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Abstract

In this paper the authors have proved that prism graph
Yn2 is prime cordial exceptn=1, 2 and 4 and the graph Y, 4 also
prime cordial for n > 3. We have also proved that the generalized
prism graph Yz, Ysn, Yen and Yop, (for odd prime p) are prime
cordial for n > 1 and Yy is also prime cordial for n > 2.

Key words : Graph Labeling, Prime cordial Labeling,

Generalized Prism graph.

AMS subject classification number: 05C78

1. Introduction

We consider only simple, finite,
undirected and non-trivial graph G = (V,E) with
the vertex set V and the edge set E. The
number of elements of V, denoted as |V] is
called the order of the graph G while the
number of elements denoted as |E| is called
the size of the graph G. Ym, denotes the
generalized prism graph. For various graph
theoretic notations and terminology we follow
Gross and Yellen! whereas for number theory
we follow D. M. Burton?. We will give brief
summary of definitions and other information

which are useful for the present investigations.

Definition 1.1: If the vertices of the
graph are assigned values subject to certain
conditions then it is known as graph labeling.

For latest survey on graph labeling we
refer to J. A. Gallian®. Vast amount of literature
is available on different types of graph labeling
and more than 1000 research papers have been
published so far in last four decades.

The present work is aimed to discuss
one such labeling known as prime cordial
labeling.
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Definition 1.2: A mapping f:V(G) - {0,1}
is called binary vertex labeling of G and f(v)
is called the label of the vertex v of G under f.

Definition 1.3: If for an edge e=uv,
the induced edge labeling f*: E(G) — {0,1}
is given by f*(e) = |f(w) — f(v)|. Here

v (i) = Number of vertices of G having label i under f
er (i) = Number of edges of G having label i under f*

wherei =0or1
Definition 1.4: A prime cordial
labeling of a graph G with vertex set V is a
bijection f from V to {1,2,3,...,|V|} such that if
each edge uv is assigned the label 1 if gcd(f (v),
f(u)=1 and 0 if gcd(f (v), f(u)>1, then the
number of edges labeled with 0 and the number
of edges labeled with 1 differ by at most 1. A
graph which admits prime cordial labeling is
said to be a prime cordial graph.

The notion of prime cordial labeling
was introduced by Sundaram, Ponraj and
Somasundaram®. In this paper they have
proved that Cy, is a prime cordial if and only if
n>6, P, is aprime cordial if and only if n # 3
or 5. They have also proved that bistars,
dragons, crowns graphs are prime cordial. In®
Babujee and Shobana proved sun graphs

(O K1, C, witha path of length n - 3 attached
toa vertex, and P, (n = 6) withn- 3 pendent

edges attached to a pendent vertex of P, have
prime cordial labelings.

Definition 1.5: A generalized prism
graph Yn, is the graph Cartesian product
Ymn=CnxP_m.

Ymn has mn vertices and m(2n-1)
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edges. Let V(Y,,,) ={v;;:1<i<m,
1<j<n}and E(Ymn) = {vij vaso;:
1<ism—-11<j<nju{vgv: 1<)
<nju v lSisml<j<n—1)

2. Prime Cordial Labeling of Generalized
Prism graph Ymn:

Theorem 2.1: Yon41.2 IS prime cordial
for all n.

Proof: In the following Figure 1, we
have shown a prime cordial labeling of Y3
and a prime cordial labeling of Ys 5.

(a) Prime cordial
labeling of Y3

(b) Prime cordial
labeling of Y5>
Figure 1: Prime cordial labeling of
Y32 and Y52

From the above Figures we can check that
for the graph Y35, |e; (1) — e;(0)| = |5 — 4| = 1 and
for the graph Y ,, |es(1) — e (0)| = |7 — 8] = 1.
Therefore both the graphs Y3, and Y5, are
prime cordial.

Now for the graph Yzp+12 for n > 2, first

of all take the graph Ys, with prime cordial
labeling shown in Figure 1(b). Then add n-2
vertices on each edge joining the vertices with
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label 1 and 2, 2 and 6, 7 and 4, 4 and 8 as shown
in the following Figure 2. Then label these new
added 4n-8 vertices as follows:

* Label the n - 2 vertices on the edge joining
the vertices with label 1 and 2 by the numbers
11, 15, 19,..., 4n - 5, 4n - 1 in clockwise
direction as shown in the following Figure 2.

