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Abstract

In this paper we have tried to go through the research paper1

of Prof. Harish-Chandra with the intention of getting some idea of method
of thinking and working of that great mathematician as well as of his
Ph.D. thesis supervisor Prof. P.A.M. Dirac. The wave equation for the
motion of an electron derived by Dirac2,3 has been transformed to the
form suitable to the problem under consideration by Harish-Chandra. It
is interesting and enjoying to clarify the steps directly written by him.
For us it is a great job to fill the gaps to verify his steps. This paper is
consequence of our effort in this direction.
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Introduction

1. Problem under consideration :

The dynamical system considered in
his paper1 is the motion of an electron moving
in the field of a magnetic pole. The magnetic
pole is supposed to be at the origin of reference
and the electron of charge e  is in the vicinity
of this pole. We know that the motion of a

dynamical system is governed by the
Schrödinger’s wave equation.

2. Mathematical formulation :

         Schrödinger’s wave equation2 pp.111 is

   tzyxHtzyx
t

i ,,,,,, 



 ,         (1)

where H  is energy operator i.e. Hamiltonian
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and  tzyx ,,, is wave function. If we assume
that
     tzyxtzyx  ,,,,,  ,

then   


 HH
d
d


t

i ,

i.e.    EH
d
d





 t
1i ,

where E  is a constant called some eigenvalue
of operator H  and so we have

dtiEd




1   and  EH  ,

i.e.     tiE

Ce 


   and     EH  ,      (2)

hence   tzyx ,,,  will be known if   zyx ,,
satisfying   EH   is known.

For simplicity he took the velocity of
light equal to 1 and the Plank’s constant h equal
to 2 which implies    equal to 1, also using
the notation in cartesian coordinate system
 ),,(),,( 321 xxxzyx   and spherical polar

coordinate system  ),,(),,( 321  r .
He assumed the strength of the magnetic pole

to be 
 

e
n
2

 and then obtained the suitable vector

potential A     AAAAAA r ,,,, 321 

whose component are  0rA ,  0A  and

   cos1
2


e

nA . The Hamiltonian H for

the electron2 (pp-257) suitable to our problem

may be written as

 
1H σ.(p+

 

c
e A) c3 ,  (3)

where σ  321 ,,  , p
 



















zyx

i ,,

is the momentum and µ the mass of electron.
 321 ,,  and 321 ,,   are the quantities
called two independent sets of Pauli operators2,3,5

which satisfy the relations

 











iiijji

ijijjiijijji

321321 ,,

2,2





                                       3,2,1, ji   (4)

3. Reduction of the Hamiltonian to polar
form :

By equation (3) Hamiltonian of electron
can be written as
 

1H σ.(p+eA) 3  
1  (σ.p) 1e

(σ.A) 3 ,

 
1 (σ.p)    33322111  e ,

 
1 (σ.p)   222

2
111

1
1  gge

  3333
3 g ,

 
1 (σ.p)

 
 3

3

1
1 








 

k
k

ke

      1  (σ.p) 
 







31 







 e ,

 
1 (σ.p)    





31  r

re

       1 (σ.p)    


31  e ,
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1 (σ.p)    


 31  ge

    1 (σ.p)
 




  3221 sin
1







 

r
e .

Thus we have

       H 
1 (σ.p)

 
 




  cos1
2sin 2213 
n

r
,

(5)

      Also here we use metric tensor4 gij or g
for lowering and raising the index respectively
in cartesian or spherical polar coordinate system
given as below. By relation between cartesian
and spherical polar coordinate system
  cossinrx  ,    sinsinry  ,

 cosrz  ,
so that
 







dxdxdr
r
xdx












  

       drdrdr sinsincoscoscossin  ,







dydydr
r
ydy












  

      drdrdr cossinsincossinsin  ,













 dzdzdr
r
zdz   drdr sincos  , 

 

  sincoscoscossin ri ,

 

  cossincossinsin rj ,

 

  sincos rk ,

 ds
 

 kdzjdyidx  

  drrdrdr sin ,
and  ds2  222 dzdydx    222 drdr 

        222 sin dr  ki
ik dxdxg .      (6)

The components of metric tensor
correspondingly in cartesian and spherical polar
coordinate system have given as
 1332211  ggg ,  1332211  ggg ,

 jigg ij
ij  ,0 .                              (7)

 1rrg ,  2rg  ,  
22 sinrg  ,

 1rrg ,  21 rg  ,

  22 sin1 rg  ,  
  ,0gg    .

 (8)

Now we see that  [x X p]3 

 
















x

y
y

x
i
1

,

 































xxrx
r

x
 





 cossin
r















sin

sincoscos
rr ,

 































yyry
r

y
 



 sinsin
r













sin
cossincos
rr ,




















x
y

y
x  ,

and [x X p]3 
 

















x

y
y

x
i
1

 
 





i
1 .

Since [x X p]σ 
 

2
1

  commutes with

1(σ.p)3µ and [x X p]3
 

2
1

 σ3 commutes

with  . Therefore third component of [xXp]



 

2
1

  σ commutes with whole H or to say that

 
32

11















i
 commutes with H. We can

verify all these steps. Now here we state the
important theorem which play central role in
obtaining wave equation of required form.

Theorem5 (pp 23-24): If in Vn the
Hermitian operators and commute, then there
exists a complete set of vectors which are
simultaneously eigenvectors of A and B.
According to this theorem we can choose 
in such a way that
 

















32
11

i ,  (9)

where M is half an odd integer because eigen-

values of operator  




i
1  are integers and

eigenvalues of operator  
32

1
 are  

2
1,

2
1  .

