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Abstract

Knebelman! studied and defined collineations and motions in
generalised spaces. Levine? studied motions in linearly connected two
dimensional spaces. Takano?, studied on the existence of affine motion

in a space with recurrent curvature tensor. Further, Negi and Rawat®
studied affine motion in an almost Tachibana recurrent space. Rawat
and Dobhal®, studied on Projective motion in a Tachibana symmetric space

In the present paper, we have studied Affine motion, Projective
motion, Conformal motion, Integrability conditions of Killing equations
also several theorems have been established and proved therein.

1. Motions in a Riemannian space.

Consider an n-dimensional Riemannian
space V, covered by a set of neighbourhoods

with Coordinates £* and endowed with the
fundamental quadratic differential form

ds? = ga, (§) d§* dg*

where the Greek indices X, 4,u,V, ... ... ... ,
run over therange 1, 2 .3, ...n.

In the V, referred to £, we consider
a point transformation

T: &%= f¥ (¢ )iDet(9;f7) #0

(1.2)
which establishes a one-to-one correspondence
between the points of a region R and those of

some other region *R, where g, stands for the

. oD
partial derivation P

During this point transformation, a
point £Xin R is carried to a point *&* in *R
and a point & + d&¥in R to a point * EX+d* &
in*R .

If the distance d*s between two
displaced points *&*and *EX+d* £X is always
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equal to the distance between the two original
points & and EX+d&X the point transformation
(1.2) is called a motion or an isometry in the
Vi

(i) Affine motion in V,: When a point
transformation (1.2), transforms any pair of
parallel vectors into a pair of parallel vectors,

then (1.2) is called Affine motion in a V,,.
For an affine motion, we must have

6‘mux(*5)d:ef dmux( *6)
+ T 2t =0 .(13)

(ii) Projective Motions in V,: When
a point transformation (1.2) transforms the
system of geodesics into the same system, then

(1.2) is called a projective Motion in V,

The necessary and sufficient condition
that (1.2) be a projective motion in a V,, is that
the Lie-difference of ;f)t with respect to (1.2)
has the form

T — T = Alpy + A o,

where P2 is a covariant vector.
When (1.2) is an infinitesimal transformation

*fx = & + v* (§)dt, then the condition is

(1.4)

1573 = Aupa+ A pu (1.5)

(iii) Conformal Motion in V,: When
a point transformation (1.2) does not change
the angle between two direction at a point,

then (1.2) is called a conformal motion in V.
The necessary and sufficient condition that
(1.2) be conformal motion in a V, is that the
Lie —difference of Y9ax with respect to (1.2)
be proportional to 9ax . [Schouten]
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,.g/lx — 9iax = 2 ¢.g/1x
Where ¢ is a scalar
When (1.2) is an infinitesimal transformation

*EX = f* + v* (&)dt, then the condition is

(1.6)

%glx =2¢ g (1.7)

Now, we have the following theorem
which is geometrically evident.

Theorem (1.1) : Amotionina V,is
an Affine motion.

Proof : To prove this, we apply the formula

A
ey, pp - v, eph= (er) P

2 xp P 2
t(erd)ee-(2r)rd ag

to the fundamental tensor 9ax , we have
2 (Vu g/’lx) - v,u (’8 glx)
v v

= _<§ {ua}) 90 - (% )

(1.9)
from which

e (=10 [ 90t 2 G- 2 g
U,u/l 2 uvﬂﬂ lvup pv;ul-

(1.10)
This equation shows that % gax =0

X
implies g {M ,1} =0,
[Note : Under some global conditions
e {5} = 0implies € ga =07
v H v

Theorem (1.2) : For a motion in a V,
the Lie-derivative of the curvature tensor and
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its successive covariant derivative Vanish.

Proof: To prove the above theorem,
we apply the following

V, QTS -V, @ I5+2S5:°P 1%
V‘UIM uvv/l vuvp/'l

= g Ry (1.11)

to the Christoffel symbol, we have
Ve X

— = "'x
voe =g {3 = e
Where KJ,'fa is the curvature tensor of V,.
Thus for a motion, we have

L K;;;n=0. (1.12)
v

On the other hand since a motion is an affine
motion, the covariant derivation and the Lie-
derivation are Commutative. Thus from (1.12),
we obtain

LV, K =02V, V, K5 =0,
% %
This proves the theorem.

