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Abstract

In this paper we have tried to go through the research paper

1

of Prof. Harish-Chandra with the intention of getting some idea of method
of thinking and working of that great mathematician as well as of his
Ph.D. thesis supervisor Prof. P.A.M. Dirac. The wave equation for the
motion of an electron derived by Dirac®® has been transformed to the
form suitable to the problem under consideration by Harish-Chandra. It
is interesting and enjoying to clarify the steps directly written by him.
For us it is a great job to fill the gaps to verify his steps. This paper is
consequence of our effort in this direction.
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Introduction

1. Problem under consideration :

The dynamical system considered in

his paper? is the motion of an electron moving
in the field of a magnetic pole. The magnetic
pole is supposed to be at the origin of reference
and the electron of charge — e is in the vicinity
of this pole. We know that the motion of a

dynamical system is governed by the
Schrédinger’s wave equation.

2. Mathematical formulation :
Schrédinger’s wave equation? pp.111 is
ih%‘l’(x, y,z,t)= H¥(x,y,z,t), 1)

where H is energy operator i.e. Hamiltonian
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and P(x, y, z,t )is wave function. If we assume
that

¥(x y,2,t) =y (x y,2)(t).

then ihl//?j—? =H(yn)=nHy,
ie. mid_” _Hy ¢,
nd oy
where E is a constant called some eigenvalue
of operator H and so we have

ldn :—Edt and Hy =Ey
n h

iE
ie. p_cen and Hy=Ey., (9
hence W(x, y, z,t) will be known if y(x, y, z)
satisfying Hy = Ey is known.

For simplicity he took the velocity of
light equal to 1 and the Plank’s constant h equal

to 2mt which implies 7 equal to 1, also using
the notation in cartesian coordinate system

(x,y,2) = (x*,x?,x%) and spherical polar
coordinate system (r,0,¢) = (&*,E%,E%).

He assumed the strength of the magnetic pole

to be 21 and then obtained the suitable vector
e

potential A:(AI,AZ,AS): (Ar,AQ,Aw)

whose component are A =0, A, =0 and

A :21(1_0039). The Hamiltonian H for
e

4

the electron? (pp-257) suitable to our problem
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may be written as
e
H = Ao (P A =Pl (3)
[0 0 0
where o = (0-110_210_3)' P _Ih[axya)’,GZJ

is the momentum and p the mass of electron.

o,, 0,, ozandPis Pys P3 arethequantities

called two independent sets of Pauli operators®>°

which satisfy the relations
0,0;+0,0;=28;, pip;+ PP =25
OipPj = Pj0;, 010,05 =i, p1p,py =i

(i,j=123) 4

3. Reduction of the Hamiltonian to polar
form :

By equation (3) Hamiltonian of electron
can be written as

H =—p,0.(p+eA) — pt =—p, (0.p)-ep,

(0.A)- pa1t,

=—p,OP)-ep(0,A, +0,A, +0,A,)— pyp,

=—p (0.p)- epl(algMA1 +0°0,,A, +
o—”gsgAs)— Psl

3
=—p(0.p)- epl[zo'kAk j ~ P3H
k=

=—p,(O.p)- epl(O"Ar +o’A, + o-‘”A(p)— Pall

=—p (0.p)— %(Gq’Aq,)— Pl
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=—p (0.p)— epl(Gq,gW’Aq,)— Pst

=-p (0.p)- epl(% mA(pj ~ P3H.
Thus we have
G
H=—p, (0P~ pstt = P 2—9 2 (1 COSQ)
(%)

Also here we use metric tensor® 9;;OF 9ap
for lowering and raising the index respectively
in cartesian or spherical polar coordinate system
given as below. By relation between cartesian
and spherical polar coordinate system

X=rsinfcosg, y=rsiné@sing,
Z=1rCcos0,

so that

dx =%d %de %d(p_

or 00 op
sin@cosqdr +rcosf cospdf —rsindsinpde,
@dr +gd9 +ﬂ
or 00 op

sin@sin edr + rcos@sin edO + rsin 6 cos pd g,

dz gdw@d(ﬂa—dcp =cosedr —rsin6dé ,
or 00 op

dy = do =

N

I =sin@cosgr+cosdcospl—sinpe:

j=sin@sinpr+cosfsinpf+cospe

k =cose?—sin0§'

s ds= dxi+ dy}+ dzk —drr+rd06+rsintdeo,
and ds? = dx® +dy? +dz? =dr? +r’do?

