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Abstract

Our main goal to proved common fixed point theorems for four

self-mappings with @-contractive condition in a complete Menger spaces.

In this paper we used the concept and definitions some know

results™2.

1. Preliminaries

Fixed Point Theory is a beautiful
mixture of pure and applied mathematics,
topology and geometry.

The probabilistic metric spaces is an
important part of Stochastic Analysis, to
develop the fixed point theory in such spaces.
Fixed point theory in probabilistic metric spaces
can be considered as a part of Probabilistic
Analysis, which is a very dynamic area of
mathematical research. There are many results
in fixed point theory in probablisitc metric
space. Metric spaces were introduced by
Gahler in 1964, and since then there have been
many fixed point theorems proved in metric
spaces and as a generalization of metric
spaces.

The idea of introducing probabilistic notions
into geometry was one of the great thoughts
of Karl Menger. His motivation came from
the idea that positions, distances, areas,
volumes, etc., all are subject to variation in
measurement in practice. In 1942, Menger®
published a note entitled Statistical Metrics.
The first result from the fixed point theory in
Probabilistic metric spaces was obtained by
Sehgal and Bharucha — Reid in®. Schweizer
and Sklar® took up the work, initiated by
Menger® and developed what is now called
the theory of probabilistic metric spaces®?.
There are many results in fixed point theory in
probabilistic metric space., since then there
have been many fixed point theorems proved
in metric spaces and as a generalization of
metric spaces, Fixed point theory in Menger
spaces is a developed branch of mathematics.
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In this paper, we will prove two common fixed
point theorems for four self-mappings with
¢-contractive condition in a Menger space,
which generalize some results of Dedei” and
Sarapa*®, and Sehgal and Bharucha-Reid®.

1.1 Definition: A self mapping F: R
— R is said to be a distribution if it is non-
decreasing left continuous with inf {F(t) : t €
R} =0andsup{F(t):t e R} =1.

We shall denote by the set of all
distribution functions while G will always
denote the specific distribution function defined
by
0, t<0,

60 = {1 t>0.

(1.1)

1.2 Definition: A probabilistic metric
space is an ordered pair (X, &) consisting of
a nonempty set X and a mapping & from X x
X into the collections of all distribution
functions on R. For x, y € X, we denote the
distribution function & (x, y) by Fxy and Fy,
(u) represents the value of (x, y) at u € R.
The functions F,y are assumed to satisfy the
following conditions:*

(1) Fxy(u) =1forallu>0ifandonlyifx =y,

(2) Fxy (0) =0 forall x,y in X,

(3) Fxy (u) = F yx (u) for all x, y in X, and

(4)if Fyy (u) =1landFy, (v) = 1, then Fy, (u
+v)=1forallx,y,zinXandu,v>0.

1.3 Definition: Amappingt: [0, 1] x
[0, 1] — [0, 1] is called a t-norm if
(1) t(a, 1) = a,t(0,0) =0,
(2) t(a, b) = t(b, a),
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(3) t(c,d) >t(a, b) forc>a,d>b, and
(4) t(t(a, b), c) = t(a, t(b, c)).

1.3 Definition: A Menger space is a

triplet (X, &, t), where (X, &) is a PM-space,
t is a T-norm, and the generalized triangle
inequality

Fxz U+ V)2t (Fxy(u),Fy: (V) 1.2

The concept of neighborhoods in a
Menger space was introduced by Schweizer
and Sklar®.

holds for all x, y, zin Xand u, v> 0.

1.4 Definition: Let (X,&, t) be a
Menger space. If x € X, >0, and A € (0, 1),
then an (g, A)-neighborhood of x, called Ux (&,
\), is defined by
Ue, ) ={y e X:Fxy(e)>1-A}. (2.3
An (g, M)-topology in X is the topology induced
by the family
{Us (e, M):x e X,6>0,1 € (0, 1)} of
neighborhood.

1.5 Remark: If t is continuous, then

Menger space (X, &, t) is a Hausdor( space
in the (&, A)-topology. (see?).

1.6 Definition: Let (X, &, t) be a
complete Menger space and A — X. Then A
is called a bounded set if

Iimu_)oo infxlyeA Fxly(u):]. (14)

We denoted B(X) as the family of



Fixed Point Theorems for---Probabilistic Metric Spaces. 21

nonempty bounded subsets of a complete
Menger space X.

