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Abstract

The author has recently introduced the concepts of fuzzy C—
boundary?, fuzzy C -semi-boundary® and fuzzy C -pre boundary’ where
C [0, 1]— [0, 1] isa function. The purpose of this paper is to introduce
the concept of fuzzy C-alpha boundary and investigate some of their
basic properties of a fuzzy topological space.
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1. Introduction

The concept of complement function
is used to define a fuzzy closed subset of a
fuzzy topological space. That is a fuzzy subset
A is fuzzy closed if the standard complement
1-A = A’ is fuzzy open. Here the standard
complement is obtained by using the function
C: [0, 1]- [0, 1] defined by C (x) = 1-x, for
all x €[0, 1]. Several fuzzy topologists used this
type of complement while extending the concepts
in general topological spaces to fuzzy topological
spaces. But there are other complements in
the fuzzy literature!®. This motivated the

second and third authors to introduce the
concepts of fuzzy C -closed sets? and fuzzy

C - a-closed sets® in fuzzy topological spaces.
In this paper, we introduce the concept of
fuzzy C - alpha boundary by using the arbitrary
complement function C and fuzzy C -a-
closure operator.

For the basic concepts and notations,
one can refer Chang®. The concepts that are
needed in this paper are discussed in the second
section. The concepts of fuzzyC -o-interior
and fuzzy C -a-closure are introduced in the
third section. The section four is dealt with
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the concept of fuzzy C -ahpha-boundary.

2. Preliminaries :

Throughout this paper (X,t) denotes a
fuzzy topological space in the sense of Chang.
Let C : [0, 1]—[0, 1] be a complement
function. If A is a fuzzy subset of (X,t) then
the complement C A of a fuzzy subset A is
defined by C A(x) = C (A(x)) for all xeX. A
complement function C is said to satisfy
(i) the boundary condition if C(0)=1and C

(1)=0,

(i) monotonic conditionifx<y=C (x)>C

(y), forall x,y € [0, 1],

(i) involutive condition if C (C (x)) = x, for

all x €[0, 1].

The properties of fuzzy complement
function C and C X are given in George Klir®
and Bageerathi et al.2. The following lemma
will be useful in sequel.

Lemma 2.12
Let C: [0, 1]— [0, 1] be a complement
function that satisfies the monotonic and
involutive conditions. Then for any family {\,;
aeA} of fuzzy subsets of X, we have
(1)C (sup{ru(x):0eA})=INF{C (Lu(x)):0eA}=
inf{(C A,(x)): aeA} and
(I)C (inf{Aq, (x): aeA}) = sup{C (A« (X)):
aeA}= sup{(C A, (x)): aeA} for xeX.

Definition 2.22

Afuzzy subset A of X is fuzzyC -closed
in (X,7) ifC A is fuzzy open in (X,t). The fuzzy
C -closure of A is defined as the intersection
of all fuzzy C -closed sets u containing A. The
fuzzy C -closure of A is denoted by Clc A that
is equal to A{pu: p> A, C pert}.
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Lemma 2.3?

If the complement function C satisfies
the monotonic and involutive conditions, then
for any fuzzy subset A of X,

(i) C (Int L) = Clc(C L) and C (ClcA) = Int
(C ).

(if) A <Clc A,

(iif) A is fuzzy C -closed < Clc A=A,

(iv) Clc (Clc &) = Clc A,

(v) IfA< pthenClcA <Clc g,

(vi) Clc (v n) =Clc A vClc ,

(vii) Clc (AA ) <Clc A A Clc .

(viii) For any family {A.} of fuzzy sub sets of
a fuzzy topological space we have v Cl¢
Ao < Clc (VAg) and Clc (A o) £ A Clc Ag.

Lemma 2.4°

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the boundary, monotonic and involutive
conditions. Then the following conditions hold.

() Oand 1 are fuzzy C -closed sets,

(ii) arbitrary intersection of fuzzy C -closed
sets is fuzzy C -closed and

(iii) finite union of fuzzy C -closed sets is fuzzy
C -closed.

(iv) for any family {\. : ae A} of fuzzy subsets
of X. we have
C (V{ra: aeA}) = A{C hy-aeA}and
C (AM{Ao: aeA}) = V{C Ayt aeA}

Definition 2.5 [Definition 2.15,%]

A fuzzy topological space (X, 1) is
C -product related to another fuzzy topological
space (Y, o) if for any fuzzy subset v of X and
C of Y, whenever C A ¢ vandC pu  imply
CAx1lv1lxCu>vx(g whered e tandp
eo, there exist A3 etand p;eosuch thatC g
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>vorCu>fandCAix1v1ixCu=Ca
x1lv1xCp.

Lemma 2.6 [Theorem 2.19,°%]

Let (X, 1) and (Y, o) be C -product
related fuzzy topological spaces. Then for a
fuzzy subset A of X and a fuzzy subset p of Y,
Cl.(» n)=Cl_xxCl_ p

Definition 2.7 [Definition 3.1, 4]

Let (X,t) be a fuzzy topological space
and C be a complement function. Then a fuzzy
subset A of X is fuzzy C -a-open if L < Int ClI
c Inth.

Definition 2.7 [Definition 3.1, 4]]

Let (X,t) be a fuzzy topological space
and C be a complement function. Then a fuzzy
subset A of X is fuzzy C -a-open if L < Int ClI
c Inth.

