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Abstract

In this paper, a theorem in connection with the unification of a
class of trilateral generating relations for certain special functions with
Tchebycheffpolynomial has been proved by group theoretic method,
which in turn yields a number of theorems on trilateral generating
functions involving classical orthogonal polynomials (see Section 3 of
this paper).
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1. Introduction

Theories in connection with the
unification of bilateral or trilateral generating
relations for various special functions are of
greater importance in the study of problems
on special functions. For previous works in this
direction, one can see the works1-7,8-15 in
connection with the unification of bilateral and
mixed trila teral generating relat ions
respectively.

In the present paper, we have established

1E-mail: kalipadasamanta2010@gmail.com (Corresponding author)

a novel result in connection with the unification
of trilateral generating relations for certain
special functions by group theoretic method,
of course when suitable continuous transformation
groups can be constructed for the special
functions under consideration, with Tchebycheff
polynomials. The method is based on the
theory of one parameter group of continuous
transformations16 by means of which any
unilateral generating relation involving a special
function can be  transformed in to a  bilateral
generating relation and then into a trilateralge-
nerating relation with Tchebycheff  polynomial
by means of the relation17:
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The detailed discussion is given below:

2. Group-Theoretic Discussion:

Let us first consider the following
unilateral generating relation:

  (2.1)

where  is a special function of
degree n and of parameter  and  is
independent of wx, .

Replacing  by  and then
multiplying both sides of (2.1) by  we get,

  (2.2)

We now suppose that for the above

special function  , it is possible to
define a linear partial differential operator R,
which generates one parameter continuous
transformations group as follows:

     

such that

(2.3)
where is function of but independent
of x,y,z.
Let us asume that the group generated by R
as follows:

 (2.4)

Operating on both sides of (2.2) we get

  (2.5)

Now the left number of (2.5), with the help of
(2.4), becomes

 (2.6)

The right number of (2.5), with the help of
(2.3), becomes

   (2.7)

Now equating (2.6) and (2.7) and then putting , we get
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where

 

Now to convert the above bilateral generating relation into a trilateral generating relation
withTchebycheffpolynomial, we notice that

 

 

 

where

and . 
Thus we have prove the following theorem.



Theorem 1: If there exists a unilateral generating relation of the form:

 

then
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where

 

and . 

The above theorem does not seem to have appeared in the earlier works.

We now proceed to give a good number of applications of our result.16-20

3. Applications
Application-1:  At first we take

with  

Then we consider the following partial differential operator , where

 

such that

   (3.1)

and  

 (3.2)
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Therefore comparing (2.3), (2.4) with (3.1), (3.2), we get
 

 

 

Then, by the application of our theorem, we get the following result on trilateral generating
relations with Tchebycheffpolynomials.

Theorem 2: If

 (3.3)

then

 

    (3.4)

where

 

and  

whichdose not seem to appear before.

Application-2: We now take

 with  
Then we consider the following partial differential operator , where

 

such that
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 (3.5)
and

 

 (3.6)

Therefore comparing (3.5), (3.6) with (2.3), (2.4), we get

 

 

 

Therefore, by the application of our Theorem 1, we get the following result on trilateral generating
relationwith Tchebycheff polynomials.

Theorem-3 : If

(3.7)

then

 

where

 

and , 
which does not seem to appear before.
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Corollary-1: On specializing the parameters as  and   in our
Theorem-3 we get the following result on Laguerre polynomials:

Theorem-4 : If

  (3.9)

then

 

where

 

and  

Application-3:  We now take

with  
 From18, we see that

 

such that

 (3.11)

and
 

   (3.12)
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So by comparing (3.1),(3.12) with (2.3),(2.4), we get

 

 

Then by the application of our Theorem 1, we get the following result on trilateral generating
relation with Tchebycheff polynomials.

Theorem-5: If

  (3.13)

Then

 

 

where 
 

 

and , 

which does not seem to be appear before.

Application-4: Now we take
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Then we consider the following partial differential operator , where

 

such that
 

and
 

 

Therefore comparing (2.3), (2.4) with (3.15), (3.16), we get

 
 

 

 

Then by the application of our Theorem 1, we get on simplification the following result
on trilateral generating relationwith Tchebycheff polynomials.

Theorem 6: If

then

 

        

      

where
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and , 
which does not seem to have  appeared in the earlier works.

Application 5: Now we take
 19, kis a positive integer

Then from20,  we see that

 

such that
 (3.19)

and

 

       (3.20)

Therefore comparing (2.3), (2.4) with (3.19), (3.20), we get 

   

 

 

Then by the application of Theorem 1, we get on simplification the following result on  trilateral
generating relation with Tchebycheff polynomials.

