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Abstract

In this paper we have proved a theorem on generalized Norlund
summability Factors of infinite series , which generalizes various known
results. However our theorem is as follows :

Theorem : Let {pn} be a non-negative and non-increasing, {Xn}
is a positive non-decreasing sequence and {An} is a positive decreasing
sequence such that

n
ZA\, l's, | = 0(x,) asn - o

v=1

nAA, =0 (2,)

> () -0(3)

Then the series Z ap €, Ayis summable by G (N,p,A)
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1. Definitions and Notations :

Let Z an pe a given infinite series with

sp is its partial sum The (N,P,A) transforem
* of

n

Sp = Z a, is defined by

v=0
n
Z Pn-v }\vsv
— v=0

Tn T
where
n
I'n = Z Pn An—vy (p-1=A1=1,=0)
v=0
= 0 forn=>0
[o0]
The series Z ap or the sequence {sn}
n=0

is said to be summable (N,p,A) tos, if t;—>Ss as
n —oo and is said to be absolutely summable
IN,p,A| If |tn] € BV and when this happens,
we shall write symbolically by {s,} € |N,p,A|.

The method (N,p,A) reduces to the
method® (N,p,) when A,=1 ;(Hardy p.64];
to Euler-knopp method (E,5) when®
ao" a”

— A, = = (xa>0,6>0)
(Hardy p. 178) ;
to the method (C,o.,B)(Borwein'?)

pn = n!

*Borwein® This is called the generalized
Norlund transform.
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n+oc+1) A= (n+B).

when p, = ( o 8

We write
En= Pn— Pn-1 = Apn

Up = dn — Qqpn-1 = Aqy
and

&n = &4

n
furthermore s, = ZAV

v=0

we note that

n n
I'n = Z PnvAy = Z €n_v Oy
v=0

v=0
and
n n v
z pn—v}\vsv = Z( Pn-v = Pn-v-1 ) Z }\]' 5j
v=0 v=0 j=0
n
= Z €n—v Ly Sy
v=0
where
Y
beg
= — S
V] 8v . 1 Y1
1=0
\Y
1
=5 2, (8i—8i)a
v 4
i=0

Here {t,} is the ( N, A )y mean® (Hardy
p. 5) which is equivalent to (R*,dn.1, 1)
mean® (Hardy p 1.13).

Rewriting T, is terms of the simplifi-
cation given above, we now have
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n
Z( Pn-v = Pn-v-1 ) t\)8\1
v=0

T, = "
Z( Pn-v — pn—v—l) 8\)
v=0

and this form suggests that we can have the
following extension of the (N, p, A) method.

We now write, for any {en}

n

D e ts 8

(1.1) W= =

n
g €n—v 6v
v=0
n
§ [od
€n—v tv Ev
__v=0
- n
§ €n—v Ev
v=0

where

n
1
t;a) = 6_0( Z(Sv —8y-1 )* dy
V=0

We denote this mean by G (N,p,A)q
(Dhal [4]).
Wheno =1
M= (N,p,4) (1), the G (N,p, 1) method
reduces to (N,p,A) method.

2. Dealing with the absolute Norlund summability
Sulaiman’ has proved the following theorem.
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Theorem A : Let {pn} be a sequence

of positive numbers. Let t,* denote the n?

(C, 1) mean of {n an}. If

[ee]
p
Z—“ len IXIth 1K < o

n=1

* 1 P k-1
Z—k (—“) len 1¥1tE 1% < o
nk \p,

=1

> ()

then the series Zan e, IS summable

=

=

k-1
K| +1 Kk
| Ae, 151t 1° < o0

IN,pylx k=1,

In 2003 Rhoades and Savas® have
extended the theorem of Sulaiman in the
following form.

Theorem B : Let {pn} be a positive
sequence such that

l’lk_1 (p_n>k —o (Vk_1p5—1>
- T pk
neviil Pn—l l:)n Pv

Let tL denote the n' (C, 1) mean of {n an}. If

oo

Z VKl e, 1Kt R < o

v=1

[ee)

oo

Z V] Aey 1K1 ) 1K < oo

v=1
then the series Zan e, IS summable

IN,py i,k =>1.

The aim of this paper is to generalize Theorem
B for generalized Norlund summability®.
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3. Main Theorem : We shall prove

the following main theorem Then the series Z ap €, Mn IS summable by

G(N,p,A).

