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Abstract

In this paper, a theorem in connection with the unification of a
class of trilateral generating relations for certain special functions with
Tchebycheffpolynomial has been proved by group theoretic method,
which in turn yields a number of theorems on trilateral generating
functions involving classical orthogonal polynomials (see Section 3 of

this paper).
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1. Introduction

Theories in connection with the
unification of bilateral or trilateral generating
relations for various special functions are of
greater importance in the study of problems
on special functions. For previous works in this
direction, one can see the works*781% in
connection with the unification of bilateral and
mixed trilateral generating relations
respectively.

In the present paper, we have established

a novel result in connection with the unification
of trilateral generating relations for certain
special functions by group theoretic method,
of course when suitable continuous transformation
groups can be constructed for the special
functions under consideration, with Tchebycheff
polynomials. The method is based on the
theory of one parameter group of continuous
transformations'® by means of which any
unilateral generating relation involving a special
function can be transformed into a bilateral
generating relation and then into a trilateralge-
nerating relation with Tchebycheff polynomial
by means of the relation!’:
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(1.1)T1,0 :%[(xh/xz -1 )n +(x—\/x2 -1 H
The detailed discussion is given below:
2. Group-Theoretic Discussion:

Let us first consider the following
unilateral generating relation:

G(x,w) = Zan pEMwn, (2.1
n=0

wherep ™™ (x)is a special function of
degree n and of parameter(« + n) and a,, is
independent of X, W.

Replacing w by vw=z and then

multiplying both sides of (2.1) byy= we get,

)

yEG(x,w) = Z a,
n=0

We now suppose that for the above

(P Eyezm) o)t (2.2)

special functionp®*™ (x), it is possible to
define a linear partial differential operator R,
which generates one parameter continuous
transformations group as follows:

0 0
R = Al(x,y,z)a+A2(x,y,z)@

IPI:

n=0m=

|pn pn+1

 Prrmet P (x)y® MM (p)n,
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0
+ As(x,y,2) EP + Ay(x,y,2)
such that

R( (a+n)(x)y ) Pn pr(li';n)(x)ya—lzn+1 )
(2.3)

where p_is function of n, abut independent

of x,y,z.

Let us asume that the group generated by R

as follows:

eWR f(x’ylz) = Q(x‘ y‘ Z’ W)f(g(x’y’zf W)l
h(x,y,z,w), k(x,y,z,w)). (2.4)

Operating *#on both sides of (2.2)we get

o

e"R(y* G(x,w)) = e"R (Z ( pytm

n=0

(x)y“z")(wv)“). (2.5)

Now the left number of (2.5), with the help of
(2.4), becomes

Q(x,y,z, W)(h(x, y,2, w))a G
vwk(x,y,z, W)).

(g(x,y,z,w),
(2.6)

The right number of (2.5), with the help of
(2.3), becomes

(2.7)

Now equating (2.6) and (2.7) and then putting v = z = 1, we get
Q(x,1,1,w)(h(x, 1,1,w))* 6 (g, 1,1,w), vwk(x,1,1,w))
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= Z Z anmpn Pn+1 - - Pn+m-1 péoj-;?)(x)(wv)n
n=0m=0 '
© n
wh
= Z Z An-m an—m Pn-m+1 - - Pn-1 pr(LCHn m)(x) A
n=0m=0 '
= z Wn O-n(x: U),

S
I
o

where

o, v) = Z s ,]_[ pi P V™

Now to convert the above bilateral generatmg relation into a trilateral generating relation
withTchebycheffpolynomial, we notice that

oo

D nt T oW

n=0

oo

= Z Un(x,v)%[(u +Vu? — l)n + (u —Ju? — 1)n] wn

n=0

1 - n]
=D e {w (w2 = 1) + > aue ) {w (u— Va2 =1
2[2 o) o (u+ Vi za v y

Zo'n(x v) uy" +ZUn(x V) Uy |

n=0

1
= E [Q(x, 11 1r .ul)(h(x; 1: 1! nul))a G ( g(x) 1' 1' :ul)l vlulk(xr 11 1) .ul))
+0(x1,1,4,) (h(x, 1,1, uz)) G (g(x, 1,1,u,), vik(x 1,1, uz))],

py = w(u+Vuz — 1)andy, = w(u — Vu2 — 1).

Thus we have prove the following theorem.

1
—2

where



10 K.P. Samanta, et al.

Theorem 1: If there exists a unilateral generating relation of the form:

oo

Gex,w) = ) an pE ) W

n=0

then

0

Y, on(xv) T(u)w"

n=0

1
= E [Q(x, 11 1r .ul)(h(x; 1: 1! nul))a G ( g(x) 1' 1' :ul)l vlulk(xr 11 1) .ul))

+(x1,1,4,) (h(x, 1,1, uz))a G (g(x, 1,1,u,), vik(x 1,1, uz))],
where

n n—-1
— am (a+m) m
Un(x,v)—Zmﬂ pi bn () V™,
m=0 l=m
uy = w(u +Vu? — 1)andu, = w(u — Vu? - 1).
The above theorem does not seem to have appeared in the earlier works.