2. Theorems on Projectively or Conformally
related spaces:

Consider two Riemannian spaces V,

and V,,” which are in geodesic correspondence.
Then denoting the Christoffel symbols of them

*

by { ,ux/l} and { ,uxxl} respectively, we have

x X
— X
{uxl} - {,u/l}+ Au pat A7 Pu.
But since V, and V,," are both Riemannian, the
vector p, should be a gradient. Thus putting

Py = 2 0, log¢, we have

X\ (X 1 x

{ua) = {ua)+5 4501 10g9
1Ax6 1

+ 5 43 O loge. (2.1)

We now assume that the V,, admits a

motion with symbol %f . Then, we have

% Iax = Vﬂvx-l_ vxv)l: alvx

+ axul—z{fx}up =0

Consequently on utilizing (2.1), we have

% Gax = 0aUx + 0,y — 2 [{Apx}*

1 1
-3 A% 0, log¢p — > AP 9, logqb] U,
= 97" [aup v + .pvd - 2 (L} o

Thus, denoting by 9 the fundamental tensor

*

of U and @ f the symbol defined by ¢ Vs
v

inV,", we have
*
L2 Iax = (p—l g g;x
v v
Thus, we have.
Theorem (2.1): If two Riemannian
spaces V, and V;" are in geodesic correspon-

dence and if V,, admits a group of motions, 1,
also admits a group of motions.

Theorem (2.2): If a V,, admits a G,

of motions such that the rank of v * in a
a

neighborhood is equal to r < n, then there exist
n—r V° Corresponding ton-rindependent
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solutions of £ p2 = 0, Which are Conformal
v

to the given V,, and admit the same group as a
group of motions.

Proof: Consider a V, which admits
an r-parameter group G, of motions such that

the rank of v * is in a certain neighborhood
a

equal to r < n. Then we have £ g, = 0.
v

In order that a space V,,;” Conformal to V, admit

the same group Gy as a group of motions, it is
necessary and sufficient that there exist a

function p? suchthat £ ( p2g,.) =0 or
v

L p? = 0. But on the other hand
v
(53 8>pz= o L p?
C b a
and consequently £ p2 = ( admits (n - 1)
a

independent solutions.

Note: The a-rank of the g, is the
a

rank of the matrix £ g,, where a denotes
a

the rows and A x denotes the columns.

Theorem (2.3): In order that a G; in

X, such that the rank of v * in a neighborhood
a

is equal to r < n, can be regarded as a group
of motions in a Cy, it is necessary and sufficient

that the group be a subgroup of a group of
Conformal transformations.

Proof: The necessity is evident.
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Conversely, if the group is a subgroup of a
group of conformal transformations, it is a group

of Conformal motions ina C,, (i.e. C,, stands for
a Conformally Euclidean space). Consequently,
there exists a V,, which is conformal to C,

and is itself a C,, which admits the group as a
group of motions.

3. Integrability Conditions of Killing’s
equation :

The Integrability Conditions of killing’s equation

(3.1)

can be deduced from it, considering first the
equation

L Gix = V)Ll)x‘l‘ va)L =0
v

X
e {ﬂ 2= Vvt +KE v =032
and next the mixed system of partial differential
equations

le‘l' Uyp =0

Vyu* = vy, Vv = =K,

(Uﬂx = v,ip.gpx) }

(3.3)
We know that the equations (3.1) and (3.2)
or the equation (3.3) have for Integrability
conditions

L K;n=0, &V, K;53=0,
v v

% sz leKJ;'Lx/'l =0, .. , (3.4)
4. Theorems on Affine and Projective

motions :

We consider an A, which admits a G,
of affine motions with the infinitesimal

operators £ f = v #d, f such that the
a a
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rank of v * in a neighborhood is r < n. Then,
a

we have

P J—
5t =0 (4.1)

In order that an A3,, projectively related to the

Ap, admits the G, as a group of affine motions,
it is necessary and sufficient that there exist a
covariant vector field p, such that

e (Th+,45 +,45)=0
a
Or
L AIO,
a

But this system of partial differential equation
is completely integrable, hence

Theorem (4.1): If an A, admits a G,
of affine motions with the infinitesimal operators

£ f= v # 09, f such that the rank of v *
a a a

ina neighborhood is r < n, there exists always
in A3, which is (not trivially) projectively related

to A, and which admits the same G, as a group
of affine motions.