Solving above partial differential equation we get

 









  32

11 i ,

 







 


32

1
i

e , (10)

where  ' is constant of integration independent
of .
  Now transform  321 ,,  as components
of a vector to polar coordinates with help of
Covariant vector law of tensor calculus4 as
 

kr

k

r
x 







 

k

k

r
x






 

 



3

1k
k

k

r
x 

 
1

1


r
x





3

3

2

2


r
x

r
x









 

321 
r
z

r
y

r
x












 ,

 321 cossinsincossin  

    cossincossin 32
1

11   ,

    cossincossin 3211 

    cossincossin 331  i ,

   cossin 31
3  ie   sin 22

1
33 ii ee

    cos3
22 33 ii ee ,

   cossin 3
222

1
2 3333 iiii eeee  

   2
13

2 33 sincos   ii ee   ,

   2
1

1
33

2 33 sincos   ii ee  

   2
133

2 33 sincos   ii ee   ,

   2
23

2 33 sincos   ii eie  

 2
3

2 323   iii eee

 222
3

2 3223   iiii eeee ,

 22
3

22 3223   iiii
r eeee  . (11)

 
k

kx



  




 
k

kx






 

 



3

1k
k

kx 


 
1

1







x

3

3

2

2





 








xx  

321 






 












zyx

 321 sinsincoscoscos  rrr 

    sinsincoscos 321 rr  ,

    sinsincoscos 32
1

11 rr  

    sinsincoscos 3211 rr  ,

    sinsincoscos 331 rir 

   sincos 31
3 rer i  ,

   sincos 3
2222

1
3333 reeeer iiii  ,
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   sincos 2
3

22
1

2 3333 reeeer iiii  

   2
31

2 33 sincos   ii ere   ,
   2

3
1

11
2 33 sincos   ii ere  

   2
311

2 33 sincos   ii ere   ,

   2
21

2 33 sincos   ii eire  

 2
1

2 323   iii eere ,

 222
1

2 3223   iiii eeere
 22

1
22 3223   iiii eeere  ,

   22
1

22 3223 
  iiii eeere  .  (12)

 
k

kx 


  



 

k

kx 





 

 



3

1k
k

kx 


 
1

1







x

3

3

2

2





 








xx  

321 






 












zyx

,

 0cossinsinsin 21   rr
   sincossin 12  r ,

   sincossin 1
1

22
 r

   sincossin 122  r ,

   sincossin 32 ir 

  3
2sin ier   22

2
33sin  ii eer ,

 2
2

2 33sin   ii eer 

 222
2

2 3223sin   iiii eeeer  ,

 22
2

22 3223sin   iiii eeeer 

 22
2

22 3223sin 
  iiii eeeer  .(13)

Also 
   





  2222 222

2
iii eiee 







i.e. 
 222 22

2
 


ii eie 






 





 .     (14)

Similarly 
 

232 33

2
 


ii eie 















 (15)

and 
 

23
2

222 3
2

232

2



 


i

i
iii eieeee 

















,

        
 

2223
2

2 322
2

2

2



 


iii

i
i eeeiee 














  ,
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2

3
2

22 32
22

22

2



 


ii

ii
ii eeeieee 

















,

                                
 

223
22

32
22

2


 


ii
ii

eeeie














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Put the values in equation (17) we get
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For obtaining equations (11) to (18) we use following properties of Pauli operators   321 ,,  :

i. i321  , 12
3

2
2

2
1   , i.e. 1

1
1   , 2

1
2   , 3

1
3    ,

24 Vinod  Kumar  Yadav



1221   , 1331   , 2332   . 

ii.  
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33   ii ee   ,  i.e. if a linear operator A commutes with B then A also commutes
with function of B.

iii.  
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2 ie i   .

4. Required Schrödinger equation in polar form

Hence on putting (10) in (2) we get wave equation suitable for problem
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pre multiply  22ie  in both side of above equation and then set  0
22  ie  we get

 



 








r
i

r
iMi

rr
i

rr
e

i
i

2sin2
cos

sin2
12322211

3
21 3









 

A Note on the form of Wave Equation---the Field of a Magnetic Pole’. 25



         0cos1
2sin 030

22 32
1

32
1

3 


  


  MiMii eEeen

r
i

,

 



 








rr
M

rrrr
e

i
i

2sin2
cos

sin2
313131

3
21 3









 

             
         0cos1

2sin 030
231 32

1
32

1
3 



  


  MiMii eEeen

r ,

pre multiply  23ie  and then post multiply    32
1

3 2  Mii ee  from above equation we get

 
 

    0
sin2

coscos1
2sinsin

1
030

331
3

1 














 









 

 











 EnM
rrri ,

 
    0

sin2
cos

cos1
2sinsin

1
030

2
3331

3
1 


































 




















EnM

rrri

 
  0cos

2
cos1

2sin
11

03
331

31 



































 










 

 





 EnM
rrri .

This is required form of wave equation
of given problem. This is partial differential
equation in   ,r  and wave function
 0  is function of only ( ,r ). To remove the

differential term    we have used indirect
method of separation of variables for solving
the partial differential equation.

5. Conclusion

The above calculation helps in study
of the whole paper1 and gives a new way to solve
a partial differential equation.
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