Lemma 2.8 4°

Let (X, t) be a fuzzy topological space
and letC be a complement function that
satisfies the monotonic and involutive properties.
Then a fuzzy set A of a fuzzy topological space
(X,7)is

(i) fuzzy C - a- open if and only if A < Int
(CI.2).

(i) fuzzy C -a-closed if and only if C A is
fuzzy C -a-open.

(iii) the arbitrary union of fuzzy C -a-open sets
is fuzzy C -a-open.

Lemma 2.9*

If A1, A2, A3, g are the fuzzy subsets
of X then
(A1 AX2) X (A3 A Ag) = (A1 x Aa) A (A2 x Ag).
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Lemma 2.10 [Lemma 5.1,%]

Suppose f is a function from X to Y.
Then f Y(C p) = C (f Y(w)) for any fuzzy
subset p of Y.

Definition 2.117

If A is a fuzzy subset of X and p is a
fuzzy subset of Y, then & x p is a fuzzy subset
of X x Y, defined by (A x ) (X, y) = min {A(x),
u (y)} for each (x, y)e X x Y.

Lemma 2.12 [Lemma 2.1,%]
Let f : X—>Y be a function. If {A,} a
family of fuzzy subsets of Y, then
(i) f(viry)=vT1(hy)and
(i) FYAhe) = ATT ().

Lemma 2.13 [Lemma 2.2,%]

If A is a fuzzy subset of X and p is a
fuzzy subset of Y, then C (Axu)=C A 1v 1x
C .

3. Fuzzy C -a- interior and fuzzy C -a-
closure :

In this section, we define the concepts
of fuzzy C -a- interior and fuzzy C -a- closure
operators and investigate some of their basic
properties.

Definition 3.1

Let (X,t) be a fuzzy topological space
and C be a complement function. Then for a
fuzzy subset A of X, the fuzzy C - a- interior
of A (briefly a-Intc 1), is the union of all fuzzy
C - a- open sets of X contained in A. That is,

o-Intc (A) = v {: p <A, pis fuzzy C - o-
open}.
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Proposition 3.2

Let (X, t) be a fuzzy topological space
and let C be a complement function that satisfies
the monotonic and involvtive conditions. Then
for any fuzzy subsets A and p of a fuzzy
topological space X, we have
() o-IntcA <A,
(i) A is fuzzyC - a- open < a-Intc A = A,
(i) o-Intc (pIntc 1) = a-Intc A,
(iv) If A < p then a-Intc A < a-Intc p.

Proof.

The proof for (i) follows from Definition
3.1. Let A be fuzzy C - a- open. Since A <A,
by using Definition 3.1, A < a-IntcA. By using
(1), we get a-Intc A= A. Conversely we assume
that a-IntcA = A. By using Definition 3.1, A is
fuzzy C - a- open. Thus (ii) is proved. By using
(i1), we get a-Intc (o-IntcA) = a-IntcA. This
proves (iii). Since < p, by using (i), a-IntcA <
A < u. This implies that a-Intc (o-Intc )< a-
Intc p. By using (iii), we get o-Intc A < a-
Intc p. This proves (iv).

Proposition 3.3

Let (X, t) be a fuzzy topological space
and letC be a complement function that satisfies
the monotonic and involutive conditions. Then
for any two fuzzy subsets A and p of a fuzzy
topological space, we have (i) a-Intc (Avp) >
o-Intc Av a-Intc p and (ii) a-Intc (AAp) <
o-Intc Ana-Inte p.

Proof.

Since A <A v pand p<Awvy, by using
Proposition 3.2(iv), we get a-Intc A < a-Intc
(Avp) and a-Intc p < a-Intc (Avp). This
implies that a-Intc Av a-Intc p < a-Intc
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(Avp).

SinceA A <Aand A A u<p, by using
Proposition 3.2(iv), we get a-Intc (AAp) o-
Intc A and a-Intc (AAp) < o-Intc p. This
implies that a-Intc (AAp) < a-Intc A A a-
Intc Q.

Definition 3.4

Let (X,t) be a fuzzy topological space.
Then for a fuzzy subset A of X, the fuzzy
C - a-closure of A (briefly a-Clc ), is the
intersection of all fuzzy C - a- closed sets
containing A. That is a-CI_ A = A{p:p 2 A, p
is fuzzy C - a-closed}.

The concepts of “fuzzy C-a- closure”
and “fuzzy a-closure” are identical if C is the
standard complement function.

Proposition 3.5

If the complement functionsC satisfies
the monotonic and involutive conditions. Then
for any fuzzy subset 2 of X, (i)C (a-Int_2) =
a-Cl_ (C 1) and
(i)C (a-Clc A)=a-Intc (C L), where a-IntcA
is the union of all fuzzyC -a-open sets
contained in A.

Proof.

By using Definition 3.1, a-Int A =
v{w: < A, pnis fuzzy C - a- open}. Taking
complement on both sides, we get C (a-Int_
(A)(x)) =C (sup{u(x): u(x) <A(x), wis fuzzy
C -a- open}). Since C satisfies the monotonic
and involutive conditions, by using Lemma 2.1,
C (a-Int. (1)(x)) =inf {C (u(x)): n(x) <(x),
u is fuzzyC - a- open}. This implies that C
(a-Int_ (X)(x)) =inf {C u(x)):C u(x) = C A(x),
u is fuzzy C - a- open}. By using Lemma 2.8,
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C pis fuzzy C - a- closed, by replacing C p
by n, we see that C (-Int_ (L)(x)) =inf{n(x):
n(x)=C A(x),C n is fuzzy C - a- open}. By
Definition 3.4,C (a-Int_ (1)(X))=a-Cl_ (C 1)
(X). This proves that C (a-Int_ A) = a-Cl_
(C ).