For all A, B € B(X) and for all u >0, we define
sFag(u) = inf {Fx,y(u) :Xxe A yeB}
oFas(U)=sup{F,  (u):xeAyeB}

u Fag(u) = inf {supinf F,  (u), supinf F, (u)

acA beB beB acA

(1.5)
1.7 Remark: It is clear that ; F, g (U)=
5 FB,A(U)y
sFoasU) =5 FsU), pFye(U)=pF ()
and ,F,sU)=,F(u), and
n Fag(U) =, F A (u)forall ABeB(X)and u>0.

If A = {x}, we denote
5 F{x},B (U) =5 Fx,B (U), D F{x},s (U) =D Fx,B (U)

and H F{x},B(u) ~H Fx,B(u)

1.8 Definition: Let (X,&, t) be a
complete Menger space, and let T : X — B(X)
be a set-valued function and I : X —» X a
single-valued function. Then we say that S and
I are compatible if

!Lrg H FSIxn,Ian (=1 (1.6)

whenever {xn} is a sequence in X such that

limF, ¢ (U)=1 vu>0. 1.7)

1.9 Definition: Let {A.} be a sequence
in B(X). We say that {A.} d-converges to a
set Ain X if

min{,F, o (u), sFc ()} < min{F, (),

R} < F u+v). (1.8)

and it is denoted by A, —>—>A.

1.10 Definition: Let Fy, Fo e 3. The
algebraic sum F; @ F,of Fiand Fis defined

by

sup min{ F; (¢t;),
(Fl ® Fz)(t) = tl + tz =t

Fy(t2)}

Obviously
(Fl @ Fz)(2t)2min{F1(t1), Fz(tz)} forallt>0

2. Main results

Let R* denote the set of all nonnegative
real numbers and N denote the set of all

positive integers, and let (X, &, t) be a Menger
space with t(x, y) = min(x, y).

Before prove main results we proof

some lemmas.

2.1 Lemma: Let (X, &, min) be a
Menger space. Then for A, B, C € B(X) and
foru,v>0,

sFac(U+Vv)= min {5 Fag(U), sFac (V)} (2.1)
Proof. For all u, v > 0, we have

min{,F,g(U), ;Fsc (V] < min{F,, (),

R} < F (u+v) (2.2)

foreacha e A, beB,andc e C.

This implies that min{(s Fas(U), sFsc (v)} <

sFac (u+v).
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2.2. Lemma: Let (X, &, min) be a
Menger space. Then for A, B € B(X), ¢ € X,
and for u, v> 0,

H I:A,(: (U +V) > min {H FA,B(U)' H FB,C (V)}

(2.3)

Proof. Since for each a, b, ¢ € X and
forallu, v>0,

F,.(U+v) > min {F,, (), F,, (")} (2.4)

By taking inf _., we have
inéc F,.(Uu+v) = min{F, (u), inz R}

(2.5)
Hence,
supinf F, .(u+v) > supmin {F, (u), inI R (W)}

acA ceC acA

=min {supF, , (u), inf F, (V)} (2.6)

aeA
< min {supinf F, (u), inf K .(V)}
acA beB ! ceC !

Next, by taking sup we have
beB

supinf F, . (u+v) = supmin {supinf F, (u), inf K (V)}
acAceC beB acAbeB ceC 7

> min {supinf F,, (u), supinf Fb,c(v)}(2-7)

acA beB beB ceC

Similarly, for each a, b, ce X and for all u, v>o,
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F.(u+Vv)2 min{F,,(u),F (v} (2.8)

By taking inf ceC, we have

inf F,(u+v)> min{inf F,, (), F,. ()}
(2.9)

Hence,

supinf F, (u+v)> supmin {in£ F,, (). F,. (v)}

ceC acA ceC

=min{in£ F,,(u),sup Fbc(v)}
as ' ceC '

