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Abstract

The concept of fuzzy sets was introduced initially by Zadeh
in 1965. Georgeand Veeramani® modified the concept of fuzzy metric
space introduced®. Fisher?, Aliouche and Fisher?, Telci® proved some
related fixedpoint theorems in compact metric spaces. Recently, Rao et.
al.” proved®® some fixed point theorems in sequentially compact fuzzy
metric spaces.Motivated by a work due to Popa®, we have observed
that proving fixed point theorems using an implicit relation is a good

idea since it covers several contractive conditions rather than one
contractive condition.

Introduction inXand0<k<1, t>0

Theorem-1: Let T & P be two self 2.S(X,V,z 1) sl ast o ThenT &P

mappings of a complete Fuzzy Metric Space
(X, S, *) with t - norm * defined by a * b = min
{a, b} : 4, b £[0,1] satisfying the conditions

have a unique common fixed point.

Proof: Consider an arbitrary point Xg in X

1. S(Tx, Py, z, kt) >min{ S(x, y, z, t), and define a sequence {xn} in X by Xon+1 =

TXon, Xon+2 = PXone1 foralln=10,1,2,

S, Tx,z,1) Sy, Py, ,1) 1 On using (1) for any p € N, we have

S(x,y,2,1t)

S(X ¥, Z, 1) +S(X, T, z, 1) S(X1, X2, Xp, Kt) = S(TXo, PX4, Xp, Kt)

} forallx, y,z

S(X, y,z,1) >min{S(Xo, X1, Xp, t),
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S(Xq, TXq,s X5 1) S(Xy, PXy, X, 1)
S(xo,xl,xp,t) :

S(Xg, X, X, t) +S(Xy, TX, Xy t)
S(Xg, X4, X, 1) }

>min{S(Xo, X1, Xp, t),
S(Xgs Xg, X, 1) S(X, X5, X, 1)
S(Xq, Xy, Xy t)

S(Xg, Xg5 X5 1) +S(Xg, Xg, X, 1)

S(Xq, Xq5 X, 1)
>min{S(Xo, X1, Xp, t), S(X1, X2, Xp, 1)}
This implies that
S(X1, X2, Xp, Kt) S(Xo, X1, Xp, 1)
Again using (2.1.1) for any p € N we have
S(X2, X3, Xp, Kt) = S(Px1, TX2, Xp, kt)
= S(Tx2, Px, Xp, kt)
>min{ S(Xz, X1, Xp, 1),
S(X,, TX,, X, 1) S(Xy, PXy, X, 1)
S(Xy, Xy, X, 1)

S(Xy, Xy, X, 1) +8(X,, TX,, X, 1)
S(Xy, X5, X, 1)

>min{S(X1, X2, Xp, t),
S(X,, X35 X, 1) S(Xp, Xy, Xy, 1)
S(Xy, X,, X, 1)

S(Xq5 X5, X, 1) +S(X,, X5, X, 1)

S(Xy, X5, X, 1)

>min{S(X2, X3, Xp, t), S(X1, X2, Xp, )}
This implies that

¥
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S(X2, X3, Xp, Kt) = S(X1, X2, Xp, t)

Inductively we have

S(Xn, Xn+1, Xp, Kt) = S(Xn-1, Xn, Xp, 1)
>S(Xn-2, Xn-1, Xp, UK)

YA

>S(Xo, X1, Xp, /™)
Or
S(Xn, Xn+1, Xp, Kt) = S(Xo, X1, Xp, t/k")
Soforp,ge N &t>0wehave fork=3
S(Xn, Xntps Xnrp+qy 3t) = S(Xn, Xne1, Xnapg, 1) *
S(Xn, Xn+1, Xn+p, 1)
* S(Xn+1, Xneps Xnpgy 1)
2S(Xo, X1, Xn+p+q, UK™) * S(Xo, X1, Xn+p, t/K")
*S(Xn+1, X2, Xn+prgs U3) * S(Xnw2, Xnep,
Xn+p+qs 1/3)
>S(Xo, X1, Xn+p+q, t/K") * S(Xo, X1, Xn+p, t/K")
* S(Xo, X1, Xnepg, U3K™L) * S(xo, X1,
Xn+p, t/3K™1)
* S(Xn+2, Xntps Xn+p+a, 1/3)
2S(Xo, X1, Xn+p+q, 1/K") * S(Xo, X1, Xn+p, t/K")
* S(Xo, X1, Xnepgy U3K™L) * S(xo, X1,
Xn+p, t/3K™1)
* S(Xn+2, Xntps Xneprg, U3) oo
2S(Xo, X1, Xn+p+q, 1/K") * S(Xo, X1, Xn+p, t/K")
* S(Xo, X1, Xnepgy U3K™L) * S(xo, X1,
Xnep, U3K™L) *.. % S(Xo, X1, Xn+p+q,
t/KTP23P2) * S(Xo, X1, Xnep, UK™P23P?)
* S(Xnsp-1, Xnep, Xntpsg, 1/372)
>S(Xo, X1, Xn+p+gs 1K) * S(Xo, X1, Xn+p, t/K")
* S(Xo, X1, Xnp+q, 1/3K™1) * S(Xo, X1,
Xnep, U3K™) %% S(Xo, X1, Xnep+ay
t/KTP23P2) * S(Xo, X1, Xnep, UK P23P2)
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* S(Xo, X1, Xn+p+q t/3p-1kn+p-1)