By using Definition 3.4, a-Cl_A =
A{u: <p, pis fuzzy C - a- closed}. Taking
complement on both sides, we get C (a-Cl_
A (¥)) =C (inf{u(x): w(x) A(x), u is fuzzy
C -a-closed}). Since C satisfies the monotonic
and involutive conditions, by using Lemma 2.1,
C (-ClA(x)) =sup {C (u(x)): u(x) = % (x),
is fuzzy C - a- closed}. That implies C (o-
ClcA(x)) = sup {C u(x): C u(x)) < C A(x), u
is fuzzy C - a- closed}. By using Lemma 2.8,
C nis fuzzy C -a-open, by replacing C p by
n, we see thatC (a-Cl . (x)) = sup{n(x): n(x)
<C A(X), n is fuzzy C -a- open}. By using
Definition 3.1,C (a-Cl_ (X)) = a-Int. (C 1)
(X). This provesC (a-Cl . (1))=a-Int_ (C A).

Proposition 3.6

Let (X, t) be a fuzzy topological space
and letC be a complement function that satisfies
the monotonic and involutive conditions. Then
for the fuzzy subsets A and p of a fuzzy
topological space X, we have

(i) 2<a-Cl_ A,

(i) Ais fuzzy C - a- closed < a-Cl_ A =2,
(iii) a-Cl. (a-Cl_ 1) = a-Cl_ A,

(iv) If A < p then o-Cl . A < a-Cl_ p.

Proof.

The proof for (i) follows from a-Cl
A= inf{w: p > A, is fuzzy C - a- closed}.
Let A be fuzzy C - a-closed. Since C satisfies
the monotonic and involvtive conditions. Then
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by using Lemma 2.8, C A is fuzzy C - a.- open.
By using Proposition 3.2(ii), a-Int . (C 1)=CA.
By using Proposition 3.5, C (a-Cl . 1) = CA.
Taking complement on both sides, we get
C (C (a-Cl. 1)) = C (C 1r). Since the
complement function C satisfies the involutive
condition, o-Cl_ A = A.

Conversely, we assume that a-Cl_
A=A. Taking complement on both sides, we
get C (a-Cl_ 1) =C A. By using Proposition
3.5, a-Int_.C A =C L. By using Proposition
3.2 (it), C A is fuzzyC - a-open. Again by
using Lemma 2.8, A is fuzzyC - a- closed.
Thus (ii) proved.

By using Proposition 3.5,C (a-Cl . 1)
= a-Int_ (C ). This implies thatC (a-Cl_ A)
is fuzzy C - a- open. By using Lemma 2.8,
a-Cl_ A is fuzzy C -a- closed. By applying
(ii), we have a-Clc (a-Cl_ 1) = a-Cl . 1. This
proves (iii).

Suppose A < u. Since C satisfies the
monotonic condition, C A > C p, that implies
a-Int, C A > a-Int. Cu.Taking complement
on both sides,C (a-Int, C 1)<C (o-Int.C p).
Then by using Proposition 3.5, a-Cl_ A < a-
Cl. p. This proves (iv).

Proposition 3.7

Let (X, 1) be a fuzzy topological space
and let C be a complement function that satisfies
the monotonic and involutive conditions. Then
for any two fuzzy subsets A and p of a fuzzy
topological space, we have (i) a-Cl . (Avp) =
a-Cl. A v a-Cl. uand
(if) a-Cl. (AAp) < a-Cl. & A a-Cl_ p.

Proof.
Since C satisfies the involutive
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condition, o-Cl . (Avp)=a-Cl_ (C (C (hvp))).
Since C satisfies the monotonic and involutive
conditions, by using Proposition 3.5, a-Cl_
(Avp) =C (a-Int_ (C (Avu))). Using Lemma
2.10, a-Cl_ (Avp) =C (a-Int, (C AACp)).
Again by Lemma 2.4, a-Cl_ (Avp)<C ((o-
Int.C A)A(a-Int. C ) =C (o-Int . C A)vC
(a-Int.Cp). By using Proposition 3.5, a-Cl
(Avp) £ a-Cl. 2a-Cl_ p. Also a-Cl () <
a-Cl. (Avp) and a-Cl_ (1) <o-Cl. (Avp)
that implies o-Cl. (A)va-Cl_ (n) <a-Cl
(Avp). It follows that o-Cl. (Avu) = a-Cl
Ava-Cl .

Since a-Cl_ (Aap) < o-Cl A and
a-Cl. (Aap) < o-Cl_ p, it follows that o-Cl
(AA ) < o-Cl A A a-Cl p.

Proposition 3.8

Let C be a complement function that
satisfies the monotonic and involutive conditions.
Then for any family {\.} of fuzzy subsets of
a fuzzy topological space, we have (i) v(o-
Cl o) < 0-Cl . (VA) and (ii) o-Cl . (Aky) <
Ao-Cl )

Proof.

For every B, Ap < VAy < pCl_ (VA0).
By using Proposition 3.6 (iv), pCl . As < pCl .
(VAo) for every B. This implies that vpCl_ Ag
< pCl. (VAy). This proves (i). Now Akq < Ap
for every . Again using Proposition 3.6(iv),
we get o-Cl . (ALg) < a-Clc Ap This implies
that o-Clc (AL) < A0-Clc Aq. This proves (ii).