> min{infA ., (u),sup inf Fb,c(v)}

ceC,beB

Next, by taking sup, ., we have

supinf F, _(u+Vv)> sup min{inf F,, ),
ceC aecA ' beB acA '

supinf F, . (v)}

ceC beB

beB acA

=min {supinf F,,(u),supinf F, (V)}(g_ll)
ceC beB

Therefore, we obtain that

u Fa c(U+V)=minisupinf F, (u+v),supinf F, (u +v)}

ceC aeA

aeA ceC

> min{supinf F, , (u),supinf F, . (v),supinf F,, (u),supinf F,  (v) } (12)

beB aeA ceC beB

=min{,,F ogU), 4 F ac (W)}

acA beB beB ceC

2.3. Lemma: Let (X, &, min) be a Menger space. If A, B € B(X), then lim,_,., sFas(u) = 1.
Proof. For any x € Aand y € B, by Lemma 2.1, we have

5FAB(u+v)2min{5|:Ax(E)5|:x (E)’EF B(gj}
: #| 3 i3 ol 5

(2.13)
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Letting u —o0, we have

lim;F,5(u)= min{lim 5 Fax (%)

. ul . u
lim k., (gj im Fy g (gj} (2.19)

Sincex € Ay € B, and A, B € B(X), we have

IimEFAX(Ejzl (2.15)
u—o0 ! 3

Similarly, we have

. u

lim;F, [gj =1 (2.16)

By the definition of the PM-space, we have
that limy_. Fxy (u/3) = 1.
Therefore, we conclude that
!m 5 FA,B (u) =1

This completes the proof.

(2.17)

The following lemma which was introduced
by Chang?, will play an important role
for this result.

2.4. Lemma: If ¢ : R*— R" isa strictly
increasing, continuous function such that
0<p(u)<u for all u >0, limy_,., p(u)=c0, and if for
each u>0, ¢°u)=u and @™(u)=¢(¢"(u))for
each neN are denoted, then lim,_,., ¢™(u)=co.

In the sequel, we let
® = {¢p : R" > R": ¢ is a strictly increasing,
continuous function with (t) <t for all t > 0}.

2.5. Lemma: Let (X, &, min) be a
Menger space and {Yn} a sequence in B(X).

If for each
u> 0 and for each n € N,

sFr v, (0W) = R, (U), pca, (2.18)

then lim ;F, , (u)=1 (2.19)
n—oo noinsl

Proof. For u >0, by induction, we have

P (W2 5F (47 W) 22 Ry (7)),

foreachn e N.  (2.20)
By Lemma 2.4, we also have that ¢™ (u) >0,
as n —oo.
Next, since Y, is a bounded set and

s Py, (¢_n(u)),—>1 as n—oo, hence we have

lim ;R v, (u)=1 (2.21)

2.6. Lemma: Let (X, &, min) be a
Menger space, and let A, B € B(X). If

sFag (9(U))= ;Fug(u) foru>0, (2.22)

then A=B = a, for some a € X.

Proof. For u > 0, by induction, we have

sFas (u) 2 ;Fag (¢71(U)) 2.2 sF. (¢7n (U))
(2.23)
Since A,B € B(X), by Lemma 2.3, we have

lim ,Fyq (47" (W) =1 (2.24)
and by Lemma 2.5, we have lim ;F, ; (u)=1

for u> 0. Thus we conclude that A= B = {a}
for some a € X.

The following lemma was introduced by
Schweizer and Sklar®.

2.7. Lemma: Let (X, &,min) be a
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Menger space. If a, — a and b, — b, then for
u>0,
lim , Fyq (¢7(U))= (2.25)

From Lemma 2.7, we conclude the following
lemma.

2.8. Lemma: Let (X, &, min) be a
Menger space. If A —%—a and B, —>—b,
then for u > 0,

lim F, ¢ (u)=F,,(u)

N O ABr

Proof. For u> 0 and for € > 0. Since
Fap (u) is left continuous function at u, there
exists a positive number k with 0 < 2k < u
such that Fap (U) — Fap (U — 2k) <e.

(2.26)

Sincek>0and A ——»a,B, —> b hence
we may take m € N such that for n > m,

sFaa(K)2F,p(u—2k),

sFe o (K) 2 F,, (u—2k).
Hence, for n > m,

sFa e (U)2min{;F,  (u-k),,F . (k)}

>min{;F, , (k). sF., (u-k),

sFos, (K)}=F,,(u-k), (2.28)

(2.27)

and hence

sFas (u)<-F,, (u-2k).