Theorem : Let {pn} be a non-negative

and non-increasing sequence, {Xn} is a positive
non decreasing sequence and {A} is a positive

decreasing sequence such that Tga) denote the G(N,p,A) mean of the series

Z ap €, An. Then we have

4, Proof of the theorem :

(3.1) D AIsyl =0(x) as n—wm
v=1

n

. A\, = O(A 1
(3.2) n00 n (An) r;a)— Tfﬁi =T_Zrn_vav -
1 Pn 1 n v=0
3.3 (_) - -
€3 ) — ()= (3)
n=v+1 1
and — Z Tp—1-v dy €y A,
Th-1
o) v=0
(3_4)z|e\,||XV|<00 1 n
v=1 = ann—l; [Tv Pn-v = Tn-v pn] ay €y 7\\)
n 1 n
p
= - Z(Tv - Tn—v)av €y 7\\) + Z( Pn-v — pn)av €y )\v
ThTh-1 4= ThTh-1 4=
v=1 v=1
n—1
Pn Pn
= Av[( Th — Tn—v) €y )\v] Sy + (Tn — Ty )Tn €h }\nsn
ThTh-1 & nTn-1
v=1
n—1 1
+ Z Av [ (pn—v - pn) €y )\v] Sy + ( Po — Pn )Tn €n }\nsn
Th-1 & Th-1
v=1
So

n
|T51a)_‘ffﬁi|$ on ZAV[(Tn_Tn—V)|EV ”‘V] ISy |
ThTh-1 =

1

Th-1

n
+ ZA\)[(pn—v_pn)lev”\v] ISv|+pO|En|}\n|Sn|
v=1
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= t,(1) +t,(2) + t,(3), say

(4.1)
Now
0 [oe] n
p
Dta(1) = 001) ) ot | 3 (ty = Tay ) busa | & |15y 1A,
4 LT, Ty | £
n=1 n=1 v=1

n n
+z(‘tn—‘tn_1) | Aeg,, | |SV|7\V+2(TH—‘EH_V) | €, | Is,|AA,
v=1 v=1

n
+an_\, | €, [ I8yl )\V]
v=1

p
=O(1)zpv+1|evllsv|)\vz - (Tn_Tn—v)
v=1 n=v

ThTh-1

FO(1)) 18, 15,12 Y =2 (5= 1)
- — Ty Th—1
v=1 n=v

FO(1)Y Iy 1580 > =2 (r— 1)
v=1 n=v

— TnTn-1

(0]

pnpn—v

ThTh-1
A%

+0(1)Z ey | Isyl Ay
v=1

n=

= O(1)va+1 | €, | Is\,lk\,+0(1)z A€, | Isyl A,
v=1 v=1

[o'e) 001
+0(1)Z e, | IsVIA?\V+O(1)Z; ey syl Ay
v=1 v=1

By (3.2)and (3.4)
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= O(l)z | €, | Isyl AV+O(1)2 A€, | Isy VA,
v=1

+0(1)z ey | lsy VAL,
v=1

T
as?n=0(1)and{pn}isbounded.

(4.2) = Np+Nz+Ns (say)
Now
2 €, | Isyl A, = Z | €, | 1A,Sy |
v=1 v=1
n-1
=0(1) lAe, | x,+ O0(1)l e, I x,+0(1)
v=1

=0(1),asn »ooby(3.1)and (3.4)
Thus Ni=0 (1)

Again

n
ZIAEVIVIA\,SVI=O(1) same as N,
v=1
Sothat N;=0 (1)

n
(4.4) Lastly ZI €, | Is,lv AA, =0 (1) sameasN,
v=1

(4.4) Thus N3 = O (1)

[ee] oo 1 n
Ztn(z)zo(l)z [Z(pn—v_pn)pv+1|ev| I'sy 14,
n=1 n=1 v=1

n n
+Z(pn—\)_ pv) |Aev | Isv”\v +Z(pn—v_pn) I €y I Isle)\v
v=1 v=1
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n
+Z(pn—v - pn—v—l) | €y || Sy | )Lv]
v=1
= O(l)zp\HlI €y I Isvl;\v ZM
- - Th-1
v=1 n=v
+0(1) z 1Ay | sy 1, ZM
Th-1
v=1 n=v
+0(1)2 ey | IsylAD, ZM
- - Th-1
v=1 n=v

[ee] [ee] A o
+0(1)Z ey | IsylA, EM
Th-1
v=1 n=v

=0(1)Z | & | 1ASy | +0(1)Z | A€y | VIAS,y | +0(1)Z | e, | VAL, sy
v=1 v=1 v=1

= Ny + N2+ N3

from (4.2) and noting that E =0(1)asn—-x, and Nj, N, and N3 have already been
n

treated, so that®

@5 ) t(2)=0(1)
n=1
Finally
Ztn (3)= 0(1)Zp0 | €n | A8y |
n=1 n=1
(4.6) =0 (1) as it has already been treated

Combining ( 4.1 to 4.6 ) the proof of theorem is completed .
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