We now proceed to give a good number of applications of our result.’6-%

3. Applications
Application-1: At first we take

P () = ;7 (witha = B.

Then we consider the following partial differential operator g, where

d
R=x y‘lza — z@ -2 zzy‘1£ —xy 1z
such that
R(£EW@yPzt) = —(n+ 1) 5™ @yF1zm (3.1)
ande"R f(x,v,z) = exp(—wxy~1z)
xf(x(1+w ) 4 i ) 3.2
Y "A+wytz) 1 +wy12)2) (3:2)
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Therefore comparing (2.3), (2.4) with (3.1), (3.2), we get
pn=—(Mn+1), Q(x,y,z,w) = exp(—wxy~12),

gy, zw) =x(1+wy'z), h(x,y,zw) = m,
z
k(x,y,z,w) = ATrwy )2

Then, by the application of our theorem, we get the following result on trilateral generating
relations with Tchebycheffpolynomials.

Theorem 2: If

Gew) = ) an £ wn 3)
then "
PRACTLANT
n=0
1 - M1V
=— — B — -
3 el (1= )6 (x(1 - ), FEs)
+exp(xpz) (1 - ) PG (x(l — H2), %)] (3.4)
where
o) = ) a4 () £E00 vk,
k=0

py = w(u +Vu? —1)andy, = w(u —Vu?z — 1)
whichdose not seem to appear before.
Application-2: We now take

(a+n) _
Pn (x) - La, b, (m+n), n
Then we consider the following partial differential operator g, where

(x)witha = m.

R = bx y‘lzi + bzi + 2bz%y~t 9 axy 1z
0x ady 0z

such that
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R(La, b, (m+n), n(x)ymzn) =n+ 1)La, b, (m+n), n+1(x)ym—1zn+1 (3.5)

and
R _ —awxy 1z
eV f(x,y,z) = exp (—(1 = bwy12)
y ( X y z )
f (1-bwy=1z)" (1—-bwy1lz)" (1- bwy 1z)?2 (3.6)
Therefore comparing (3.5), (3.6) with (2.3), (2.4), we get
B B —awxy 1z
pn=(Mm+1), Q(x,y,z,w) = exp <1 — bwy‘lz>'
gx,y,z,w) = T=bwy o)’ h(x,y,z,w) = a=bwy 12
z
k(x)ylZJ W) - (1 _ be_lz)z'

Therefore, by the application of our Theorem 1, we get the following result on trilateral generating
relationwith Tchebycheff polynomials.

Theorem-3 : If

oo

G(x,w) = Z anla, b, m+n), () wh (3.7)
n=0
then
> e, T, W
n=0
1 [ ( —au1x> B X UiV
=—|ex 1-b mG( , )
2P \T = pyy) A o) Ty = b2
—ap,X x U2V
+ex ( )(1—b )-mG( , )] 3.8
P PR " @y - b2/l GO
where
n
n
O-n(x, v) = Z ag (k) La, b, (m+k), n(x) vk’
k=0

uy = w(u+Vuz — 1)andy, = w(u — Vu2 — 1),

which does not seem to appear before.
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Corollary-1: On specializing the parameters as @ = b = 1 and m = 1 4+ « in our
Theorem-3 we get the following result on Laguerre polynomials:

Theorem-4 : If
G(x,w) = Z @, L™ (x) wh (3.9)
n=0
then
Z o, (x, V)T, (W)w™
n=0
1[ —H1X X fqv
=lowr o oo 2)e (o i)
2|1 H) Pl (1—u1) 1 —p)?
_ —H2X X
+(1 - (+a) ex ( )G( ) )] 3.10
e (720) 6 (T o) G0
where

n

oaCtv) = ) a (1) LTG0 v,

m=0

py = w(u + Vuz — 1)andy, = w(u — Vu2 — 1).

Application-3: We now take
p* (x) = ¢ (x)witha = A.