Therefore, we conclude that
Foo(u)- sFa e, (U)<F,,(u)-F,,(u-2k)<e.
(2.30)

(2.29)

Taking lim,_,. inf, we have

oo (U)- (u)<e

I|m F

sTa,.B, (2.31)
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For any a, € A,, by € By, since A —%>a

and B, —2— b, we have a,—> a, by—> b. Thus,
for

u>0

sFae (U)<F, , (u). (2.32)
Taking limn—oo inf, we have

liminf ,F, ; (u)<liminfF, . (u). (2.33)

n—oo n—oo

By Lemma 2.7, we have
liminf F, (u)=F,,(u), andso F,, (u)

—rl]l_rglnfEFAnB (u)=0. (2.34)
Therefore, for any € > 0,

e>F,,(u)- I|m|nf sFa s, (u )20.(2_35)
This implies that

liminf ,F, 5 (u)=F,,(u) (2.36)

n—o0

The following two theorems are our
main results for this paper.

Theorem 2.9. Let (X, F, min) be a
complete Menger space. Letf, g, n, &: X—>X
be four single - valued functions, and let S,T:
X — B(X) two set-valued functions. If the
following conditions are satisfied:’

(i) S(X) < &g(X), T(X) = n £ (X),
(i)nf=fn cg=g& St=15 Tg=dT,
(iii) m for &g is continuous,

(iv) (S, n.f) and (T, {g) are compatible, and
(v) foru >0,

SFSX,Ty(P(u)

> Min{Fyegy(U), sF ey 1y(U), sFzeysx (Bu),
[Freogy @ Foy, (2 = B)(U),
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[Fsx nix @ Fry, /]2 = B)(w), 2. Fsxreg(U).

et

Sy1gay

(2.37)

forallx,y € X, B € (0,2), where ¢ € @, then
f,gmn, & S, and T have a unique common
fixed point z in X.

PLE (),
=5 SXZH,Tx2n+l (9(u))

Proof. Let xo € X. Define the sequence
{xn} recursively as follows:

EgXons1 € SXon = Zon

NfXane2 € TXone1 = Zonet - (2.38)

Forn e Nand forallu>0,and = (1 — a)
with a € (0, 1),

>m|n{F n Xy, 269%y, l(u)’é FggxzmﬁTx2rl+1 (u)’é EQXppa1 2SXop (ﬁU)

[F

10 1$9Xona

DF

EXania: TX2n 1}(2 - ﬁ)( )’ [FSXZn 1 X0 ®FTX2n+1v§9X2n+1](2 - ﬁ)(U),

1+F

SXo1,& X

1+F,
2n41:€ PXanat
2. FSXZn ’égXZnJrl (u) {

2min{;F, ,

[F, .. ©F

Zona "Zon 2

. @ +1)(u),
)

1+F, (u

2. F22n1zzn (u) |:1+F 'z (u):l

ZZFI (u)’ EFZZH’ZZn{L (u)lll

>min{, F,

[F

Zona 'Zon

2

= min{ﬁ FZZH’ZZn (U), 5FZzn 2304 (U),
[F

Zon-1 220 ® FZzn 1Z2ni ](a +l)(l,|)}

®F, , ](a +1)(u), [ F,o. . ®
1+F, |
2. FZzn ’ZZn (u)'{ + erHl Zzn (U)}}

(u)

() }}
Iy, (U), 5F22 2,4 l(u)é 75,2, ((1 Ol)U)
[ Zon "o

oz (1) (U),

F, . 1(1+a)(u),
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As t—norms it is continuous, letting a — 1,
and definition 2.5 we have

=min{;F, .. (u), ,F, ... (1),

[F.... o ©F,, 2, 1(2)(W}

) z2 Zon, 1(¢(U)) mln{é Zona ' 2o ( )’ éFzZn’zZn+1 (U)}
(2.40)
By Lemma 2.6, we have

oFy o (W)=, F, . (u) (242

Similarly, we also can prove that for n € N
and for allu >0,

6 Zzn+1 Zone2 (¢(U)) =9 22n 'Z3n4 (U) (242)
So, we have
sFon, (9W)2 ,F, , (u) (2.43)

By Lemma 2.5, we conclude that

1_/1‘ > s FZ"k'ka (8) = Fank Ty (8)
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I|m F