4. FuzzyC -a-boundary :

In this section, the concept of fuzzy
C -a-boundary is introduced and its properties
are discussed®.
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Definition 4.1

Let A be a fuzzy subset of a fuzzy
topological space X and let C be a complement
function. Then the fuzzy C - a-boundary of A
is defined as
o-Bdc A = a-Clc Ana-Clc (C A).

Since the arbitrary intersection of fuzzy
C -a-closed sets is fuzzyC -a-closed, a-Bdc
A is fuzzy C - a-closed.

We identify a-Bdc A with a-Bd())
when C (x) = 1-x, the usual complement
function.

Proposition 4.2

Let (X,t) be a fuzzy topological space
and C be a complement function that satisfies
the involutive condition. Then for any fuzzy
subset A of X, a-Bdc A = a-Bdc (C A).

Proof.

By using Definition 4.1, a-Bdc A =
o-Clc Ana-Clc (C A). Since C satisfies the
involutive condition C (C A) = A, that implies
o-Bdc A=a-Clc (C A)ApClc C (C ). Again by
using Definition 4.1, o-Bdc A = a-Bdc (C A).

The following example shows that, the
word “involutive” can not be dropped from the
hypothesis of Proposition 4.2.

Example 4.3

Let X={a, b, c}andt={0, {a.s, b.7, C.s},
{a.g, bl, C.7}, {a.g, b.e, C.7}, {a.g, bl, C.g}, {a.e,
b.7, C.7}, {a.g, b.7, C.g}, {a.e, b.e, C.7}, {a.z, bo,
C.1}1}.

Let C (x) =

1+X2,03xsl,bethe
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complement function. We note that the
complement function C does not satisfy the
involutive condition. The family of all fuzzy

C -closed sets isC(t)={0,{a.294, b.201, C.122},
{a.122,b0, C.201}.{a.122, D.294, C.201},{a.122, Do,
C.122}, {a.204, b.201, C.201}, {@.122, b.201, C.122},
{a.294, b.294, C.201}, {@.769, b1, C.801}, 1}.

Let A ={a.,, by, c.1}. Then it can be calculated
that a-Clc A = {a.z, bo, C.1}.

Now C A = {a.769, b1, C.g01} and the value of
OL-ClcC 7\.:{3.769, bl, C.ggl}. Hence OL-Bdc A
= OL-Clc 7\./\(X-C|c (C 7\.) = {a.z, bo, C.1}. Also
C (C 7\.) = {a.lp_, bo, C.0607}, OL-ClcC (C 7\.) =
{a.lz, bo, C.0607}. OL-Bdc CA= OL-Clc CAAa
a-Clc C(C 7\.) = {a.lp_, bo, C.0607}. This implies
that OL-Bdc A # OL-Bch A

Proposition 4.4

Let (X,t) be a fuzzy topological space
and C be a complement function that satisfies
the monotonic and involutive conditions. If A
is fuzzy C - a- closed, then a-Bdc A < A.

Proof.

Let A be fuzzy C - a-closed. By using
Definition 4.1, a-Bdc A = a-Clc Ana-Clc (C
A). Since C satisfies the monotonic and
involutive conditions, by using Proposition
3.6(ii), we have a-Clc A = A. Hence a-Bdc A
<a-Clch = A

The following example shows that if
the complement function C does not satisfy
the monotonic and involutive conditions, then
the conclusion of Proposition 4.4 is false.

Example 4.5
Let X = {a, b} and t = {0, {a.s, b.¢},
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{a.75, b.z}, {a.5, b.z}, {a.75, b.e}, 1}

2X
Let C (x) = Tox' 0 <x<1, beacomplement

function. From this, we see that the complement
function C does not satisfy the monotonic and
involutive conditions. The family of all fuzzy
C -closed sets is given by C (t) = {0, {a.¢67,
b.7s}, {a.es7, 0.333}, {@.667, D333}, {a.857, b.75}, 1}
Let A = {a.665, b.462}, it can be found that Cl¢
A= {a.ee7, b.33} and Int Clc A= {a.5, bz}
That implies Clc Int Clc A = {a.¢67, b.,,} < A.
This shows that A is fuzzy C - a-closed. Further
it can be calculated that o-Clc A = {a.667, b.75}.
NowC A = {a.g, b.357} and o-Clc C A= {1}
Hence a-Bdc A = a-ClcAra-Clc (C L) =
{a.¢67, b.75}. This implies that o-Bdc & A.This
shows that the conclusion of Proposition 4.4
is false.

Proposition 4.6

Let (X,t) be a fuzzy topological space
and C be a complement function that satisfies
the monotonic and involutive conditions. If A
is fuzzy C -pre open then pBdc A <C A.

Proof.

Let A be fuzzy C -a- open. Since C
satisfies the involutive condition, this implies
that C (C 1) is fuzzy C -o-open. By using
Lemma 2.8, C A is fuzzy C - a-closed. Since
C satisfies the monotonic and the involutive
conditions, by using Proposition 4.4, o-Bdc (C
A) C A. Also by using Proposition 4.2, we get
o-Bdc (A)<C A. This completes the proof.