* Label the n - 2 vertices on the edge joining
the vertices with label 7 and 4 by the numbers
13, 17, 21,..., 4n - 3, 4n + 1 in clockwise
direction as shown in the following Figure 2.

* Label the n - 2 vertices on the edge joining
the vertices with label 2 and 6 by the numbers
12, 16, 20,..., 4n - 4, 4n in anticlockwise
direction as shown in the following Figure 2.

* Label the n - 2 vertices on the edge joining
the vertices with label 4 and 8 by the numbers
14,18, 22,...,4n - 2, 4n + 2 in anticlockwise
direction as shown in the following Figure 2.

Figure 2. Prime cordial labeling of Yon412

From the above Figure 2, we can easily
check that all the new edges added to the left
side to the vertices with label 2 and 4 have label
1 and to the right side to the vertices with label
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2 and 4 have label 0. So the difference of e (0)
and ef(0) remains same as in Ys» which is 1. So

for the graph Y,,,41 2, e (1) — ef(0)| = 1.
Thus the graph Y41 2 is prime cordial for all n.

Theorem 2.2: Yo, 2 is prime cordial for
alln> 2.

Proof: In the following Figure 3(a),
we have shown the prime cordial labeling of Y ».

(@) Prime cordial
labeling of Yg

(b) Prime cordial
labeling of Y2, 2
Figure 3. Prime cordial labeling
of Y6’2 and YZn,Z

From the above Figure 3(a), we can
check that for the graph Ys 2, |er(1)-er(0)[=|9-
9|=0. Therefore the graph Yg 2 is prime cordial.

Now for the graph Y;n 2 for n>3, first
of all take the graph Ys» with prime cordial
labeling shown in the Figure 3(a). Then add
n-3 vertices on each edge joining the vertices
with label 1 and 2, 2 and 6, 11 and 4, 4 and 8 as
shown in the previous Figure 3(b). Then label
these new added 4n - 12 vertices as follows:
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* Label the n - 3 vertices on the edge joining
the vertices with label 1 and 2 by the numbers
13, 17, 21,..., 4n -7, 4n - 3 in clockwise
direction as shown in the above Figure 3(b).

* Label the n - 3 vertices on the edge joining
the vertices with label 11 and 4 by the numbers
15, 19, 26,..., 4n - 5, 4n - 1 in clockwise
direction as shown in the above Figure 3(b).

* Label the n - 3 vertices on the edge joining
the vertices with label 2 and 6 by the numbers
14,18, 22,...,4n - 6, 4n - 2 in anticlockwise
direction as shown in the above Figure 3(b).

* Label the n - 3 vertices on the edge joining
the vertices with label 4 and 8 by the numbers
16, 20, 24,..., 4n - 4, 4n in anticlockwise
direction as shown in the above Figure 3(b).

From the previous Figure 3(b) we can
easily check that all the new edges added to
the left side to the vertices with label 2 and 4
have label 1 and to the right side to the vertices
with label 2 and 4 have label 0. So the difference
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of er (1) and ef (0) remains same as in Y2
which is 0. So for the graph Y2, 2,ler (1)-e;
(0)=0.

Thus the graph Y2n2 is prime cordial
foralln> 2.

Note: Graph Y4, is not prime cordial,
which can be easily verified.

From the Theorem 2.1 and Theorem
2.2, we have the following result:

Theorem 2.3: Yy is prime cordial for
allnexceptn=1,2 and4.

Theorem 2.4: Yon41,4 is prime cordial
for all n.

Proof: In the Theorem 2.1, we have
proved that the graph Y 4 is prime cordial. Now
in the following Figure 4(a), we have shown
the prime cordial labeling of Ys 4.

(b) Prime cordial labeling of Yon+1.4
Figure 5. Prime cordial labeling of Ys 4. and Y2n+1.4
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From the previous Figure 4(a), we can
check that for the graph Ys 4,|es (1) - e (0)|=|18-
17|=1. Therefore both the graphs Y3 4 and Y5 4
are prime cordial.

