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Abstract

In this note, we have obtained some novel results on bilateral

generating functions involving Pn(f‘k+n’ P (x) , amodified form of Jacobi

Polynomials by group theoretic method. In fact, in section 1, we have
introduced a linear partial differential operator R which do not seem to
have appeared in the earlier investigations and then we have obtained
the extended form of the group generated by R. Finally, in section 2, we
have obtained a novel generating relation involving the polynomial under
consideration with the help of which, we have proved a general theorem

on bilateral generating relations of Pn(fk+”' A) (X) . Some particular cases

of interest are also discussed.
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1. Introduction

Special functions are the solutions of
a wide class of mathematically and physically
relevant functional equations. Generating
functions play a large role in the study of special
functions. There are various methods of
obtaining generating functions. But it has been
found that group-theoretic method of obtaining
generating functions is much potent one in

comparison to analytic method. The study of
special functions, in particular, generating functions
of special functions by group-theoretic method
was originally introduced by L.Weisner! while
studying generating functions of Hypergeometric
function in the year 1955. From seventies and
onwards (i.e. just after the publication of the
monograph “obtaining generating functions” by
E.B.McBride?) of the last century, Weisner’s
group theoretic method has been utilized by



researchers while deriving generating functions
of various special functions.

In the present article we have obtained
some novel bilateral generating functions of

P A (x), a modification of Jacobi
Polynomials, by group-theoretic method, where

P PY(x) is defined® by

-n, l+a+p+n;

_ 1+a),

1-x
(a, B)
F% (X) n! ZFi 2

1+o;
(1.1)
The main result of our investigation is stated
in the form of the following theorem. For

previous works on bilateral generating functions
of Jacobi /modified Jacobi Polynomials, one

may refer to the works*®,
Theorem :

If there exists a unilateral generating
relation of the form :

G(xt)=3a, RS ()t (1)

n+k

then

. “1-a-p-k
1+2)* {1+ E(1— x)}

z
X_E(l_x) tz(1+ z)

G . ,
1+ (-%) {1+;(1—x)}
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n=0 (1-3)
where
n n+k
x,t)=) a p(@mn=2pA) (y)tP
Gn( ) ; p[p+kJ n+k ()
(1.4)

2. Derivation of the operator and the
extended group :

Let

0 0

0
R=R1&+R2—+R3—Z+R0 (2.1)

such that
R(P(a+n, B) (X)ya Zn)

n+k

— an P (a+n-1) (X)ya—ZZ n+1 (2.2)

n+k+1
where R, (i=0, 1, 2, 3) are functions of

X, Y, z but independent of n, c.and @, is a function
of n, o.
Noticing the following differential recurrence
relation®

d (.. 1

&(Pg P (x))= = [(n+a+B+1)

(x=1) +2a P 7 (x) = 2(n +DPLT P (),
(2.3)

we define

0 0
R=Q1-x?)y?%z—-(x+1)yltz—
( )} > (x+1)y &

0
_oyy-272 Y _ 1) y-2
2xy~*z P @+ B+K)(x-1)y?z(2.4)
such that
R(P&™ A (x)y*z") = —2(n + k + P& Lh) (x)ya-2zn1,

n+k n+k+1
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We now proceed to find the extended
form of the group generated by R i.e. we shall
find e*® f (x, y,z) where f(x,y,z) isarbitrary

function and w is arbitrary constant ,real or
complex.

If ¢(x,y,z) be a solution of

Ré(Xx,y,2z) =0 and if we transform the

Operator R to E such that
E= Rli+ R23+ RSi
OX oy 0z
then

E=¢"(xy.2)R$(xy.,2)
ie.  R=¢(xy,2)Ep (xy,2).

Therefore, we have
"R f(X,y,z) =WV DET YD £ (y y 7)

=4 (x,y,2)e" (p7 (%, y,2) T (x,y.2)).
Finally, we choose new variables X,Y, Z

so that the operator E is transformed into the

operatorD:aiX. Under this change of

e f(x,y,2) =[1-1—x)y2zw] "

variables, let ¢ ' (x, y,z) f (X, y, z) betrans-

formed into F (X,Y,2).
Therefore, by Taylor’s theorem, we get

e f(X,Y,2) =¢(xv,z) " (F(x,2))
=¢(x,y,2) F(X +w,Y,Z)

=9(x,y,2)9(X,Y,2)
supposing that F (X +w,Y, Z) is transformed

into g(x, Yy, z) by inverse substitution.
Let

P(x,y,2) =L+ x) P yzt

x=—[ ZZ +1j

XY ’

y_[2Xvi+z
XYS ’

(e
XYt Xy?):

Then by the method out lined, we find

f[x+(1— X)y2zw y(L—2y-2zw)

z(1—2y2zw) )

1-1-x)y2zw  1-(1-x)y2zw {l—-(1-X)y2zw}?