+rzsin20dgozzgikdxidxk. (6)

The components of metric tensor
correspondingly in cartesian and spherical polar
coordinate system have given as

011 =0y =03 =1, 911 = 922 = 933 =

g :gij =0, I#j. (7
9, =1, 0,4 =r> g, =r’sin’o,
"=1, 9" =1/r?,
g“"" =1/r?sin’6,9,, =9” =0, = B.
(8)
N that [x X = Xi—yi
ow we see that [x X p]s i\ 2y ox I’
o _oro 0960 0 aqo 0 0
— —+— —— =sinfcosp—
ox  oxor  ox 69 OX 0@ or
+cos€cos<pi_ sing 0
r 06 rsinf op’
0 _oro 00 0 0¢ 0 .. 0
— —+——+——=sin@sinp—
oy ayar oy 00 oy O or
+cos€singoi+ CO-Sgo 0
r 00 rsind op’
DO_y0)_ @
oy OX op
and[xXp]3:$ xi—yi :li
i\ oy OX I Op

1
Since [x X plo +E commutes with

—p1(o.p)—psuand [x X pls+ % 03 commutes

witho . Therefore third component of [xXp]
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1 .
+ 2 o commutes with whole H or to say that

;(ijjtlas commutes with H. We can
i\op) 2

verify all these steps. Now here we state the
important theorem which play central role in
obtaining wave equation of required form.

Theorem® (pp 23-24): If in V, the
Hermitian operators and commute, then there
exists a complete set of vectors which are
simultaneously eigenvectors of A and B.

According to this theorem we can choose v
in such a way that

10 1
-——+—0 =M
[i op 2 3}// v, (9)
where M is half an odd integer because eigen-

values of operator li are integers and
I Op

. 1 1 1

eigenvalues of operator anare +=, >

Solving above partial differential equation we get

i81// = i(M—%GsJGQ)’

v
, i(Mféaaj(p’

Vv =ye
where ' is constant of integration independent
of ¢.

Now transform o,, o,, ©;as components
of a vector to polar coordinates with help of
Covariant vector law of tensor calculus* as

ox~ ox?

o-l’ = r - 6]
o& or
ox? ox® oX oy oz

b O, Gy — O + Oy +—O,
or % or % or ' or % or °

(10)

k
ox* 3, OX
O="— =Y —0O,=
ok kzzll&r :
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=sin 6 cos ¢o, +sindsinpo, + cosbo,
=sin Qol(cow +0,'0,sin (0)+ 0, C0S6 ,
=sinfo,(cos + 0,0, sing)+ o, cos
=sinfo,(cosp +io, sing)+ o, coso,
=sin 0"’ + o, cos O = sin o e'7 7' 7:7/?

+e7739%15%%5 cos@,
= e ' sin o' 7 + e 702" 5 cos O
=e (5, c0s0 + o, sinf e,
—e g, (cos@ +0, ‘o, sin 0)9“’”’/2
=e "5, (cos@ + 0,0, 5N 0?2,
=e 25, (cos@ +ic, sin 6 '+

_ efiagw/ngeio‘zQeio‘g(p/Z

— eficrgqa/ZGgeicr2 9/28icr2 9/28i03§0/2 ,

Gr:e—i0'3(p/2e—iGZQ/ZGseiGZQ/Zeio‘3(p/2. (11)
- axko_ oxX 3axko_ oxt
CToE T a0 Z o0 < a0 !