Now for the graph Y14 for n > 2,

first of all take the graph Ys 4 with prime cordial
labeling shown in previous Figure 4(a). Then
add 2n-4 vertices on each edge joining the
vertices with label 1 and 2, 2 and 12, 7 and 4,
4and 14, 11 and 8, 8 and 18, 13 and 16, 16 and
20 as shown in the previous Figure4(b). Then label
these new added 8n - 16 vertices as follows:

* Label the 2n - 4 vertices on the edge joining
the vertices with label 1 and 2 by the numbers
21, 29, 37,..., 8n - 11, 8n - 3 in clockwise
direction as shown inthe previous Figure 4(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label 7 and 8 by the numbers
23, 31, 39,..., 8n -9, 8n - 1 in clockwise
direction as shown inthe previous Figure 4(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label 11 and 8 by the numbers
25, 33, 41,...,8n -7, 8n + 1 in clockwise
direction as shown inthe previous Figure 4(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label 13 and 16 by the numbers
27,35,41,...,8n-5,8n+ 3 in clockwise
direction as shown inthe previous Figure 4(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label 2 and 12 by the numbers
22,30, 38,...,8n-10, 8n - 2 in anticlockwise
direction as shown inthe previous Figure 4(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label 4 and 14 by the numbers
24, 32, 40,..., 8n - 8, 8n in anticlockwise
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direction as shown inthe previous Figure 4(b).
o Label the 2n - 4 vertices on the edge joining
the vertices with label 8 and 18 by the numbers
26, 34,42,...,8n -6, 8n + 2 in anticlockwise
direction as shown inthe previous Figure 4(b).
o Label the 2n - 4 vertices on the edge joining
the vertices with label 16 and 20 by the numbers
28, 36, 37,...,8n -4, 8n + 4 in anticlockwise
direction as shown inthe previous Figure 4(b).

From the previous Figure 4(b), we can
easily check that all the new edges added to
the left side to the vertices with label 2,4,8 and
16 have label 1 and to the right side to the
vertices with label 2,4,8 and 16 have label 0.
So the difference of e; (1) and e (0) remains
same as in Ys4 which is 1. So for the graph

Yon+1.4, |6 (1) - €5 (0)[=1.

Thus the graph Yon+1 4 is prime cordial
for all n.

Theorem 2.5: Yan4 is prime cordial
foralln>2.

Proof: In the following Figure 5(a),
we have shown the prime cordial labeling of

Y4,4.

(@) Prime cordial labeling of Y4
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(b) Prime cordial labeling of Y2n4

Figure 5. Prime cordial labeling of Y44
and YZn,4

From the previous Figure 5(a), we can
check that for the graph Ya 4, |es(1) - e¢(0)|=|14-
14|=0. Therefore the graphs Y44 is prime
cordial.

Now for the graph Yn 4 for n > 2, first
of all take the graph Y 4, with prime cordial labeling
shown in the previous Figure 5(a). Then add
2n - 4 vertices on each edge joining the vertices
with label 1 and 2, 2 and 6, 11 and 4, 4 and 10,
13and 8, 8and 12, 15 and 16, 16 and 14 as shown
in the previous Figure 5(b). Then label these
new added 8n - 16 vertices as follows:

* Label the 2n - 4 vertices on the edge joining
the vertices with label 1 and 2 by the numbers
17,25,33,...,8n - 15, 8n - 7 in clockwise
direction as shown in the previous Figure 5(b).

* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
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19,27,35,...,8n - 13, 8n - 5 in clockwise
direction as shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
21,29,37,...,8n - 11, 8n - 3 in clockwise
direction as shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
23,31,39,....,8n - 9, 8n - 1 in clockwise
direction as shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
18,26,34,...,8n - 14, 8n - 6 in anticlockwise
direction as shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
20,28,36,...,8n - 12, 8n - 4 in anticlockwise
directionas shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
22,30,38,...,8n - 10, 8n - 2 in anticlockwise
direction as shown in the previous Figure 5(b).
* Label the 2n - 4 vertices on the edge joining
the vertices with label and by the numbers
24,32,40,...,8n - 8, 8n in anticlockwise
direction as shown in the previous Figure 5(b).

From the previous Figure 5(b), we can
easily check that all the new edges added to
the left side to the vertices with label 2, 4, 8
and 16 have label 1 and to the right side to the
vertices with label 2, 4, 8 and 16 have label 0.
So the difference of e (1) and ef (0) remains
same as in Y44 which is 0. So for the graph

Yona,| € (1)-€5 (0)|=0.

Thus the graph Y2n4 is prime cordial
foralln>2.
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From the Theorem 2.4 and Theorem
2.5, we have the following result:

Theorem 2.6: Yy 4 is prime cordial for
all n.

