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Abstract

In this paper for the first time we define the new notion of n-ary
semilattices under the intersection operation. Several new notions likes
pseudo buds and uniform t-length n-ary semilattices are introduced and

their properties analysed.
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1. Introduction

In this paper authors for the first time
introduce the notion of n-ary semi lattices and
some interesting concepts like pseudo buds
and uniform t-length n-ary semilattices associated
with them. They are defined and described.
This paper has four sections. Section one is
introductory in nature. For definition of
semilattices refer’2. For concept of trees
please referd. Section two defines the new
notion of n-ary semilattices under the binary
operation (intersection). Here the notion of
pseudo buds and uniform t-length semilattices
are defined, described and developed and their
properties analysed In section three the
applications of this new concept is briefly
given. Final section gives the conclusions
based on this research work.

2. New class of n-ary semilattices under the

binary operation N :

In this section the new notion of
n-ary semilattices using intersection, ‘~’
operation is defined and their properties
analysed. The n-ary semilattices under n have
the least element which is unique and has
several maximal elements. The notion of
pseudo buds are defined for n-ary semilattices

under M operation.

Definition 2.1: Let {S, "} be a
semilattice under the intersection operation
{S, M} is defined as a n-ary semilattice (n a
positive integer 1 <n < oo) if the following
conditions are satisfied.

i) Every vertex of the semilattice has exactly
n edges or lines emerging out of it in
the upward direction and the operation
on S is M.

ii) There are many maximal elements but
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one and only one least element.
iii) When n=1 the n-ary semilattice is defined
as the 1-ary semilattice under M.

When n = 2 the n-ary semilattice is
defined as the binary semilattice and so on.

Here all n-ary semilattices {S, "} are
taken only of finite order. That is number of
vertices and edges based on M are only finite
in number.

This situation is illustrated by the
following examples.

Example 2.1:
o X1 X2, X3, Xa}

® {Xli XZ! X3}

¢ {Xo X3}
o {Xs}
Figure2.1

The above Figure 2.1 gives a 1-ary
semilattice where S = {{Xs}, {X2, Xa} {X1, X2,
X3}, {X1, X2, X3, X4}, M} under the intersection
operation and the partial order is the containment
relation.

{x3} = {Xo, Xa} = {X1, X2, X3} = {1,
X2, X3, Xa}; {Xa} M {X2, X3} = {Xs} and so on.
The least element is {xs}.

The maximal element is unique and is
{X1, X2, X3, Xa}.
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In view of this the following result is
proved.

Proposition 2.1: The one-ary semi-
lattice {S, n} has a unique maximal and a
unique minimal element.

Proof: Follows from the very definition
that the semilattices are one-ary so only one
edge emerges from the vertex in the upward
direction.

Example 2.2: Let {S, m} be the 3-ary
semilattice given by Figure 2.2.

Clearly ¢y, ¢, and c; are the maximal
elements of the 3-ary semilattice; {S, n}. 0 is
the least element.

It is interesting to note that this has
several chains of varying lengths. There are 3
chains of length three. 3 chains of length two
and 2 chains of length 1 with 0 as least element.

Example 2.3: Let {S, n} be the 4-
ary semilattice which is given by Figure 2.3.

Clearly the 4-ary semilattice has 0 to
be the least element and {ci, C, Cs, ..., Cs}
are the 8 maximal elements of {S, n}.
There are 8 number of chain lattices of order
three.

There are 6 number of chain lattices
of order two all of which have zero as the
least element and has one maximal element.
Now the definition of length of the n-ary
semilattice (S, M) is given in the following.

Definition 2.2: Let {S, n} be the n-
ary semilattice of finite order. The length
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of S denoted by I(S) = max {|C| — 1} where
C denotes the maximal chain of S.

Examples of length of n-ary semilattices
{S, m} is described by the following examples.

Example 2.4: Let {S, n} be the 5-
ary semilattice given by the Figure 2.4.

The length of the 5-ary semilattice (S,
M) is four.

Example 2.5: Consider the 2-ary
semilattice (S, m) given by Figure 2.5.

It is clear (S, m) has 0 to be the least
element and ¢4, €y, C3, C4, .., C15, Cic are 16
distinct maximal elements of (S, n). Clearly
the binary semilattice has the length of the
semilattice to be four.

All chains of maximal length are only
four and are equal.

These n-ary semilattices which has all
chains connecting the least element 0 and the
maximal element to be the chains of same
length and they are defined as the uniform t-
length n-ary semilattices.

The above binary semilattice is a uniform
4-length binary semilattice.

Consider the following example.

Example 2.6: Figure 2.6 gives a
trinary-semilattice. (S, M) is a uniform 2-length
semilattice.

In view of this property the following
definition is mandatory.
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Definition 2.3: Let (S, n) be a
uniform t-length n-ary semilattice. The
maximal elements of (S, ») are defined as
the pseudo buds of (S, M).

Theorem 2.1: The pseudo buds of
(S, »m) can generate (S, M) in a very special
way.

Proof: Let (S, n) be the n-ary
semilattice which is uniform t-length.

Suppose ¢y, Cy, ..
buds of (S, N).

., Cm be the pseudo

Let d; be the intersection of ¢y, Co,
...,Cn, do be the intersection of Cn+1, ..., Con
and so on d; be the intersection of Cin in+1, ... m
where m = Cgsn.

Now let intersection of d;, ds, ..., dn
be by, die1, doso, ..., don be b, and so on.
Next let intersection of by, ..., b, be a; and so
on.

When the last but one set of vertices
say are X, Xy, .., Xn, then their intersection is
0, the least element of (S, n). Hence the
theorem.

This is represented by the following
example.

Example 2.7: Let (S, ) be the 2-ary
semilattice given by Figure 2.7 which is
maximum 4-length.

C1 M C = 0, C3 M Cs = dy
Cs M Cs = d3,
C7 M Cg :d4, ...,C15ﬁ016:d3
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C1 C2 C3

az
a a3

0
Figure 2.2

Figure 2.3

Figure2.4
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Ci; C C3 C4 C Cg C7 Cg Cg C19 C11 C12 C13 Cyg Ci5 Cyp

0
Figure 2.5

b, & by b, b

by P

Figure 2.6

Cb C C C C; Cg C7 Cg Cg Cyp C11 Cgp Ci3 Cig4 Ci5 Cig

0
Figure 2.7
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dlﬁ d2: bl, d3ﬁd4: bz,
d5ﬁd6: b3, d7ﬁd3: b4.
blﬁbzal, b3ﬁb4:az

and a; na, = 0.

This is the way this binary semilattice
is four length.

3. Applications of n-ary semilattices
(S, M) :

In this section a brief possible
applications of the n-ary semilattices
(S, m) is given.

Clearly by the very definition of the
new concept of (S, ) the n-ary semilattices
given in the figures one sees all these n-ary
semilattices are n-ary trees.

One knows very well the applications
of trees to various fields in IT, computer
science and other fields. Specially the n-ary
semilattices have application to sorting and
determination of data mining.

Thus these n-ary semilattices (S, M)
will certainly find applications as there are only
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trees and wherever trees find their applications
these n-ary semilattices can be applied.

4. Conclusions

In this paper for the first time the new
concept of n-ary semilattice (S, M) is defined,
developed and described. Several interesting
concepts and new notions of pseudo buds and
uniform t-length semilattices are introduced
and their properties analysed.

They are powerful structures as they
are trees. Further these can be naturally
constructed using subsets of a power set of a
large set. Hence the existence of these new
structures is guaranteed.
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