We next consider an A, which admits
a G, of projective motions such that the rank

of v * in a neighborhood is r < n, Then, we
a

have

LLa= o« A+ 2 4. @3
a a a

In order that an A3,, projectively related to the
An, admit the same G, as a group of affine
motions , it is necessary and sufficient that
there exist a covariant vector field p, such that

e (TH+, 45 +245)=0 (44
a
Or

g 2= -

a’ 7 (4.5)
On the other hand, substuting (4.3) in the
identity

< £C3 % ;fa) = Cg % ;f/l,we get
g2 5, - 2 2 =Ch 2
C p b c a

Which shows that r covariant vectors p, form

a complete system with respect to G,. Thus
(4.5) is completely integrable and we have

Theorem (4.2) : when an A, admits a
Gy of projective motions such that the rank of
pX is r <n, there exists an Aj, which is (not
trivially) projectively related to A, and which

admits the same G, as a group of affine motions.
From this, we obtain

Theorem (4.3) : In order that a Gy is

an X, such that the rank of v * isr <n, can
a

be regarded as a group of affine motions in a
D, it is necessary and sufficient that the G,
be a subgroup of the ordinary projective group.

Proof : The necessity is evident.
Conversely, if the group Gy is a subgroup of
the ordinary projective group, it is a group of
projective motions in a D, . consequently
according to Theorem(4.2), there exist an A,
which is projectively related to D, and is itself
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a Dp and admits G, as a group of affine
motions. Thus, theorem (4.3) is proved.

5. Integrability condition of £

x_O
1= 0.
v K

We consider the Integrability condition

of £ T3 =0, which can be written as
v

Viu* = vy — 25!;;{‘ vH ,}
X WX v
Vyvy = —RWMU ,

Now from the following equations.

" J;sz:Ri)ﬁcz+(Vv% A= Vu% v

(5.1)

+ ZSV';f LU Y )dt_
v

and

P _
v, % 9= Vyu % I+ 2S5 513] = % Ry,
we have

LS5, =0, L Ryn=0, (52
v v
respectively. Then applying the formula

e v, Pi-v,e pP=(ery)
v v v

Piv(ers) P - (2 Py
v v

to S and Ry73, we obtain

% V, P =02 V, Ry =0.(5.3)

respectively. v

References

1. Knebelman, M.S., Collineations and motions
in generalised spaces, Amer. Jour.of
Math. 51, 527- 564 (1929).

10.

11.

12.

Ultra Scientist Vol.24(1)A, (2012).

Takano, K., On the existence of Affine
motion in a space with recurrent curvature
tensor, 17(1), 68-73 (1966).

Levine, J., Motions in linearly Connected
two-dimensional spaces, Proc. Amer.
Math. Soc., 2, 932-941 (1951).

Yano, K., Groups of motions and groups
of affine collineations, Convegno di
Geometria differenziale, Roma (1953).
D.S. Negiand K.S. Rawat, Affine motion
in almost Tachibana recurrent space,
Acta Ciencia Indica, Vol. XXI11 M, No.3,
235-238 (1997).

D. S. Negi and K. S. Rawat, Projective
motion in a Kaehlerian recurrent space,
Acta Ciencia Indica, Vol. XXI11 M, No.4,
251-254 (1997).

K.S. Rawat, The study of Affine motion
in the Hermite space, Acta Ciencia Indica,
Vol. XXIX M, No. 2, 221-224 (2003).
K.S. Rawat and G. P. Silswal, The study
of Projective motion in an almost- Tachibana
recurrent space, Jour. PAS, \ol.12 (ser.A),
47-53 (2006).

K.S. Rawat and Girish Dobhal, Projective
motion in a Tachibana symmetric space,
Acta Ciencia Indica, Vol. XXXIV M,
No. 3, 1105-1108 (2008).

K.S. Rawat and Girish Dobhal, On the
existence of Affine motion in a Tachibana
spaces, Acta Ciencia Indica, Vol. XXXIV
M, No. 3, 1145-1152 (2008).

K.S. Rawat and Kunwar Singh, Existence
of Affine motion in the recurrent Hermite
space of First order, Jour, PAS, \Vol. 15
(Mathematical sciences), 389-395 (2009).
K.S. Rawat and G. P. Silswal, Theory of
Lie-derivatives and motions in Tachibana
spaces, News Bull. Cal. Math. Soc.,
32(1-3) 15-20 (2009).