5 2,2,

(#(w) =1,

Now, we consider the condition (v) with § =
1, and then we claim that
for € >0, A € (0,1) there is M(g, ) € N such

that sF, , (¢)=1-Aforn,m>M. (2.44)

If it is not the case, then there exists € >0, A €
(0, 1) such that for k € N, there exist
Nk > Mg € k such that

(1) ni is even and my is odd,

@) sF;, 5, (6)<1-1 and

(3) n is the smallest even number such
that (1) and (2) hold.
By (*), we may choose mye N such that for n
2mg,

Vu>0 (4

s, (mi n{g A (8) g})<1 2 (2.45)

So for k> m;, Nk > mg+3, and so for k > my

2Min{F, 6 szg0, (6706))ss Fgey ot (#7(6))ss Fee, s, (7€),

[ Fn fxnk ’égxmk

1+

DF g0, 1, JO7 () [ Fog, e, @

I:Txmk ,e:gxmk ] (¢71 (8I))1
o, (07(E)

2. Fo,, vz, (97(2)). L =

>min{F, ,,

k-1 ml

@ @»w

M1 “Mk-1 mk -1’

o (8766)) s F
[F, . ]w @» [F o @

k-1

(@7 (e))

Sx é:gx

L (07)),
F, .. 167D,

+ i
nk’mk1(¢ ( )) {14_5

)
TED)
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I'"k 1 nk

2

>m|n{5 Zny! anz(

2

(¢—1(8 )) >min{ ,F oo (M}& ansznk [(ﬁ‘l(é") - j}

2
(2.46)
Since using (2.1)
o (#7@))2min(F, . (67()) s Fy o (676D
>mindF, ., (¢7)) s P (076) s Fu o (676)),
[F, o J@7EN, [F, . ®F, . 107,

zawmjw%>){

WWAW@»}
D)

m“ " (¢ (8 ))>mln{b T "2y (@}5 ank,l 'z, E(b_l(g%}}

>min{F, T (

so for k > m, , we have

1-2' >, F, oz (e)=1-4, (2.48)

which is a contradiction. And, since X is
complete, hence for any choice of z, in Z,, the
sequence {z,} must converge to some point,
say, z in X. The point z is independent of the
choice of z, and so we have
N f Xon—>Z,EQ%on11—Z, SXon—>{z}, TXann—{z}.
(2.49)
That is, for u—0, (2.50)
Assume that the function # f'is continuous,

2

¢—1(8')—8) Fo v )P qu_l(g%j}

(2.47)

then for u > 0, we have

“m F(nf) X nfz(u) -1 I'm 5anSx2 qu(u) =1
(2.51)
BY IimF,, ,(u)=1and lim,F, (u)=1,

we obtain !I_(Q 5 Fsxonton

(u) =1.Since S and

n f are compatible, and for

lim ;Fg, g, (W) =1, We have

u>0,

“m n Bt sntg, (U) = 1and“m n B, e (U)

2 min{H anSXZn,SanZn (E)' H Fn 1SX,,,17 f2 (E)
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And’ since I!‘Ijll H FSr]fXZH,r]fz (U) = !Ln; 5 FSr]fXZH,r]fz (U) = 1(252)
. u . u . .o
Llﬂ H anSxZH,SnfoH(E) =1, l'fl w Frtsx,. e (E) =1 !n_order to complete the proof, we will divide
it into 5 steps as follows:
we have Step 1. For u> 0 with p=1 in the condition (v),

5 FSr] X0 TXonia (¢ (U ))

= min{F(ﬂf )2 x2n 26 PKona (U ) 5 FégXan "Tona (U ) 5 ngxzml 251 fXap (ﬁu ) ?

[F(nf)zx2n 18 P%nu ®F§9X2n+1vTX2n+1 :|(2 - ﬁ)(u)’ |:FS'7fX2n ") %pn ®FTX2n+1x§9X2n+1](2 - ﬁ)(u)’

1+ Fy o, (U)
2. FS’Ifxzn 1EQXona (U) |: — }

1+ FS’I Xon E9Xona (U)

(2.53)
Taking lim _ by Lemma 2.8,
For, 2 (#(U))
>mi{F, ..., (u).F,,,(u), F,, (Bu),
[Fo . ®F,, [(2 - B)(U). [Frme ®F.,1(2 - B)(u),
(2.54)