On taking lim n — o we have
limy 5 o0 S(Xn, Xnep, Xnprg, 3t) = 1*¥1*1* .
(2p-1) times
Which implies that

S(Xn, Xn+p, Xnp+q, 3t) =1 as n— oo
i.e.forevenec>0,t>0,n3 ng e Nsuch that

S(Xn, Xntps Xntptqs t) > 1-¢ for all n=ng

Thus {x,} is a Cauchy Sequence. By
the completeness of the space, there is a point
u in X such that

limp_oXp=U

Now we shall prove that u is a fixed point of T
By (2.1.1) we have

S(Tu, Xan+2, Xn, Kt) > S(Tu, PXan+1, Xn, Kt)
>min{S(u, Xon+1, Xn, 1),
S(U, TU, Xn! t) S(X2n+1’ PX2n+1, Xn! t)
S(Us Xpni1s X 1)

S(U, Xp00 X, 1) +S(U, Tu, X, 1)
S(U, X, 4, X, 1)

¥

on taking lim , _, ., we have

S(Tu, u, u, kt) >min{S(u, Tu, u, t), 1}
=S(u, Tu, u, t)

Which yields Tu =u

Similarly we can prove Pu = u

Thus Tu=u=Pu

Hence u is a common fixed point of T
& P. For the uniqueness of u, let v be another
common fixed point of T & P. Then by (2.1.1)

we have

S(u, u, v, kt) = S(Tu, Pu, v, kt)
>S(u, u, v, t)
which gives usu =v

To prove T & P are continuous at u.
Let {y,} be a sequence in X such that lim _,,

Ya=u
On using (2.1.1) we have
S(TYn, Xons2, Xm, Kt) = S(TYn, PXon+1, Xm, kt)
>MIN{S(Yn, X2n+1, Xm, 1),
SV, TY, s X £) SKogg gy PXogigs X 1)
S(Yns Xoni10 X 1)
SO Xansrs X ) S0, TY 5 Xy 1)
S(yn’ X2n+1’ Xm’ t)
On taking lim p_, O m_s, We have
S(limTyp, u, u, kt) >min{1, S(u, lim Ty, u, t)}
This implies that

¥

M p 0 TYn=U=Tu=T lim p_, Yn

Hence T is continuous at u, Similarly
we can show that P is continuous at u.

References

1. A. Aliouche and B. Fisher, Fixed point
theorems for mappings satisfying implicit
relation on two complete and compact
metric spaces, Applied Mathematics and
Mechanics, 27(9), 1217-1222 (2006).

2. B. Fisher, Fixed point on two metric spaces,
Glasnik Mat., 16(36), 333-337 (1981).

3. A. George and P. Vieeramani, On some
result in fuzzy metric space, Fuzzy Sets
Syst., 64, 395-399 (1994).



18

M. Grabiec, Fixed points in fuzzy metric
spaces, Fuzzy Sets Syst., 27, 385-389
(1988).

I. Kramosil and J. Michalek, Fuzzy metric
and statistical metric spaces, Kybernetica,
11, 326-334 (1975).

V. Popa, Some fixed point theorems for
compatible mappings satisfying an implicit
relation, Demonstratio Math., 32,157-163
(1999).

K. P. R. Rao, N. Srinivasa Rao T. Ranga
Rao and J. Rajendra Prasad, Fixed and
related fixed point theorems in sequentially
compact fuzzy metric spaces, Int. Journal

10.

Ultra Scientist Vol.24(1)A, (2012).

of Math. Analysis, Vol. 2, no. 28, 1353-
1359 (2008).

K. P. R. Rao, Abdelkrim Aliouche and G.
Ravi Babu, Related Fixed Point Theorems
in Fuzzy Metric Spaces, The Journal of
Nonlinear Sciences and its Application,
1(3), 194-202 (2008).

B. Schweizer and A. Sklar, Statistical
metric spaces. Pacific J. Math., 10, 313-
334 (1960).

M. Telci, Fixed points on two complete
and compact metric spaces, Applied
Mathematics and Mechanics, 22(5), 564-
568 (2001).