(2.6)

Now we shall obtain a novel generating relation of P%*™ #)(x) with the help of which the

above stated theorem has been proved.
First , we notice that

p"R (P(a+n, B) (X)y“ Zn): ye 7" [l— 2y72 ZW]OHn [1_ (l— X)y,z ZW]7

n+k

n+k

1-a—p-2n-k

(a+n, n) X+ (l_ X) y72 Al

| 2.7)
ek 1-(1-x)y%zw
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Again,

e (Pl M 00y 2)= R R 09y
-0 P

(2.8)
0 p
=SV (2)p (n+k+1), (PEm PP (x)ya-2pz10)
~ pl n+k+p
> (n+k+1
Cyepny ), )pmmﬁ“mew4mw.
p=0 !
Equating (2.7) and 2.8) and then replacing —2y~?zw by t, we get
t
¢ ~1-a-f-k-2n X——(1-x)
@L+t)n [1+ E(1— x)} P (an. £) t2—
1+ 5(1— X)
(n+k+1) (2.9)
s + K+
Z—p I:)n(+05k1np e (X)tp 1
p=0
which does not seem to appear before .
Special cases :
Case 1 : Putting kK =0, we get
t
i “1-a-f-2n X—2(1—X)
(L+t)n [1+ E(l_ x)} p(exn. ) :
1+ —(1-x)
2
(2.10)

n+p

i(n+l)IO pasn-p, ) ()17
p=0 pl

which is worthy of notice.

Case 2 : Putting n=0 in (2.10), we get
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B -l-a-p
Z péa—p,ﬁ)(x)tp = (1+t)“[1+%(1—x)} ;

which, with the help of the symmetry relation ;
PP ) (—x)=(-1)"P{* ) (x) (2.12)
reduces to

(2.12)

- t ~l-a-p
Z PP A (X)tP = (1—t)ﬂ{1—5(1+ X)}
p=0
and is the well known Feldhim’s fourmula®. Relation (2.12) is also found derived®%!! in

We shall now prove the theorem-1 by using the generating relation (2.9).
Proof of the Theorem :

Now the right hand side of (1.3)

n=0
2 n+k

=ZZ" ap( j P2 A (x)tP
n=0 p=0 p+k

[ using (1.4) ]

2 & Nn+p+Kk\) _ ...
:zz Zn+pap( p+k Jpn(+p+kpﬁ)(x)tp

© = (n+p+k) ]
:Zap(tz)pZ( p+k Jn(+k+ppﬂ)(x)z

YA
® “l-a-p-k-2p X——(@1-x)
=Y a, (tz)" @+ z)‘”p[1+ (1- x)} PP h) —22
= 1+20-%)

[using (2.9)]
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, L-a—B-k o tz(1+ 2) x—E(l—X)
=1+ z)a[lJr—(l—x)} Zap e el e S Pp(ffp'ﬂ) 2
2 ER P L 1+21-x)
2 2
z
X_E(l_x) tz(1+ z)

da-pk
=(1+z)“[1+£(1—x)} G ,
2 1+;(1—x) {1+;(1—x)}2

[using(1.2)]
This completes the proof of the theorem.

Now we would like to point it out that theorem-1 can be proved as follows by the direct
application of the operator R by using the method as discussed* in.

Let
— N (a+n, B) n
G(X,t) _Z a, Pnfli (X)t . (3.2)
n=0
Replacing tby tz in (3.2) and then multiplying both sides of the same by y"‘ :
we get
yaG(X,tZ)ZZ an(Pn(fll:n‘ﬂ)(X) yazn)tn' (3.3)

n=0

Now operating (exp WR) on both sides of (3.3), we get

(expwR)(y*G(x,1z)) = (expwR) >_ a, (PGP (x)y "t (3.4)

n=0
The left member of (3.4), with the help of (2.6), becomes
X+ (L-X)y 2zw tz(1-2y2zw)
1-A-x)y2zw = {I-(1-x)y 2w}’
(3.5)

vy (1-2y2zw)” [1— (1-x)y? zw]fl*o’*ﬁ*k G[

The right member of (3.4), with the help of (2.5), becomes
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33 0,0 SRRy )= 33 8, 2) (kD) PP (2

n=0 p=0 - n=0 p=0

(n+k+1) . P
—F I:)n(Jrker i ﬂ)( ) t

gM8
Ms

(n—p+k+1)

SR AP ILIDIL

n=0 p=0 p !

—ow)’
p Pn(ffk+n 2p, ﬂ)(x)[Tj tn—p .

Equating the above two results, we get

(1— 2y -22w) [1_ (1- X)y,zzw]—l—afﬂfk G( X+ @1—x)y?2zw tz(1-2y2zw) J

1-(1-x)y2zw {L-(1-x)y 2zw}?

n-p
j o)

:iz” n . (p+k+1), pe-n-2p ﬂ)(x)[
n=0 p=0 P (n_p)l "

— 2w
y2

Putting = —1, weget

Z
X_E(l_x) tz(1+2)

= iz"an(x, t) ,

-1-a-p-k
1+ z)“[1+£(1— x)} G ,
2 1+20-0) e @-0¥ |

where

n n+k
x,t)=) a plan=2p. f)(x)gp
Gn( ) ; p[p_i_k] n+k () ,

which is the theorem-1.
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