00 2 00 ° 00 ' 60 * 00 ¢

=TrC0S6Ccospo, +rcosdsinpo, —rsinfo,
=rcosf(c,Cosp +o,sing)—o,rsind,
= rcoseal(cow+01‘1023ingo)—03rsin9
=rcosfo, (cosg + 0,0, sinp)—o,rsing
=rcosfo,(cosg +ic,sing)—o,rsind
=rcosfo, e’ —o,rsing,

= rcosfo,e' " %e'?? _g°w/2170 25 rsin g,
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=rcosfe 7 g,e'7?? —e 25 '+ ?rsin g

=re " (0, cosO — o, sinH)e' "7,

= re "5 (c0s6 — 6, 5, sin O "

=re g, (cos@ — 0,0, sinO)'"?,
,(cosf +ic,sing e

— reficy3<p/20_lei629eio3<p/2 ’

— re7i53‘p/2

_ yn-i039/2 i0,0/2 4i0,0/2 fic30/2
= re 77592 @io20/2gi:02g1s

_ ra-io30/2-i0,0/2 ic,0/2,ic50/2
= re o00/2g7172002 5 gl 0/2gioa0l2,

o, = re—icrgrp/Ze—icrzG/ZGleio’29/2ei0'3<p/2. (12)

- 5Xk axk 3 an axl
= =—0o0o,=) —O0=—"0
e o Hop g
2 8 OX Z
+6L62 o 63_—0'1+8y0'2+ O,
o0 op o0p op @

=-rsin@singo, +rsindcospo, +0

=rsind(o, cosp - o, sing),

and ei529/26i0'3(p/2i: eiaza/zi_ie
op

< i5,0/2
:[eicze/Zi_ ie'72? O, Je—iaze/zeiaze/zeiaw/z

op 2

:(eigze/ze-igze/zi_ie

ol

ic,60/2

O3 gio30/2.
op 2

=rsinfo, (COS(p — o, o, sin (p)
=rsinfo,(cosp — 0,0, sing),
=rsinfo,(cosp +io, sing)
=rsinfo,e™" =rsinfo,e'” %',
=rsinfe " ?%c,' 7"

= rsin G 702 712 0/ 01213012

— rsin &463¢/2e7i629/20_2ei629/2ei63(p/Z

o, =rsinge "% 720 g17: 02612012 (13)

i oy 0 (4 io, .
Also eie202 ¥ _ O (gio:02,) 92 gic,0l2
26 fe=y) > 4

i.e. eiazg/zi: 0 o, e (14)
00 \o0 2

Similarly gioso2 0 _[ 0195 \giosorz(is)
op \op 2

io,0/2

_( 0 ieiUZG/ZeiGZG/ZGS

o9 2

o |

= (— ——(cosO +io,sin 6?)03Je“’2“)/Ze“’”’/2

op 2

= io,0
jeiGZG/Zeivaw/Z — (i_ e o, Jei029/26i03¢/2

—-ic,0/2
(723e ? Jeidze/Zeidyp/Z

op 2
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= i—l(<73c056?+iazassiné’) glo2 01272012
op 2 :

e“’zg/ze“’”’/zi: i—l(ascosé?—alsiné?) glo20/2gios0/2 (16)
op \Op 2
o ox* , 0 0 0 0 d d
Now o* = c“ =c* = @ =o' +of +0o? ,
o o o 7 ag T2 5 ot og” T ot
0 10 1 0 1 0

00w
=0, ——t0,0 _6(/) o, ——+
or 00 op  leor

Put the values in equation (17) we get

op = - -
d %0290 %° 12sin%0 o’ (17

a —io —io io ic a 1 io io. a 1 io i a
Uk - —e i 29/2e iogp/2 03e| 2H/Zel 3¢/2—+—Ulel 29/2el 3(p/2_+ : Uzel 29/2el 30/2 Y
OX or r 060 rsind op

or r 00 2

" 1 GzeiUZG/Z i_ﬂ pioa0/2
rsin@ op 2 ’