Example 4.7
Let X={a, b,c}andt={0, {a.3, b.s},
{a.5, b.z, C.15}, {a.5, b.5, C.15}, {a.g, b.z}, 1}
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2
—X3 ,0<x<1, bethe complement
@+ x)
function. We note that the complement
function C does not satisfy the involutive
condition. The family of all fuzzy C -closed
sets is C (r):{O,{a.414, b.zzz, Cl}, {a.zzz, b.55e,
C.ea2}, {@.202, D.222, C.156},{@. 414, D.6a2, C1}, 1}.
Let A = {a.4, b.12, C.57}, the value of a-Clc A
= {a.414, D.222, C.1:a} and C A = {a.306, b.701,
C.17a}, it follows that a-Bdc A = a-Clc Ana-
Clc (C 7\.) = {a.goe, b.222, C.642}. This shows
that a-Bdc LC A. Therefore the conclusion of
Proposition 4.6 is false.

Let C (x)=

Proposition 4.8 :

Let (X, t) be a fuzzy topological space
and C be a complement function that satisfies
the monotonic and involutive conditions. If A
p and p is fuzzy C -o-closed then o-Bdc A

< W

Proof.

Let A <pand p be fuzzy C -a-closed.
Since C satisfies the monotonic and involutive
conditions, by using Proposition 3.6(iv), we
have A< pimplies a-Clc A < a-Clcp. By using
Definition 4.1, a-BdcA = a-ClcA A a-Clc
(C A). Since a-ClcA < a-Clc p, we have o-
BdcA < a-Clc paa-Clc (C A) < a-Clc .
Again by using Proposition 3.6 (ii), we have
o-Clc p = p. This implies that o-Bdc A < p.

The following example shows that if
the complement function C does not satisfy
the monotonic and involutive conditions, then
the conclusion of Proposition 4.8 is false.

Example 4.9 :
Let X ={a, b} and t = {0, {a.s, b.o},
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{a.7, b.g}, {a.e, b.g}, {a.7, b.g}, 1}

2X
Let C (x) = Tox 0 <x<1, beacomplement

function. From this, we see that the complement
function C does not satisfy the monotonic and
involutive conditions. The family of all fuzzyC
-closed sets is given by C (t)={0, {a.7s, b.0s7},
{a.8235, D.162}, {@.75, D.as2},{8.8235, D.gar}, 1}
Let L ={a.7, b.ss}and p={a.7 b.s}. Then it
can be found that Int Cl_ u= {a.7, b.s} and
Cl. Int Cl_ p = {a.75, b.ss2}. That implies Cl
Int Cl . p < . This show that p is fuzzy C -a-
closed. It can be computed that a-Cl A= {a.s,
b.47}. Now CA = {a.324, b.ez} and OL-C'C CA
= {a.324, b.47}. OL-BdCK = OL-C'C A A OL-C'C
(C)={as, b.i7}. This shows that a-Bdc A .
Therefore the conclusion of Proposition 4.8 is
false.

Proposition 4.10

Let (X,t) be a fuzzy topological space
and C be a complement function that satisfies
the monotonic and involutive conditions. If A<
p and p is fuzzy C - a-open then o-Bdc A<
C .

Proof.

Let A <p and p is fuzzy C -a-open.
Since C satisfies the monotonic condition, by
using Proposition 3.6(iv), we have C u<C A
that implies o-ClcC p < a-Clc C A. By using
Definition 4.1, a-BdcA = a-Clc A A a-ClcC
A. Taking complement on both sides, we get
C (OL-Bdc 7\.):0 (OL-C|c7\./\OL-C|c (C 7\.))
Since C satisfies the monotonic and involutive
conditions, by using Lemma 2.1, we have C
(a-Bdc A) = C (a-ClcA)C (a-Clc (C 1A)).
Since a-ClcC p < a-ClcC A, C (-BdcA) >
C (a-Clc C p)vC (a-ClcA), by using
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Proposition 3.5(ii), C (a-BdcA) > a-Intc pvaor-
IntcC A > a-Intc . Since p is fuzzy C -a-
open, C (a-Bdc)) > p. Since C satisfies the
monotonic conditions, a-BdcA C p.

The following example shows that if
the complement function C does not satisfy
the monotonic and involutive conditions, then
the conclusion of Proposition 4.10 is false.

Example 4.1 :
Let X ={a, b} and t = {0, {a.s, b.o},
{a.7, b.3}, {a.e, b.3}, {a.7, b.g}, 1}

Let C (x) :ﬂ, 0 <x<1, beacomplement
1+x

function. From this, we see that the complement
function C does not satisfy the monotonic and
involutive conditions. The family of all fuzzy
C -closed sets is given byC (1)={0, {a.s,
D.oa7}, {a.8235, D.ae2}, {@.75, D.s62},{a 8235,
b.947}, 1} Let A= {a.e, bg} and pn= {a.es, b4}
Then it can be evaluated that Int A = {a.¢, b.3}
and Int Clc Int A = {a.7s, b.4s2}. Thus we see
that A < Int Clc(IntA). By using Lemma 2.8,
A is fuzzy C-a-open. It can be computed that
a-Clc A= {a.gs, b.egz}. NowC A = {a.75, b.462}
and a-ClcC A = {a.ss, b.,,}. a-Bdc A = a-
ClcAiAno-Clc (C 7\.) = {a.gs, b.egz}. This shows
that a-Bdc A £ C p.

Proposition 4.12 :

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the monotonic and involutive conditions. Then
for any fuzzy subset A of X, we have C (a-
Bdc)) = a-Intc Ava-Intc (C A).

Proof.