Theorem7: If

 (3.21)
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and

 

    (3.22)

where

 

and  

Corollary-2: On putting   in our
Theorem 7 we get the Theorem 4.

4. Conclution

From the above discussion, it is clear
that one may apply Theorem-1 in the case of other
polynomials and functions existing in the field
of special functions subject to the condition of
construction of continuous transformation-
groups for the said special function. Furthermore,
the importance of the above theorems(2-7) lies
in the fact that whenever one knows a unilateral
generating relation of the form (3.3,3.7 etc)
then the corresponding trilateral generating
functions can at once be written down from
(3.4,3.8etc). Thus, one can get a large number
of trilateral generating functions with
Tchebycheff polynomials by attributing
different suitable values to .

References

1. Singhal J.P. and Srivastava H.M., A class
of bilateral generating functions forcerta-
inclassical polynomials, Pacific J. Math.,
42, 355-362 (1972).

2. Chatterjea S. K., Unification of a class of
bilateral generating relations forcertain
special functions, Bull. Cal. Math. Soc.,
67, 115-127 (1975).

3. Basu D.K., On the unification of a class
of bilateral generating relations forspeci-
alfunctions, Math. Balk., 6, 21-29 (1976).

4. Chongdar A.K., On a class of bilateral
generating  functions for certain special-
functions, Proc. Indian Acad. Sci. (Math.
Sci.), 95(2), 133-140 (1986).

5. Chongdar A.K., On the unification of a
class of bilateral generating functions
forcertain special functions, Tamkang J.

Unification of a class of---Tchebycheffpolynomials. 17



Math., 18, 53-59 (1987).
6. Chongdar A.K., A general theorem on the

Unification of a class of bilateralgenerating
functions for certain special functions,
Bull. Cal. Math. Soc., 81, 46-53 (1989).

7. Chongdar A.K. and Pan S.K., On a class
of bilateral generating functions, Simon
Stevin, 66, 207-220 (1992).

8. Chongdar A.K. and Mukherjee M.C., On
the unification of trilateral generating
functions for certain special functions,
Tamkang J. Math., 19(3), 41-48 (1988).

9. Sharma R. and Chongdar A.K., Unification
of a class of trilateral generatingfunctions,
Bull. Cal. Math. Soc., 83, 481-490 (1991).

10. Mukherjee M.C. and Chongdar A.K.,
Unification of a class of trilateral genera-
tingfunctions,  Caribb. J. Math., Comput.
Sci., 3(1&2), 45-52 (1993).

11. Chongdar A.K., On the unification of a
class of trilateral generating relations, Rev.
Acad. Canar. Cienc., VI (Num-1), 91-104
(1994).

12. Majumdar N.K., On the unification of a
class of  trilateral generating functions
forcertain special  functions, Indian Jour.
Math. 39(2), 165-176 (1997).

13. Chongdar A.K. and Sen B.K. Group-
theoretic method of obtaining a class of
mixedtrilateral generating relations for
certain special functions, Rev. Acad. Canar.

Ciencia., XVII (1-2),  71-87 (2005).
14. Maity P. K., On mixed trilateral generating

functions, Bull. Cal. Math. Soc., 99(1),
21-26 (2007).

15. Alam S. and Chongdar A.K., An extension
of a result on the unification of a class of
mixed trilateral generating relations for
certain special functions, J. Tech, XXXX,
31-44 (2008).

16. Chongdar A.K and S.K. Chatterjea, On
a class of trilateral generating relations
with Tchebycheff   polynomials from the
view point of one parameter group of
continuous transformations, Bull. Cal.
Math. Soc., 73, 127-140 (1981).

17. Rainville E.D. Special Functions, Chelsea
Publishing Company, Bronx., NewYork
(1960).

18. Ghosh, B., Some generating functions of
modified Gegenbauerpolynomials, Proc.
Indian Acad. Sci. (Math. Sci.), 96(2), 119–
124 (1987).

19. Konhauser, J.D.E., Biorthogonal polynomials
suggested by the Laguerre  polynomials,
Pacific J. Math., 21, 303-314  (1967).

20. Samanta,K.P. and Chongdar, A.K., Some
generating functions of biorthogonal
polynomials suggestedby the Laguerre
polynomials, Ultra Scientist, 25(2), 269-
274 (2013).

18 Ultra Scientist Vol. 28(1)A, (2016).