Theorem 2.7: Y32, is prime cordial.

Proof: Here total 6n vertices and
3(4n - 1) edges in the graph Y32, Now we
label these vertices as follows:

Step 1: Draw the graph Y32 and label the
vertices as shown in the following
Figure 6. Here the vertices of inner
cycle are labeled in anticlockwise
direction and the vertices of outer
cycle are labeled in clockwise direction.

Figure 6. Prime cordial labeling of Y32

Here e;(1) = 5and e;(0) = 4. ~ [e;(1) — e;(0)] = 1

Step 2: Now draw one cycle inner side and
one cycle outer side to the above graph
and join the vertices of these cycles
to the corresponding vertices of previous
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cycles as shown in the following Figure
7. Then label the vertices of inner cycle
by 7,9,11 in clockwise direction and
the vertices of outer cycle by 8, 10, 12
in clockwise direction as shown in the
following Figure 7.

Figure 7. Prime cordial labeling of Y3 4

Here we have added 6 vertices and
12 edges to the graph Y3 2. Out of these 12 edges,
6 inner edges have label 1 and 6 outer edges
have label 0. So the difference of e;(1) and e;(0)
remains same.

Thus in k™ step we add one inner cycle
and one outer cycle to the previous graph and
label the vertices of outer cycle by next three
consecutive even integers 6k - 4, 6k - 2, 6k in
clockwise direction and label the vertices of
inner cycle by next three consecutive odd
integers in clockwise direction if k is even and
in anticlockwise direction if k is odd. Thus
every time 6 edges added to outer side have
label 0. Now we will prove that every time 6
edges added to the inner side have label 1.
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Case 1: If k is even then the vertices of inner
cycle have label 6k - 5, 6k - 3, 6k - 1
in clockwise direction and the vertices
of the previous inner cycle have label
6k - 11, 6k - 9, 6k - 7 in anticlockwise
direction. Thus we have

gcd(6k — 5,6k —11) = gcd(6,6k — 11) =1,
gcd(6k — 3,6k —7) = gcd(4,6k—7) =1,
gcd(6k — 1,6k —9) = gcd(8,6k —9) =1,

and gcd(6k — 5,6k — 3) = gcd(6k — 3,

6k —1) = gcd(6k — 1,6k —5) = 1.

Thus these 6 edges have label 1.

Case 2: If k is odd then the vertices of inner
cycle have label 6k - 5, 6k - 3, 6k - 1
in anticlockwise direction and the
vertices of the previous inner cycle have
label 6k - 11, 6k - 9, 6k - 7 in clockwise
direction. Thus as in case 1 we have
all 6 edges with label 1.

Thus at each step the difference of e (1)
and e; (0) remains same. In the first step, this
difference is 1 and so after n steps also |ef (1)-
er (0)]=1. Therefore Y32, is prime cordial.

Theorem 2.8: Y3 2n+1 IS prime cordial.

Proof: Here total 6n + 3 vertices and
3(4n + 1) edges in the graph Y3 2n+1. Now we
label these vertices as follows:

Step 1: Draw the graph Y33 and label the
vertices as shown in the following
Figure 8.
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Figure 8. Prime cordial labeling of Y33
Hereef(1) =8andef(0) = 7.~ |ef(1) —ef(0)| =1

Step 2: Now draw one cycle inner side and
one cycle outer side to the above graph
and join the vertices of these cycles
to the corresponding vertices of previous
cycles as shown in the following Figure
9. Then label the vertices of inner cycle
by 11, 13, 15 in clockwise direction and
the vertices of outer cycle by 10, 12,
14 in clockwise direction as shown in
the following Figure 9.

Figure 9. Prime cordial labeling of Y35



Prime Cordial Labeling of Generalized Prism Graph Y,_.mﬂ

Here we have added 6 vertices and
12 edges to the graph Y3 3. Out of these 12
edges, 6 inner edges have label 1 and 6 outer

edges have label 0. So the difference of e; (1)
and e; (0) remains same.

Thus in k™ step we add one inner
cycle and one outer cycle to the previous graph
and label the vertices of outer cycle by next
three consecutive even integers 6k - 2, 6k, 6k
+ 2 in clockwise direction and label the vertices
of inner cycle by next three consecutive odd
integers in clockwise direction if k is even and
in anticlockwise direction if k is odd. Thus
every time 6 edges added to outer side have
label 0. Now we will prove that every time 6
edges added to the inner side have label.