413

By using Definition 4.1, a-Bdc A = a-
Clc A A a-Clc(C ). Taking complement on
both sdes, we get C (a-BdcA) = C (a-Clc A
A 0-Clc(C)). Since C satisfies the monotonic
and involutive conditions, by using Lemma
2.4(ii),C (0-Bdc L) =C (a-ClcA)v C (a-Clc
(C 1)). Also by using Proposition 3.6(ii), that
implies C (a-Bdc) = -Intc (C A)va-Int, (C
(C A)). Since C satisfies the involutive
condition,C (a-Bdci) = a-Intc Ava-Intc
(C ).

The following example shows that if
the monotonic and involutive conditions of the
complement function C can be dropped, then
the conclusion of Proposition 4.12 is false.

Example 4.13:
Let X ={a, b}andt={0, {a.s b.s},

{a.z, b.5}, {a.7, b.l}, {a.g, b.5}, {a.g, b.l}, {a.z,
b.l}, {a.7, b.g}, {a.7, b.5}, 1} Let C (X) :\/_,

0 <x <1 be the complement function. From
this example, we see that C does not satisfy
the monotonic and involutive conditions. The
family of all fuzzy C -closed sets is C () =
{0, {a.ss, D.sos}, {@.447, b.707}.{a.837, D.316},
{548, D.707},{@.548, D.316}, {8.247, D.316},{Q.837,
D.gos}, {a.637, D.707},1}.

Let A = {a.s, b.3}. Then it can be evaluated
that a-Intc A = {a.g, b.l}, Chi= {a.775, b.543}
and o-Intc C A = {a.7, b.s}. Thus we see that
a-Intc L vo-Intc C A = {a.775, b.543}. It can
be computed that a-ClcA = {a.s5, b.g}. NowC
A= {a.775, b.543}, a-ClcC A= {a.337, b.707}
and a-Bdc A = a-ClcA o-Clc (C A) = {a.s,
b.707}. Also C (()L-Bdc)m) = {a.707, b.840}. Thus
we see that C (a-Bdc L) # a-Intc A v a-
Intc C A. Therefore the conclusion of
Proposition 4.12 is false.
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Proposition 4.14:

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the monotonic and involutive conditions. Then
for any fuzzy subset A of X, we have a-Bdc
(A) = a-Clc (MAC (a-Intc (1)).

Proof.

By using Definition 4.1, we have
o-Bdc (L) = a-Clc (A)Aa-Clc (C A). Since C
satisfies the monotonic and involutive conditions,
by using Proposition 3.5(ii), we have o-Bdc (1)
= a-Clc (A)AC (a-Intc (1)).

The next example shows that if the
complement function C does not satisfy the
monotonic and involutive conditions, then the
conclusion of Proposition 4.14 is false.

Example 4.15:

Let X={a, b,c}andt={0, {a.2, b.s,
C.z}, {a.7, b.g, C.7}, {a.z, b.g, C.z}, {a.7, b.e, C.7},

3
1}. Let C (x) :(i+—x)2' 0 <x <1, bethe
complement function. We note that the
complement function C does not satisfy the
involutive condition. The family of all fuzzy
C -closed sets isC (T):{O,{a.egg, b.3062, C.egg},
{a.227, b.576, C.227}, {@.689, D.576, C.e82}, {a.227,
b.3062, C.227}, 1} Let A= {a.5, b.3062, C.egg}, the
value of a-Clc A= {a.5, b.3062, C.egg} and C A
= {a.ggg, b.569, C.473}, it follows that OL-Bdc A=
a-Clc Ana-Clc (C 7\.) = {a.ggg, b.3062, C. 4}.
Also C (OL-lntC 7\.):{3.639, b.576, C.egg}. It
follows that a-Clc AA C (a-Intc 1) = {a.27,
b.3062, C.227}. This shows that o-Bdc A # -
Clc AAC (a-Intc A). Therefore the conclusion
of Proposition 4.14 is false.
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Proposition 4.16 :

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the monotonic and involutive conditions. Then
for any subset A of X, a-Bdc(a-Intc (1)) <
o-Bdc (A).

Proof.

Since the complement functionC satisfies
the monotonic and involutive conditions, by
using Proposition 4.14, we have a-Bdc (a-Intc
(A)) = a-Clc (a-Intc (A))AC (o-Inte (o-Inte
(A))). Since a-Intc (1) is fuzzy C -o-open,
o-Bdc (a-Intc (1)) = a-Clc (a-Intc (A))AC
(o-Intc (A)). Since a-Intc (L) < A, by using
Proposition 3.6(ii), a-Clc (a-Intc (1)) < a-Clc
(A). Thus a-Bdc (a-Intc (1)) < a-Clc (A)AC
(a-Intc (1)). Since C satisfies the monotonic
and involutive conditions, by using Proposition
3.5, a-Bdc (a-Intc (A)) £ a-Clc (A)Aa-Clc
(C A). By using Definition 4.1, we have
o-Bdc (sintc (1)) < a-Bdc ().

Proposition 4.17 :

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the monotonic and involutive conditions. Then
o-Bdc(a-Clc (1)) < -Bdc (A).

Proof.

Since C satisfies the monotonic and
involutive conditions, by using Proposition 4.14,
o-Bdc (OL-C|c (7\.)) = a-Clc (OL-C|c (7\.)) AC
(a-Intc (a-Clc (1))). By using Proposition
3.6(iii), we have o-Clc (a-Clc (A)) = a-Clc
(A), that implies a-Bdc (a-Clc (1)) = a-Clc
(A)C (o-Intc (a-Clc (1))). Since A < a-Clc
(A), that implies a-Intc (1) < a-Intc (Clc(A)).
Therefore, a-Bdc (a-Clc (1)) < -Clc (A)AC
(a-Intc (A)). By using Proposition 3.5 (ii), and
by using Definition 4.1, we get a-Bdc (a-Clc
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(\) < o-Bde (A).

