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Abstract

In this paper  we have proved a theorem on generalized Nörlund
summability Factors of  infinite series , which generalizes various known
results. However our theorem is as follows :

Theorem : Let {pn} be a non-negative and non-increasing, {xn}
is  a positive non-decreasing sequence  and {n} is  a positive decreasing
sequence  such that
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1. Definitions and Notations :

Let  be a given infinite series with

sn is its nth partial sum The (N,P,) transforem
* of

 

where

 

     

The series  or the sequence {sn}

is said to be summable (N,p,) to s, if ns as
n  and is said to be absolutely summable
|N,p,| if |n| BV and when this happens,
we shall write symbolically by {sn}  |N,p,|.

The method (N,p,) reduces to the
method5 (N,pn) when n=1 ;(Hardy p.64];
to Euler-knopp method (E,) when5

 

(Hardy p. 178) ;
to the method (C,,)(Borwein1,2)

*Borwein1 This is called the generalized
Nörlund transform.

when   .

We write
 

and

furthermore 

we note that

and

     

where

    
 

Here {tv} is the  mean5 (Hardy
p. 5) which is equivalent to (R*,n-1, 1)
mean5 (Hardy p 1.13).

Rewriting  n  is terms of the simplifi-
cation given above, we now have
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and this form suggests that we can have the
following extension of the (N, p, ) method.

We now write, for any  {n}

 

           
 

where

           

       We  denote this mean by G (N,p,)
(Dhal [4]).
When = 1

         = (N,p,) (sn), the G (N,p,) method
reduces to (N,p,) method.

2. Dealing with  the absolute Nörlund  summability
Sulaiman7 has proved the following theorem.

Theorem A : Let {pn} be a sequence

of positive numbers. Let  denote the 

(C, 1) mean of {n an}. If

       
 

       
 

       
 

then the series  is  summable

In 2003 Rhoades and Savas6 have
extended the theorem of Sulaiman in the
following  form .

Theorem B : Let {pn} be a positive
sequence such that

 
 

Let   denote the nth (C, 1) mean of {n an}. If

 

 

then the series  is  summable

The aim of this paper is to generalize Theorem
B for generalized Nörlund summability3.



3. Main Theorem : We shall prove
the following main theorem

Theorem : Let {pn} be a non-negative
and non-increasing sequence, {xn} is a positive
non decreasing sequence and {n} is a positive
decreasing sequence such that

(3.1)   as n

(3.2)   

(3.3)  

and

(3.4) 

Then the series  n is summable by

G(N,p,).

4. Proof of the theorem :

     denote the G(N,p,) mean of the series

 n. Then we have

 
 

        

 

So
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say

( 4.1 )
Now

       
 

 

 

 

 

 

  
 

 

By ( 3.2 ) and ( 3.4 )
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(4.2) =  N1 + N2 + N3 (say)
Now

   

Thus N1 = O (1)
Again

So that    N2 = O (1)

 

(4.4) Thus N3 = O (1)
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=  N1 + N2 + N3

  from  (4.2) and noting that   as n ,  and N1, N2 and N3 have already been

treated, so that8

(4.5) 

Finally

(4.6)          = O ( 1 )                 as it has already been treated

Combining ( 4.1 to 4.6 ) the proof of theorem is completed .

On Generalized Nörlund Summability Factors of Infinite Series. 147



References

1. Borwein, D., On products of sequences,
Jour. London Math. Soc., 33, 352–357
(1958).

2. Borwein, D., On strong and absolute
summability, Proc. Glasgow  Math. Assoc.,
4, 122–139 (1960).

3. Das, G., On  some methods of summability,
Quart. Jour. of Math. Oxford, 17, 244 –
256  (1996).

4. Dhal, N. B., The generalized |N , p , q |
summability, Sambalpur University Journal,

Vol. 4, 1–11 (1971).
5. Hardy, G. H., Divergent Series, Oxford

University Press, Oxford (1949).
6. Rhoades, B. E., A summability type factor

theorem, and Ekrem, S. Tamkang Journal
of Mathematics, Vol. 34, No.  4, 395– 401
(2003).

7. Sulaiman, W. T., A study on a relation
between two summability methods, Proc.
Amer. Math. Soc. 115,  303–312 (1992).

8. Zygmund, A., Trigonometric series, Vols I,
II (II Ed.) Cambridge University Press,
Cambridge (1956).

148 Ultra Scientist Vol. 26(2)A, (2014).