Case 1:If k is even then the vertices of inner
cycle have label 6k - 1,6k + 1, 6k + 3
in clockwise direction and the vertices
of the previous inner cycle have label
6k - 7, 6k - 5, 6k - 3 in anticlockwise
direction for k > 2. Thus we have

ged(6k — 1,6k —7) = gcd(6,6k —7) = 1,

ged(6k + 1,6k —3) = gcd(4,6k —3) =1,

gcd(6k + 3,6k — 5) = ged(8,6k —5) = 1,
and gcd(6k — 1,6k +1) = gcd(6k + 1,
6k +3) = gcd(6k + 3,6k —1) = 1.

Thus these 6 edges have label 1.

Case 2: If k is odd then the vertices of inner
cycle have label 6k -1, 6k + 1, 6k + 3
in anti-clockwise direction and the
vertices of the previous inner cycle
have label 6k - 7, 6k - 5, 6k + 3 in
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clockwise direction for k > 2. Thus
as in case 1 we have all 6 edges with
label 1.

Thus at each step the difference of
er (1) and e; (0) remains same. In the first
step, this difference 1 and so after n steps also
ler (1)-ef (0)|=1. Therefore Y3 2n+1 iS prime
cordial.

Hence from the Theorem 2:4 and
Theorem 2:5, we have the following result:

Theorem 2.9: Y3, is prime cordial for
all n greater than 1.

Theorem 2.10: Y42, is prime cordial
for all n greater than 1.

Proof: Here total 8n vertices and
4(4n - 1) edges in the graph Y42,. Now we
label these vertices as follows:

Step 1: Draw the graph Y44 and label the
vertices as shown in the following Figure 10.

Figure 10. Prime cordial labeling of Y4 4

Here ef (1) = 14 and ef (0) = 14.
~les(1) —ef(0)| =0
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Step 2: Now draw one cycle inner side and
one cycle outer side to the above graph
and join the vertices of these cycles
to the corresponding vertices of previous
cycles as shown in the following Figure
11. Then label the vertices of inner
cycle by 17,19,23,21 in clockwise
direction and the vertices of outer cycle
by 18,20,22,24 in clockwise direction
as shown in the following Figure 11.

Figure 11. Prime cordial labeling of Y46

Here we have added 8 vertices and
16 edges to the graph Y44. Out of these 16
edges, 8 inner edges have label 1 and 8 outer
edges have label 0. So the difference of e; (1)
and e; (0) remains same.

Thus in k™ step we add one inner
cycle and one outer cycle to the previous graph
and label the vertices of outer cycle by next
four consecutive even integers 8k+2, 8k+4,
8k+6, 8k+8 in clockwise direction and label
the vertices of inner cycle by next four
consecutive odd integers 8k+1, 8k+3, 8k+7,
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8k+5 in clockwise direction for k>1. Thus
every time 8 edges added to outer side have
label 0. Now we will prove that every time 8
edges added to the inner side have label 1.

Here in k™ step, the vertices of inner
cycle have label 8k+1, 8k+3, 8k+7, 8k+5 in
clockwise direction and the vertices of the
previous inner cycle have also label 8k-7, 8k-
5, 8k-1, 8k-3 in clockwise direction for k > 2.
Thus we have

gcd(8k +1,8k—7) =gcd(8,8k—7) =1,

ged(8k + 3,8k — 5) = gcd(8,8k — 5) = 1,

gcd(8k +7,8k—1)=gcd(8,8k—-1) =1,

gcd(8k + 5,8k —3) = gcd(8,8k —3) =1,
and gcd(8k + 1,8k + 3) = gcd(8k + 3,
8k+7)=gcd(8k+7,8k+5)=gcd(8k
+58k+1)=1.

Thus these 8 edges have label 1.

Thus at each step the difference of
e (1) and e; (0) remains same. In the first step,
this difference is 0 and so after n steps also
ler (1)-e¢ (0)|=0. Therefore Y4 2y, is prime cordial
forn>1.

Theorem 2.11: Y4 2n41 is prime cordial.

