3: Let G = {Z,, (t, u), *}
be a groupoid. L be any distributive lattice.
LG be the groupoid semiring. LG is a Bol
groupoid semiring if and only if t = t (mod n)
and u? = u (mod n).That is if and only if G
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is a Bol groupoid.

Proof. Follows from the fact G is a
Bol groupoid if and only if t* =t (mod n) and
u?=u (mod n).2.

Next the concept of alternative, left
alternative and right alternative groupoid
semirings will be defined.

Definition 2.3: Let LG be a
groupoid semiring of a groupoid G over
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the distributive lattice L. LG is a left
alternative groupoid ring if and only if
(xx)y = x(xy) for all x, y € LG. LG is a right
alternative groupoid semiring if and only
if (xy)y = x(yy) for all x, y € LG. If LG is
both left and right alternative groupoid
semiring then LG is defined as the alternative
groupoid semiring.

Examples of these will be provided in the
following.

Example 2.7: Let (G, *) be the groupoid given by the following table.

* do ai as as s as ds ar dsg dg
do do de ao dsg as do de ao dsg ds
ai as a1 az as dog as a1 az as dog
as do de ao dsg ds do de ao dsg as
8.3 as a1 az as dog as a1 az as dog
s do de ao dsg ds do de ao dsg as
as as a1 az as dog as a1 az as dog
ds do de ao dsg ds do de ao dsg as
ar as a1 az as dog as a1 az as dog
dsg do de ao dsg ds do de ao dsg as
ag as a1 az as dog as a1 az as dog

(as *as) *as = as
as * (a3 * ag) = as.

It is easily verified G is right alternative.
Consider
(a5 * a5)a3= as * az = as
as * (as * ag) = as
it is also left alternative. Hence G is an
alternative groupoid.

LG is an alternative groupoid semiring

for every distributive lattice L.

Example 2.8: Let G = {Z1, (0, 9), *}
be the groupoid. L be the chain lattice Czo.
CxG is an alternative groupoid semiring as G
is an alternative groupoid?.

Example 2.9: Let G={Z;5, (10, 10), *}



Groupoid Semirings Which Satisfy Special Identities.

be the groupoid L any distributive lattice. LG
is the groupoid semiring. LG is an alternative
groupoid semiring. G is an alternative groupoic?.

In view of all these the following
theorem is proved.

Theorem 2.4: Let G = {Z,, (0, t), *}
be a groupoid and L a distributive lattice.
LG the groupoid semiring is an alternative
groupoid semiring if and only if t> = t(mod
n); that is if and only if G is an alternative
groupoid.

Proof. Follows from the fact G is an
alternative groupoid if and only if t?=t (mod n).
Hence LG is an alternative groupoid semiring
if and only if t2 = t (mod n)2.

Corollary 2.1: Let G = {Z,, (0, 1), *}
be the groupoid. L any distributive lattice. LG
is not an alternative groupoid semiring if nis a
prime.

Proof. If n is a prime clearly t? =t
(mod n) is not possible.

Using above theorem the result is true.

Example 2.10: Let G= {Z, (3, 4), *}
be a groupoid. L any distributive lattice. LG is
an alternative semiring.?

Example 2.11: Let G={Z1,, (4, 9), *}
be a groupoid. L any distributive lattice. LG is
an alternative groupoid semiring?.

In view of this the following theorem is proved.

Theorem 2.5: Let G = {Z,, (t, u), *}
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be a groupoid. L any distributive lattice.
LG be the groupoid semiring. LG is an
alternative groupoid semiring if and only
ifu’=u(modn),t2=t(modn)andt+ u=
1 (mod n).

Proof: LG is an alternative groupoid
semiring if and only if G is an alternative
groupoid. But G is an alternative groupoid if
and only if u? = u (mod n), t? =t (mod n) and t
+Uu=1(modn) 2

Hence LG is a alternative groupoid
semiring if and only if 2 =t (mod n), u> = u
(mod n) and t + u=1 (mod n).

Next the notion of Moufang groupoid
semiring or Moufang semiring is defined.

Definition 2.4: Let LG be any
groupoid semiring of a groupoid G over a
distributive lattice L. LG is a Moufang
groupoid if and only if (xy)(zx) = (x(yz))x
forall x,y,z € LG

First this will be illustrated by the following
examples.

Example 2.12: Let G = {Z;5, (10, 6), *}
be the groupoid. L any distributive lattice. LG
is a Moufang groupoid as G is a Moufang
groupoid.

Example 2.13: Let G={Zy, (16, 5), *}
be the groupoid. L = C4 be the chain lattice.
LG be the groupoid semiring. LG is a Moufang
groupoid semiring as G is a Moufang groupoid.

In view of this the following theorems
are proved.
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Theorem 2.6: Let G = {Z,, (t, u), *}
be the groupoid. L any distributive lattice.
LG be the groupoid semiring. LG is a
Moufang groupoid semiring if and only if
t?=t(modn),u!=u(modn)andt+u=1
(mod n).

Proof: Given LG is a groupoid
semiring. G is a Moufang groupoid if and only
if t?=t(modn),u’!=u(modn)andt+u=1
(mod n).?

Hence LG is a Moufang groupoid
semiring as G is a Moufang groupoid. Hence
the theorem.
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3. Conclusions

In this paper the notion of non
associative semirings built using groupoids
semirings analysed.
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