Theorem 4.18 :

Let (X,t) be a fuzzy topological space.
Let C be a complement function that satisfies
the monotonic and involutive conditions. Then
o-Bdc (Avp)a-Bdc Avo-Bde .

Proof.

By using Definition 4.1, a-Bdc (Avp) =
o-Clc (Avp )Aa-Clc (C (Avp)). SinceC satisfies
the monotonic and involutive conditions, by
using Proposition 3.7(i), that implies a-Bdc
(Avp) = (a-Clc (A)va-Clc (w)ra-Cle (C
(Avp)). By using Lemma 2.4 and Proposition
3.7(i1), a-Bdc (Avp) < (0-Clc (A) v a-Clc
(W) A (a-Clc (C A) A a-Clc (C p)). That is,
o-Bdc (Avp) < (a-Clc (A) A a-Clc (C))v(o-
Clc (W)A-Clc (C n)). Again by using
Definition 4.1, o-Bdc (Avp) a-Bdc (M) v a-
Bdc (].l)

Theorem 4.19 :

Let (X,t) be a fuzzy topological space.
Suppose the complement functionC satisfies
the monotonic and involutive conditions. Then
for any two fuzzy subsets A and p of a fuzzy
topological space X, we have o-Bdc (AAp )
< (a-Bdc (A)Aa-Clc (1)) (a-Bdc (p)A
o-Clc (1)).

Proof.

By using Definition 4.1, we have o-
Bdc (AAp) = a-Clc (Aap) A a-Clc (C (Aap)).
Since C satisfies the monotonic and involutive
conditions, by using Proposition 3.7(i),
Proposition 3.7 (ii) and by using Lemma 2.4(iv),
we get a-Bdc (Aap) < (a-Clc (M)A a-Clc
(WA (a-Clec (C A)va-Cle (C p)) is equal to
[o-Clc M) Aa-Clc (C A)]A(a-Cle (w))[a-Clc
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(u)Aa-Clc (C p)] ApClc()). Again by
Definition 4.1, we get o-Bdc (AAp ) < (a-Bdc
(M) Aa-Cle (W)v(o-Bde (wAa-Cle (1)).

Proposition 4.20 :

Let (X, t) be a fuzzy topological space.
Suppose the complement function C satisfies
the monotonic and involutive conditions. Then
for any fuzzy subset A of a fuzzy topological
space X, we have (i) a-Bdc (a-Bdc (1)) <
o-Bdc (1)

(i) a-Bdc a-Bdc o-Bdc A < o-Bdc o-Bdc A.

Proof.

By using Definition 4.1, a-Bdc A = a-
Clc Ana-Clc (C A). We have a-Bdc o-Bdc A
= 0-Clc (a-BdcA) A a-Clc [C (a-Bdc )] <
o-Clc(a-Bdc ). SinceC satisfies the monotonic
and involutive conditions, by using Proposition
3.6(i1), o-Clc A=A, where A is fuzzyC-o-closed.
Here a-Bdc A is fuzzy C -a-closed. So,
o-Clc (a-BdcA) = a-BdcA. This implies that
o-Bdc a-Bdc A < o-BdcA. This proves (i).
(ii) Follows from ().

Proposition 4.21 :

Let A be a fuzzy C -a-closed subset
of a fuzzy topological space X and p be a fuzzy
C -a-closed subset of a fuzzy topological
space Y, then A xp is a fuzzy C -a- closed set
of the fuzzy product space X x Y where the
complement function C satisfies the monotonic
and involutive conditions.

Proof.

Let A be a fuzzy C -a-closed subset
of a fuzzy topological space X. Then by
applying Lemma 2.8, C A is fuzzy C -a-open
set in X. Also if C A is fuzzy C -a-open set in
X,then C A x 1is fuzzy C -a-openin X x Y.
Similarly let p be a fuzzyC -a-closed subset
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of a fuzzy topological space X. Then by using
Lemma 2.8, C p is fuzzy C -a-open set in'Y.
Also if C p is fuzzy C -a-open set in Y then
C p x 1is fuzzy C -a-open in X x Y. Since
the arbitrary union of fuzzy C -o-open sets is
fuzzyC -a-open. So, C A x 1v 1 xC p is fuzzy
C -a-openin X x Y. By using Lemma 2.13,
C(Axuw=CAix1vI1xCy,henceC (A x
w) is fuzzy C -a-open. By using Lemma 2.8,
A x uis fuzzyC - a- closed of the fuzzy product
space X x Y.

Theorem 4.22 :

Let C be a complement function that
satisfies the monotonic and involutive
conditions. If A is a fuzzy subset of a fuzzy
topological space Xand p is a fuzzy subset of
a fuzzy topological space Y, then
(i) o-Clc A x a-Cl_ p > o-Cle (A x p)

(i) o-IntcA x a-Intc p < -Intc (A x p).

Proof.