Proof: Here total 8n+4 vertices and
4(4n+1) edges in the graph Ys2n+1. Now we
label these vertices as follows:

Step 1: Draw the graph Y43 and label the
vertices as shown in the following
Figure 12.
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Figure 12. Prime cordial labeling of Y43
Here e;(1)=10 and e;(0)=10. .- |er(1)-e:(1)|=0

Step 2: Now draw one cycle inner side and
one cycle outer side to the above graph
and join the vertices of these cycles
to the corresponding vertices of previous
cycles as shown in the following Figure
13. Then label the vertices of inner cycle
by 19,17,13,15 in clockwise direction
and the vertices of outer cycle by 14,
16,18,20 also in clockwise direction as
shown in the Figure 13.

Figure 13. Prime cordial labeling of Ya 5
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Here we have added 8 vertices and
16 edges to the graph Y 3. Out of these 16
edges, 8 inner edges have label 1 and 8 outer
edges have label 0. So the difference of er (1)
and e; (0) remains same.

Thus in k™ step we add one inner
cycle and one outer cycle to the previous graph
and label the vertices of outer cycle by next
four consecutive even integers 8k-2, 8k, 8k+2,
8k+4 in clockwise direction and label the
vertices of inner cycle by next four consecutive
odd integers 8k-3, 8k+1, 8k-3, 8k-1 in
clockwise direction for k> 1. Thus every time
8 edges added to outer side have label 0. Now
we will prove that every time 8 edges added
to the inner side have label 1.

Here in k™ step, the vertices of inner
cycle have label 8k+3, 8k+1, 8k-3, 8k-1 in
clockwise direction and the vertices of the
previous inner cycle have also label 8k-5, 8k-
7, 8k-11, 8k-9 in clockwise direction for k> 2.
Thus we have

gcd(8k + 3,8k —5) = gcd(8,8k —5) =1,
gcd(8k + 1,8k —7) = gcd(8,8k—-7) =1,
gcd(8k — 3,8k —11) = ged(8,8k — 11) =1,
gcd(8k — 1,8k —9) = gcd(8,8k—9) =1
and gcd(8k + 3,8k + 1) = gcd(8k + 1,
8k —3) = gcd(8k — 3,8k — 1) = gcd(8k
—-1,8k+3)=1.
Thus these 8 edges have label 1.

Thus at each step the difference of
e (1) and e; (0) remains same. In the first step,
this difference is 0 and so after n steps also
ler (1)-ef (0)|=0. Therefore Y42n+1 iS prime
cordial.
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Hence from the Theorem 2.7 and
Theorem 2.8 we have the following result:

Theorem 2.12: Y4, is prime cordial
for all n greater than 2.

Theorem 2.13: Y5, is prime cordial
for all n greater than 1.

Proof: First of all draw a cycle Cs
and label the vertices as shown in the following

Figure 14:
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(b)

Figure 15. Prime cordial labeling of Y5,

Ysm+1 Ysma2) Ysme3 Ysmea and Ys ma+s

Now
Step 1:

—G)

Figure 14

Now for m™ (m > 2) cycle of Ys, take

k = [mT_Z] +1. Here we can easily check Step 2:

thatform,m+1, m+2 m+3, m+4andm+
5, k remains same.

Label the vertices of mt" cycle of Y5,
by the integers 30k-22, 30k-24, 30k-
21, 30k-20, 30k-23 in clockwise direction
as shown in the previous Figure 15(a).

Label the vertices of (m+1)™ cycle by
the integers 30k-16, 30k-18, 30k-15,

30k-19, 30k-17 in clockwise direction
as shown in the previous Figure 15(a).
By adding (m+1)" cycle, we are adding
10 edges to the graph Ysm,. Now for
these 10 edges, we have gcd (30k — 15,
30k — 19) = ged(30k — 19,30k — 17) =
gcd(30k — 17,30k — 16) = ged(30k — 19,
30k — 20) = ged(30k — 17,30k — 23) = 1
and other five edges have gcd greater
than 1. Thus out of these 10 edges, 5
edges have label 1 and other 5 edges
have label 0. So if the graph Ys  is prime
cordial then the graph Ysy+1 is also
prime cordial.
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Step 3:

Step 4:

Step 5:

Label the vertices of (m+2)" cycle by
the integers 30k-14, 30k-10, 30k-12,
30k-13, 30k-11 in clockwise direction
as shown in the previous Figure 15(a).