From®®, we see that

0 9] 0
R=O*-1)y'z—+ 2xz—+3xy 1z —

0x dy 0z
such that
R ( Cﬁ“")(x)ylz”) = (n+1) C4*™M (x) yA1zn+1 (3.11)
and

e"R f(x,y,2)

f Xy — wz y3 zy3
= = 2 (3.12)
(wz? = 2wxyz + y2)2 ‘(wz? = 2wxyz + y?)’ (wz? — 2wxyz + yZ)Z
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So by comparing (3.1),(3.12) with (2.3),(2.4), we get
Xy —wz

pn=Mm+1), Qx,y,zw) =1, glx,y,z,w) = T
(wz? — 2wxyz + y?)2

y3

(wz? = 2wxyz + y?2)’

zy3

h(x,y,z,w) = k(x,y,z,w) = 3
(wz? — 2wxyz + y?)2
Then by the application of our Theorem 1, we get the following result on trilateral generating
relation with Tchebycheff polynomials.

Theorem-5: If

oo

G(x,w) = z a, CY(x) wn (3.13)
n=0
Then
> ou Ty W
n=0
1 _ X — Hq M1V
=E(H1_2M1x+1)16 1; E
(U = 2mx+ 12 (g — 2ux + 1)2
X — v
(= 2upx + 1)1 G 2 Ha )|, 314
(2 — 2upx + )2 (up — 2upx + 1)2
where

n
o) = ) (i) €000 vk,
k=0

uy = w(u +Vu? — 1)andu, = w(u — Vu? — 1),
which does not seem to be appear before.

Application-4: Now we take

p™™(x) = LF(-n, B a+n; x)
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Then we consider the following partial differential operator B, where

R=x(1- x)y"lzi + zi + 2 zzy‘li — Bxy 1z
0x ady 0z

such that
R( Fi(—n, B; a+n; x)y*z") = (2n+a)
X, Fi(—(n+1), B; a+n; x)(x)y* 1z"1  (3.15)
and
e"R f(x,y,2) = (1 —wy 121 —wy 1z(1-x)}F
X y z )
1
xS (1 —wy1z(1-x)" (1—-wy1z)" (1—-wy12)? (3.16)
Therefore comparing (2.3), (2.4) with (3.15), (3.16), we get
pn=02n+a), Qlxyzw) = A-wy 21 -wy1z(1-x)}5,

_ x _ Y
9y, z,w) = T— w2l — )’ h(x,y,z,w) = O-wy i)
VA
k(x,y,z,w) = A=wy 17

Then by the application of our Theorem 1, we get on simplification the following result
on trilateral generating relationwith Tchebycheff polynomials.

Theorem 6: If

[oe]

Glx,w) = z a, Fi(—n, B; a+n; x)w"(3.17)
n=0
then

[oe)

Z on (X, V)T, (Ww™

n=0
_1 —arq _ _ - X KV
=s|a-wre - ma -0 ﬁc(l_#l(l_x), (1_M1)2)
o \B-afq _ B X K2V
HO- w1 - -6 (e )] G19)
where

n

k—1
on(x,v)=2ak (n;c()fl--;—l ) JF(—n, B; a+k; x) vk,
k=0



16 K.P. Samanta, et al.

uy = w(u+Vuz — 1)andy, = w(u — Vu2 — 1),

which does not seem to have appeared in the earlier works.

Application 5: Now we take
p* ™ (x) = Y@+ (x; k) *°, Kis a positive integer
Then from®, we see that

d 0 9]
R = -1 1 2,1 1-— -1
Xy Zax+zay+(k+ )z%y aZ+( x)y 'z

such that
R(YE(x;K)y*z™) = k(n + YL (x; k)y* Tzt (3.19)
and

X

1
e"R f(x,y,2) = (1 —kwy™'z) Kexp| x — .
(1 —-kwy 12)k

X y z
xf 1 1 —1| (320
(1—-kwy 12k (1—-kwy 12)k (1—-kwy 1z) 'k

Therefore comparing (2.3), (2.4) with (3.19), (3.20), we get

1
pn=k(n+1),  Qmy.zw) = (1—kwyz) Fexp| x ————7 |
(1 - kwy 12)k
X y
gx,y,z,w) = T h(x,y,z,w) = o
(1—-kwy 12)k (1—-kwy12)k
Z
k(x,y,z,w) =

T
(1 - kwy12)"*%

Then by the application of Theorem 1, we get on simplification the following result on trilateral
generating relation with Tchebycheff polynomials.

Theorem7: If

oo

G(x,w) = z an Y (k) wh (3.21)

n=0
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and
Z 0 (3, V)T, (L)W
n=0
1 - (1+a) X X Hv
=5 |A—kn)” Fexp| x ———— |G T L
(1= kuyx (1 —=ku)kx (1 —ku) %
—(+a) X X UV
+(1—kuy) & exp|x-— T |G T 1|l (3.22)
(1= kuy)x (1 = kuy)x 1- k#z)“E
where
n
(N
o,(x,v) = Z Ay KM (m) yarm(x; k) v™,
m=0

uy = w(u +Vuz — 1)andy, = w(u — Vu2 — 1).
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