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Abstract

The purpose of this paper is to obtain sufficient conditions for
the existence of a unique fixed point of T-Kannan type mapping on
complete cone metric spaces with the T – stability of Picard’s iteration
procedures.
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1. Introduction

The purpose of this paper is to analyze
the existence (and uniqueness) of fixed points
of T - Kannan type contractive mappings S
defined on a complete cone metric space (M,
d), as well as, T - Chaterjea mappings which
are introduced here. Our results generalize the
respective theorems given1,3.

2. Definitions and preliminary results:

In this section we call the definition of
cone metric space and some of their properties1.
The following notions will be used in order to

prove the main results.

Definition 2.1. Let E be a real Banach
space and  P a subset of E. The set P is called
a cone if and only if:

P1-  P is closed, non empty and P{0};
P2-  a, bR,  a, b0,  x, y P  ax+by P;
P3-  xP and -xP x=0.

Given a cone PE, we define a partial
ordering  with respect to P by  xy if and
only if y-xP. We write x< y to indicate that x
 y but x  y , while x<<y if and only if yx 
Int P, where Int P denotes the interior of the
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set P.

Definition 2.2. Let E be a Banach
space  and P E a cone.  The cone P is called
normal if there is a number K > 0 such that for
all x, yE, 0 xy implies ||x||K||y||.

The least positive number K satisfying
the above Inequality is called the normal
constant of P.

In the following we always suppose
that E is a Banach space , P is a cone in

E with Int P∅  and  is partial order in g
with respect to P.

Definition 2.3. Let M be a non empty
set. Suppose that the mapping d: M×M-E
satisfies:

d1-  0 < d(x,y) for all x , y M and d(x,y) = 0
if and only if x=y;

d2- d(x,y) = d(y, x) for all x, y  M;

d3-  d(x,y)  d(x,z) + d(y, z) for all x, y, zM.

Then, d is called a cone metric on M
and (M, d) is called a cone metric space.

Notice that the  notion of cone metric
space is more general than the corresponding
of metric space. Examples of cone metric
spaces can be found1,4.

Definition 2.4. Let (M, d) be a cone
metric space . Let (xn) be sequence in M and
xM.

(i)  (xn) converges to x iff or every c  E with

0<<c , there is an no such that for all n n0 ,
d(xn,x)<<c. We  denote this by

limn xn =x or xn  x, (n).

(ii)  If for any c  E with 0<< c , there is an no
such that

For all n, m n0  , d(xn,xm)<<c , then
(xn) is called a Cauchy sequence in M.

(M, d) is called a complete cone metric space,
if every Cauchy  sequence in M is convergent
in M.

The following result will be useful for
us to prove our main results.

Lemma  2.5.1 Let (M, d) be a cone
metric space, PE a normal cone with normal
constant K.  Let (xn) , (yn) be sequences in M
and x , yM.

(i) (xn) converges to x if and only if   limn

d(xn, x)=0
(ii) If (xn) converges to x and (xn) converges
to y then x = y. That is the limit of (xn) is unique;
(iii) If (xn) converges to x , then (xn) is Cauchy
sequence;
(iv) (xn) is a Cauchy  sequence if and only if

 
(v) If xn → x and yn → y,  (n) then

d(xn,yn) → d(x, y).

Definition 2.6. Let (M, d) be a cone
metric space, P a normal cone with normal
constant K and T : M → M. Then

(i) T is said to be continuous if limn xn=x
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implies that limn T(xn)=T(x), for all (xn) in
M;

(ii) T is said to be subsequentially convergent,
if we have for every sequence  (yn) that
T(yn) is convergent , implies (yn) has a
convergent subsequence;

(iii) T is said to be sequentially convergent if
we have, for every sequence (yn), If T(yn)
is convergent , then (yn) also is convergent.

Definition 2.7. Let (M, d) be a cone
metric space and T, S: M M two functions.
S is said to be T-contraction if there is b,
c[0,1/2) constant such

d(TSx, TSy)max{b[d(Tx, TSx)+d(Ty, TSy)],
c[d(Tx, TSy)+d(Ty, TSx)]

Main Result

Theorem 3.1. Let (M, d) be a complete
cone metric space, P be a normal cone with
normal constant K, in addition let T : M M
be a one to one, continuous function and
S:MM a TContraction. Then,

(1) For every x0M

  limn  

(2) There  is v  M such that
 

(3) If T is subsequentially convergent, then
(Snx0) has a  convergent subsequence;

(4) There is a unique u  M such that
Su=u;

(5) If T is sequentially  convergent, then for
each x0 

M the iterate sequence (Snx0)
converges to u.