By adding (m+2)™ cycle, we are adding
10 edges to the graph Ys m+1. Now for
these 10 edges, we have
gcd(30k — 12,30k — 13) = ged(30k — 13,
30k — 11) = ged(30k — 11,30k — 14) =

gcd(30k — 13,30k — 19) = gcd(30k
— 11,30k — 17) = 1 and other five
edges have gcd greater than 1. Thus

out of these 10 edges, 5 edges have
label 1 and other 5 edges have label

0. So if the graph Ysm+1 IS prime
cordial then the graph Ysm+ is also
prime cordial.

Label the vertices of (m+3)" cycle by
the integers 30k-8, 30k-6, 30k-9, 30k-
7, 30k-5 in clockwise direction as shown
in the previous Figure 15(a). By adding
cycle (m+3)" cycle we are adding 10
edges to the graph Ysm+2. Now for
these 10 edges, we have
gcd(30k — 9,30k —7) = gcd(30k — 7,
30k — 5) = gcd(30k — 5,30k — 8) = gcd(30k
—7,30k — 13) = gcd(30k — 5,30k
—11) = 1 and other five edges have
gcd greater than 1. Thus out of these
10 edges, 5 edges have label 1 and
other 5 edges have label 0. So if the
graph Ysm+2 is prime cordial then the
graph Ys m+3 is also prime cordial.

Label the vertices of (m+4)" cycle by
the integers 30k-4, 30k-2, 30k, 30k-1,
30k-3 in clockwise direction as shown

Step 6:
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in the previous Figure 15(a). By adding
(m+4)" cycle, we are adding 10 edges
to the graph Ys m+3. Now for these 10
edges, we have
gcd(30k,30k — 1) = ged(30k — 1,
30k — 3) = gcd(30k — 3,30k —4)

= gcd(30k — 1, 30k — 7) = gcd(30k — 3,
30k — 5) = 1 and other five edges have
gcd greater than 1. Thus out of these
10 edges, 5 edges have label 1 and other
5 edges have label 0. So if the graph

Ys,m+3 1S prime cordial then the graph
Ys5m+4 IS also prime cordial.

Label the vertices of (m+5)" cycle by
the integers 30k+2, 30k+4, 30k+3,
30k+1, 30k+5 in clockwise direction
as shown in the previous Figure 15(b).

By adding (m+5)" cycle, we are adding
10 edges to the graph Ys m+4. Now for
these 10 edges, we have
gcd(30k + 4,30k + 3) = gcd(30k
+ 3,30k + 1) = gcd(30k + 1,30k + 5)
= gcd(30k +5,30k + 2) = gcd(30k + 1,
30k — 1) = ged(30k + 5,30k —3) =1
and other four edges have gcd greater
than 1. Thus out of these 10 edges, 6

edges have label 1 and other 4 edges
have label 0. Now interchange the

labels 30k-1 and 30k-3 of the (m+4)™"
cycle. As gcd(30k,30k —3) > 1,
number of edges label with O increase
by 1. So if the graph Ysm+4 is prime
cordial then the graph Ysms is also
prime cordial.

Now for the (m+5)", (m+7)™, (m+8)",
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(m+9)", (m+10)™", and (m+11)™" cycles, repeat
the above steps 1 to 6 respectively by taking
k+1 instead of k.

So the vertices of (m+11)" cycle are
labeled by the integers 30k+8, 30k+6, 30k+9,
30k+10, 30k+7. By adding (m+11)" cycle, we
are adding 10 edges to the graph Ys m+s. Now
for these 10 edges, we have gcd(30k + 9,30k
+ 10) = gcd(30k + 10,30k + 7) = gcd(30k +
7,30k +8) = gcd(30k + 10,30k + 1) =
gcd(30k + 7,30k + 5) = 1 and other five
edges have gcd greater than 1.

U. M. Prajapati, et al.

greater than 1.

Theorem 2.14: Yg, is prime cordial
for all n greater than 1.

Proof: Draw the graph Ys 2 and label the
vertices as shown in the following Figure 16(a):

From the following Figure 16(a), we can
easily check that the graph Y 2 is prime cordial.
Now for the graph Ye x (k>3), label the vertices
of k™ cycle by the integers 6k, 6k-2, 6k-4, 6k-
5, 6k-3, 6k-1 in clockwise direction as shown
in the following Figure 16(b). We can easily check
that for k = 3, the graph Yg 3 which is shown in

(a) Prime cordial
labeling of Ys 2

(b) Prime cordial labeling
of Y and Yg k1

(c) Prime cordial
labeling of Y 3

Figure 16. Prime cordial labeling of Ys

Thus out of these 10 edges, 5 edges
have label 1 and other 5 edges have label 0.