By using Definition 2.20, (a-Clc Axo-
Clcy) (x, y)= min{a-ClcA(x), a-Clc u(y)}=
min {A(X), u(y)} = (Axp) (X, y). This shows
that a-Clc A a-Clc p > (A x ). By using
Proposition 3.6, a-Clc (A x ) < a-Clc (a-Clc
A x -Clcpn) = a-Clc A x a-Clcu. By using
Definition 2.10, (a-IntcA x a-Intc ) (X, y) =
min{o-Intc A(x), o-Int_ p(y)}< min {1(x),
uW}F=(xn)(x, y). This shows that a-Intc
Axa-Intc u< (A x w). By using Proposition 3.2,
o-Intc (o-Intc A x a-Intc p) < a-Intc (A x ),
that implies a-Intc A x a-Intc p < a-Intc (A x

B).

Theorem 4.23 :

Let X and Y be C -product related
fuzzy topological spaces. Then for a fuzzy
subset A of X and a fuzzy subset p of Y,

(i) a-Clc (A x p)=a-Clcr a-Clc pn
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(i) o-Intc (A x ) = o-Intc A x a-Intc p.

Proof.
By using Theorem 4.22, it is sufficient
to show that o-Clc (Axp)>a-Clc Axa-Clc p.
By using Definition 3.4, we have a-Clc (A x
w) = inf{C (Ao x pp): C (Ao x pp) = A pwhere
A« and pp are fuzzy C -a-open}. By using
Lemma 2.12, we have
o-Clc(A x)=inff{C A, x1v1IxCAg:CA,
x1v1C p, > x u}
=iNf{CAux1v1ixCpg:CAig=A
orC >}
=min (inf {C Ay x1v1IxC pg:C A2>A},
iNnf{C Ay x Ivlx C g :C pug>1).
Now inf {C Ay x 1v1 C pg. C Aq> A} > inf
{CAhyx1:C A=A}
=inf{C A, :CAe2A}x1
= (a-Clc &) x 1.
Also inf {C , x1v 1xC ps:C pug>p}> inf
{1xCu:Cppg=2p}
=1xinf{C pp: C pg >}
=1 x a-Clc pu.
The above discussions imply that o-Clc (Ax )
min (a-Clc A x 1, 1 x o-Clc )
= a-Clc A x OL-C'c].l.
(i) follows from (i) and using Proposition 3.5.

Theorem 4.24 :

Let X;,i=1,2....n, bea family of C
-product related fuzzy topological spaces. If
Ai s a fuzzy subset of X;, and the complement
functionC satisfies the monotonic and involutive

n
conditions, then o-Bdc ([ | 4,)= [0-Bdc 1 x
i1
o-Clc Az x...xa-Clc An]v [0-ClcAs xa-Bdc
A2 x...x a-ClcAin] v ...v[o-ClcAs x a-Clc
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It suffices to prove this for n = 2. By
using Proposition 4.14, we have pBdc (A1 x
7\.2) = o-Clc (7\.1 X 7\.2)/\0 (-Intc (7\.1 X 7\.2))
=(0-Clec A1 x 0-Clc A)AC (o-Intc Ag
x a-IntcA) [by using Theorem 4.23]
=(0-Clc Aixa-Cle A)AC [(o-Intc Aq
A0-Clc A1)x(a-Intc Aona-Cle A2)]
= (o-Clchi x a-ClcA2) A [C (o-Intc A A o-
ClcA1) x 11 xC (a-Intc Az A a-ClcAs)]. [by
Lemma 2.22]. Since C satisfies the monotonic
and involutive conditions, by using Proposition
3.5(i), Proposition 3.5(i) and also by using
Lemma 2.10, a-Bdc (A1 x A2) = (a-Clc Aq x
o-Clc A)A[(a-ClcC A1 v o-IntcC A1) x
1v1l x (o-Clc C A2 v a-Intc C A2)].
= (a-Clc A1 x a-Clc ) A [a-Clec C A1 x 1v1
><OL-C|C C 7\.2]
= [(a-Clc A1xa-Clc A)A(a-Cle (C A1 )x1)]
V [(a-Clc (M) x a-ClcAz) A (1 x a-Clc (C
A2))].
Again by using Lemma 2.18, we get a-Bdc
(7\.1 X 7\.2)
= [(a-Clc Aiaa-Cle (C A1) x (Laa-Cle A2)]
V [(-Clc A2A-Clc (C X2)) x(Ana-Cle A4)]
= [(a-Clc (M) Aa-Cle (C A1) x a-Cle (A2)]
v [(a-Clc (A2)Aa-Cle (C A2)) x a-Cle (A1)]
o-Bdc (M1 x A2) = [0-Bdc (A1) x a-Clc (A2)]
v [a-Cle (A1) x o-Bde (12)].

Theorem 4.25
Let f: X—>Y be a fuzzy continuous
function. Suppose the complement function
C satisfies the monotonic and involutive
conditions. Then
a-Bdc (f 1(u)) < f* (a-Bdc (w)), for any
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fuzzy subset pin'Y.

Proof.

Let f be a fuzzy continuous function
and p be a fuzzy subset in'Y. By using Definition
4.1, we have a-Bde (f (w)) = a-Cle (F ()
ra-Cle (C (f *(w)). By using Lemma 2.19,
a-Bdc (f * (1)) = a-Clc (f *(u))ra-Clc (f
(C ). Since f is fuzzy continuous and f ()
< fYa-Cle (), it follows that a-Cle (F (1))
<f *a-Clc (w)). This together with the above
imply that a-Bdc (f () < f Y(a-Cle ()Af
(a-Clc (C p)). By using Lemma 2.21, a-
Bdc (f *(u)) < f * (a-Clc ()Aa-Cl. (C ).
That is a-Bde (f * () < f “(o-Bde ().
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