Proof . Let x0 
be an arbitrary point in

M. We define the iterate sequence (xn) By
xn+1= Sxn=Snx0.We have
d(TSxn,TSxn+1) b[d (TSxn, TSxn) +d(Txn+1,
TSxn+1)]

b[d (TSxn-1 , TSxn)+d (TSxn, TSxn+1)

     d(TSxn,TSxn+1)   (TSxn-1 , TSxn)

                        =(  (TSxn-1 , TSxn)

    d(TSxn,TSxn+1)  )n d (TSx0, TSx1)

     ||d(TSxn,TSxn+1)||  )n k||(TSx0, TSx1)||

Where k is normal constant of M. hence
limn d||TSxn,TSxn+1|| =0
limn d (TSnx0, TSn+1 x0) =0

By inequality (3.1), for every m,n  N with m
> n we have
d(TSxn, TSxm) d(TSxn, TSxn+1)+ … +d

    (TSxm-1, TSxm)

          n +  …  + m-1 ] d(TSx0 , TSx1)

d(TSxn, TSxm) n     d (TSx0,TSx1)

  
 TSxn, TSx m || )n  ||d (TSx0, TSx1)  

   (TSxn, TSxm) =0 

Hence (TSnx0) is a Cauchy sequence in M and
since M is complete cone metric, there is VM
such that

Sn v 



The rest of the proof is similar to the proof of
theorem 3.3 1

Corollary 3.21 (Theorem 3). Let (M,
d) be a complete cone metric space, P a normal
cone with normal constant K. Suppose that the
mapping S : MM satisfies the contractive
condition

d(Sx, Sy)  b[d(x, Sx)+d(y, Sy)]

for all x, yM and b[0,1/2). Then S has a
unique fixed point in M and  for any  x0 M,
iterative  sequence (Snx0) converges to the
fixed point.

If we take M =R in the Theorem 3.3 1 we
obtain the following:

Corollary 3.33 (Theorem 2.1). Let
(M, d) be a complete metric space and  T , S :
MM be mappings such that T is continuous
,one to one and subsequentially convergent. If
b  [0, 1/2) and

    d(TSx, TSy)  b[d(Tx, TSx)+d(Ty, TSy)]

for all x , yM. Then S has a unique point and
if  T is sequentially convergent, then for every
x0 
M the sequence iterates(Snx0) converges

to the fixed point of S.

If we take M= R and Tx = x in the
Theorem 3.31, we obtain the following result
given by Kannan2.

Corollary 3.4.  Let (M,d) be a
complete metric space and S :M M a
mapping. If there exists b[0,1/2) such that

d(Sx, Sy)  b[d(x, Sx)+d(y, Sy)]

for all x, y  M. Then S has a unique fixed
point and (Snx0) converges to the fixed point
of S for all x0 

 M.

The following result extend the
Theorem 4 1.

Theorem 3.5.  Let (M, d) be a
complete cone metric space, P be a normal
cone with normal constant K , let in addition T:
MM be a continuous, one to one function
and S:MM a TContraction.Then

(1) For  every x0 
M

 

(2) There  is vM such that

Snx0=v 

(3) If T is subsequentially convergent, then
(Snx0) has a  convergent subsequence.

(4) There is a unique uM such that

Su=u.

(5)  If T is sequentially  convergent, then for
each x0 

 M, (Sn(x0)) converges to u.

Proof. Let x0 
be an arbitrary point in

M. We define the iterative sequence (xn)
By xn+1=Sxn=Snx0. Since S is a TContraction,
we have

d(Txn,Txn+1)=d (TSxn-1 , TSxn)
c[d (Txn-1 , TSxn)+d (Txn, TSxn-1)]

 d(Txn,Txn+1)  d (Txn-1, Txn)
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d(TSn
x0,TSn+1

x0)  )n d(Tx0, TSx0)

  ||d(TSn
x0,TSn+1

x0)||  )n  k|| d (Tx0, TSx0)||

 limn||d(TSn
x0, TSn+1x0)|| =0

Hence
limn d (TSn

x0, TSn+1x0) =0

By inequality (3.8) for every n, mN with n>m
we have,

d (Txm, Txn)d(Txm, Txm+1)+… +d (Txn-1, Txn)]

        )m+ … + )n-1] d (Tx0, TSx0)

d (TSm
x0 , TSn

x0)  )m ] d (Tx0, TSx0) 

||d(TSn
x0,TSm

x0)|| )m  ||d (Tx0, TSx0)||

limn,m||d(TSnx0 , TS mx0)||  =0

Now, if T is sub-sequentially convergent, (Snx0)
has a convergent subsequence {ni} such that
limi Snix0=u. Since T is continuous, therefore

       T( ) =  Tu. 

       =  Tu 

Now
   d(TSu, Tu)=limi d(T S(Snix0), TSnix0)

          b[d (T  , TSnix0)+d (TSn-1(x0), TSnix0) 

         
 b[d (Tu , TSu)+ d(TSni-1x0, TSnix0) 

    
d(TSu, Tu) ni-1

x0,TSni
x0) 

                                 d(TSu, Tu)  0   as i . 
   TSu = Tu
So that Su = u.
Hence proved
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