So if the graph Ys, m+s is prime cordial then the
graph Ys m«+s is also prime cordial. And we can
easily check that the graph Ys » is prime cordial
by taking m =2 in step 1.

Thus Ys, is prime cordial for all n

the Figure 16(c) is prime cordial. Now for the
graph Ye k1, the vertices of the (k + 1) cycle
are labeled by the integers 6k+6, 6k+4, 6k+2,
6k+1, 6k+3, 6k+5 in clockwise direction as
shown in the above Figure 16(b). By adding
(k + 1) cycle to the graph Yex, we are adding
12 edges to the graph Ysx. Now for these 12
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edges, we have gcd(6k + 2,6k + 1) = gcd(6k
+ 1,6k + 3) = gcd(6k + 3,6k + 5) = gcd(6k + 5,
6k + 6) = gcd(6k + 1,6k — 5) = gcd(6k + 5,
6k — 1) = 1 and other six edges have gcd
greater than 1.

Thus out of these 12 edges, 6 edges
have label 1 and other 6 edges have label 0.

So if the graph Yg is prime cordial then the
graph Ye k+1 is also prime cordial.

Thus Y, is prime cordial for all n
greater than 1.

Theorem 2.15: Yz, is prime cordial
for all odd prime p and for all n > 1.

Proof: Prime cordial labeling of the
graph Yzp 2 is shown in the following Figure 17:

Figure 17. Prime cordial labeling of Y-

In the above Figure 17, it is seen that p
vertices of the inner cycle left to the dotted line
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are labeled by the odd integers 1,3,5,...2p-1
and p vertices of the outer cycle left to the
dotted line are labeled by the odd integers
2p+1, 2p+3, 2p+5,...,4p-1 in clockwise direction.
Also p vertices of the inner cycle right to the
dotted line are labeled by the even integers
2,4,6,...,2p-2, 4p-2 and p vertices of the outer
cycle right to the dotted line are labeled by the
odd integers 2p+2, 2p+4, 2p+6,...,4p-4, 2p, 4p
in anticlockwise direction.

Now in the previous Figure 17, all 2p
vertices left to the dotted line are labeled with
the even integers. So they give us 3p-2 edges
with label 0. Also the edge joining the vertices
labeled by 2p-1 and 4p-2 and the edge joining
the vertices labeled by p and 3p also have label
0. Thus we have total 3p-2+2=3p edges with
label 0. And all other 3p edges have label 1 as
the labels of adjacent vertices are consecutive
odd integers or they differ by 2p. Thus Yop 2 is
prime cordial.

Now for the graph Yzp,, label the
vertices of first two inner cycles as shown in
the previous Figure 17. Now for k>3, label each
vertex of k' cycle (from inner side) by adding
2p to the label of the vertex of previous inner
cycle adjacent to this vertex. By adding one
outer cycle, we are adding 2p vertices and 4p
edges to the previous graph. Out of these 4p
edges, 2p edges have label 0 and other 2p edges
have label 1. Because if a vertex of (k - 1)
cycle is labeled with even integer then the
corresponding vertex of k™ cycle is also labeled
with even integer as they differ by 2p. Thus
the p vertices of k™ cycle labeled with even
integers gives us 2p - 1 edges with label 0 and
one more edge joining the vertices labeled by
(2k - 1)p and (2k + 1)p have also label 0. Thus
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we have total 2p - 1+1=2p edges with label 0.
And all other 2p edges have label 1 as said
before that the labels of adjacent vertices are
consecutive odd integers or they differ by 2p.

Thus Y2y 5 is prime cordial for all odd
prime p and for all n > 1.

Conjecture 2.15: Yy, is prime cordial
for all m> 3 and m > 2 except Y.

3. Concluding Remarks:

Generalized prism graphs are very
interesting for researchers of graph theory. It
iS very interesting to investigate prime cordial
labeling of generalized prism graph. Here we
investigate several results of generalized prism
graph about prime cordial labeling. Extending
the study to other results about prime cordial
labeling of generalized prism graph is an open
area of research.
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4., Comment:

We are thankful to UGC as this work
has been carried out under the Minor Research
Project.
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