1+F, ,(u)
2. Fﬂfz’ z(u)' l:m:l}

Sowegety fz =z
Step 2. For u > 0 with § = 1 in the condition (v),

sFsz, 2 (p())
= rI1im inf ;F, T (p(u))

>lim inf mingF, o, woe  (U)os Frgeme . (W)s Frge s (BU),

[Fﬂfz’égxznﬁ (_BFéngnAvTinﬂ ](2 - ﬁ)(U), [FSZ’UfZ ®FTX2n+1v§gX2n+1](2 - ﬁ)(U),

1+ F y . (U)
2. FSZ QKo (u) l: TXoni1:6¥an-1 :l}

1 + FSZ,é gx2n+l (u)
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>m|n{F fz z(u)’5 Fz’z(u)’5 FZ’SZ (,BU),
[F,..,®F,, |(2 - B)(u), [ Fy,.,®F,,1(2 - B)(u),

1+ Fz z(u) (255)
2. FSz’Z (U) l:m}}

So we get Sz = {z}.
Hence, by Steps 1 and 2, we have Sz = {z} = {yfz}.
Step 3. By the condition (i), since SX — &gX, there exists z € X such that {{gz'} = Sz ={z}.

So for any u > 0 with B =1 in the condition (v)

5 F5x2n Tz (9(u))

>mm{F 1nfxon 2602' (U),5 FégZ"TZ'(u)’E FégZ"anzn (,BU),

[F, 6, fgz'@Fégzsz'}(z - B)(u), [anZ"anzn ®F, .5 1(2 = B)(u),
1+F,...(u) (2.56)
2.F ..., 3712
T (U) {1_{_ Fﬂfz Egz' (U)}}
Taking lim__ inf, by Lemma 2.8, Now,
S Fz Tz‘(¢(u)) >mm{F fooggr (u)’b‘ FéQZ"TZ'( )’5 Egz'osz (IBU)
>mm{FZ’Z( ) FZ’TZ( )’Fz’z (ﬂU), [Fﬂfzyggzl@Fégzl’TzlJ(z - )(U), |: Sz fz
F @ FZTZ ( ﬂ)(u)’ |:FZ’Z ®Fz,z] @FZI’égZI](Z - ﬁ)(U),
1+F, 0 (U)
( )(U), (257) 2. anz"égz' (U) |:1+Fszigz(u):|}
S0 we get Tz={z}. Hence. {£gz}={z} = Tz. =P U) = 5K, (U). (2.58)

By Step 2, we may let {z} = {»f z} = {Sz} = L
{ggZ,}p: {17}, ylet{zy = {nf 2} = {52} This implies Sz = {z} = {/z}.
Choose z’ in X such that {&gz’}=Sz= {z}, then
Since S and #f are compatible and {»fz} = Sz,
we get #fSz = Syfz, that is, {nfz} = Sz. s P (@) = 5Fsr, (4(U))
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>m|n{F nfzségz’ ( ) Fégz"Tz'(u)’ﬁ F;gz"Sz (ﬁU),
[anz 1&gz C-DFggz',Tz' :|(2 - ﬂ)(U), |: FSZ mfz

- B)(u),

1+F,.,.(u)
2. F e (W | T ) P
1+ FSz,ggz'(u)

(—BFZ.’ggZ.](Z

= sFr(U) (2.59)

Lemma 2.6, we get Tz’ = {z}.

Since T and &g are compatible and {£gz’} =
Tz ,weget Tégz’ =EgT7Z’ , thatis, Tz = {Egz}.
Now, for u > 0,

5 FSZ,TZ (¢(u))
2MIN{F, ;5. (U)ss Frgeom (U) o5 Fegeose (BU),
[quz,égz ® I:éngz ](2 - ﬂ)(U), |:FSZ,r]fZ
- B)(u),
1+ I:Tz Eoz (U)
2.F e (U)- {m}}

Sz,£9z

@ I:Tz 5gz](2

(2.60)

= anzvégz (U) =5 FSz,Tz (LI)

Sowe have Sz =Tz = {fz} = {&gz} = {z}.

Step 4. For u > 0 with B = 1 in the condition
(v), we get

5 FSvaTX2n+1 (¢(U))

= mln{ 11228 9%n. (U ) ’6 F‘ggxzml TXona (U ) ’

) Ff:gXZnﬂ »Sfz (ﬂu)a
[F 6_>|:§g)<2n+1v-r)<2n+1 :|(2 - ﬁ)(u),

nfiz19%n.

Anil Rajput, et al.

|: FSfZ nfiz ® FTX2n+1v59X2n+1] (2

- B)(u),

1+ FTXz 1.59% 1(u)
2' FSfZ"ngZnA (u) |: 1+ F : }

Sfz ‘ggXZnJrl (u)
2.61)
By the condition (ii), nf = fy, Sf = S, so we

have nf(f z)=f(nfz)=f z and S(fz)={ f (Sz)}=
{fz}. Taking lim___inf, by Lemma 2.8,

Ffz,z (¢(U))
>m|n{Ffz’Z( )’Fz,z (u)’FZ,Z ('Bu)’

[Ffzz ](2 - :8)(“)’ [Ffz’fz
@FZ'Z](Z - B)(u),

1+F,,(u)
2.F,, (u). L+Ff—(u)}} (2.62)

Sowegetfz=z

Hence, by Steps 1 and 4, we have
fz=zand f z = z, which implies nz = z.
Therefore,

{z} ={fz} = {nz} =Sz

Step 5. For u > 0 with B=1 in condition (v), we
get

5 sy, 702 (#(U))
>min{F, e (U)s FgggZ,TgZ(u),g cgqv50,, (BU)s
[F 6z ©Fegguree (2 = B)(U). [ Fop s,
- B)(u )

G_)FTQZ)LJCQQZ](Z
1+F
2.Fy, o Ton g0
SXpp 15992 (U |:1+ stz o (u):l] (2 63)
Since Tg = gT and &g = g&, we have Tgz =
g1z} = {gz} and Cg(gz) = g(Cgz) = gz. Taking
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Iimn_m inf, by Lemma 2.8, we get

()]
Zmin{FZ,gZ (U), ng gz (U), ng,z (ﬁU),

[Fz,gz ® ng,gz :I(Z - ﬂ)(U), [Fz,z ®

ng,gz](z N ﬂ)(u)’

1+F, 4 (u)
2.F, 4, (u). {—1+ széggz(u)}} (2.64)

So we get gz = z

Hence, by Steps 3 and 5, we have gz = z
and gz = z, which implies £z = z.
So we have {z} = {gz} = {&z} = Tz.

Therefore, we have

{z}={fz}={gz}={nz}={&2}=Sz=Tz

Last, we want to prove the uniqueness.
Let y be the another common fixed point of 1,
f,& g S,and T. Then for u> 0,

Fzy0((0)) = sFsz, yp(())
> Min{Fyere0(U), sFamy(U), sFegrs: (Bu),
[Fuerzoy © Fegy, w](2 — B)(0),
[Fsz' vt @ Fryeqy] (2 — B)(W), 2. Fspregy(U).

|:1+ FTy’égy(u):l
1+ Fy g (U)

> min{Fyy(u), Fy,(u), Fy, (Bu), [Foy@F, ]
(2-PB) (), [F2; Fyyl

(2.65)

1+F,, (u)
(2 -B)(w), 2. Fry(U). {—“ £ (UJ}
Y.y

(2.66)
This implies y = z. We complete the proof.

If we take f = g = I, the identity map
on X in Theorem 2.9, then we immediately
have the following corollary.

Corollary 2.10. Let (X, I, min) be a
complete Menger space. Let n,§ : X — X be
two single-valued functions, and let S, T : X —»
B(X) be two set-valued functions. If the following
conditions are satisfied:

(i) S(X) < &X), T(X) = n(X),
(i1) m or & is continuous,
(iii) (S,n) and (T,&) are compatible,
(iv) for u >0,
sFsxTyp(u)
2 Min{Fog/(U), sF5rmy(U), sFeyrse (Bu), [Fregy
® Fey, (2 - B)(w),

[Fsx nx @ Fry ]2 = B)(w), 2. Fsogl(U).
|:1+ FTyw:y(u)}} (267)
1+ Fy gy (u) '

forallx,y € X, B € (0,2), where ¢ € @, then
n, & S, and T have a unique common
fixed point z in X. By the same process of the
proof of Theorem 2.9.
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