_ o-10:0/2g-i030/2 |:Gsei029/26i03<p/2 24—&01[&— io, jeigze/zeioe,(p/Z
o r 00 2

_ o-10:0/2g-i030/2 |:Gsei029/26i03<p/2 24_&61[&_ o, jeigze/zeiae,(p/Z

: o, i—l(agcos@—alsin@) g'70/%g! 0/
rsin@ op 2 :

Gkik:e—iazé/Ze—i%(p/Z 6324-&61 i_ﬂ
OX or r "\o0 2

1 o i . i i
+ 0,0 ———(0,0080 — 0, sin @)} [e'2"2g!7¥/2

rsing 2{6@ 2( ’ ' )H - (18)
For obtaining equations (11) to (18) we use following properties of Pauli operators (01 05,0, ) :

: : 2 2 2 - -1 1 -1
i. 0,0,0,=1, 0, =0; =05 =1,l.e. o, =0,, 0, =0,, 0; =0y,
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0,0, =—0,0,, 0,0, =—0,0,, 0,0, =—040,.
i. o,e7?? =e7%* 5, i.e.ifalinear operator Acommutes with B then Aalso commutes
with function of B.

iii. oe"?? =¢'?g, e =cosf +io,sing.
4. Required Schrodinger equation in polar form

Hence on putting (10) in (2) we get wave equation suitable for problem

{-pi(o.p)—psu —pliﬂ(l—cosﬂ) v =Ey,
r’sin’o 2
o 0 0 0 PO, n
o, —+0,—+0,— [+———2——(1-cosf)+ +Ey =0
{ | [01 x o, oy O3 GZJ r2sin2o 2( ) pslu}l// 14 ’
P 0 0 0 PO, n
{Tl(01911§+0'29228x—2+0'3933 8X3J+ r2 Sinz 95(1_0039)"‘ ps,u}l// +Ey =0

P d ic, n
Tl{ak PV SirTZ 95(1—C059)}1// +{psu+Ejy =0

Pr gric0/2gio0l2 032+ﬁ 0 oy, 9 i—l(agcos@—alsin@)
I or r\of 2 rsinf| oep 2
irsinfo, n

o E(l—cos@)}e“’zg/ze‘“”’/zw +{psp+Ejy =0

&e—icze/ze—i%(p/z 03i+ﬁi—i6162 N <-72 i_i6263-C036+i6261-3in9
I or r 060 2r rsin@ op 2rsing 2rsing

io, n i0,0/2 o3 0/2i(M~1o3 )0 iM-to5)p.
—(L—cos@)re' 72" g% 2 + +E 2 =0
rsin@ 2( )} v+ o+ Ele 4 '

pre multiply gi22¢/2 in both side of above equation and then set eiaz@/zt//’ =y, we get

&e—io-gv’/Z O_Si_i_ﬁi_ io,o, n ‘?-2 iM — i0'20'3-0039 n i0,0,
I or r 00 2r rsin@ 2rsin@ 2r
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ioc, n
rsing 2

0,0,

(coso)fom 70 by, e Bl 1y, =
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&ei%‘/’/z{o- i+ﬁi+ O3 _

or  r o0 2r rsin@

0,0; N

rsiné 2

(l_ COSQ)}eiC)’s‘P/zei(Mé%)‘PWO + {psu + E}ei(M’%O’s)wWO -0

o,C0860 o,
+ +=2

2rsin@ 2r

pre multiply gio:#/2 and then post multiply efiogw/ze*‘('\" ~3o3) from above equation we get

P[0, 1), 00 05y _ o0
i or r r\of sinf sin@ 2

& 0-3 2_{_} +ﬂ i_ _0-3 M_ _0-3
I or r r 00 sin@ sin@ 2

(1-cos

0)+ 20 j}‘//o +{paut+Elyy =0,

2sin@

2sind

2
E(1—0059)+&050J}l//0 +{psu+Ely, =0

1 o 1 o, 0 O, n o, }
- — =+ = M +—(1-cos@)——=cosb; |+ +E -0
l:ipl{o-{ar I’J r (89 sin@{ 2( ) 2 Pz vo=U

This is required form of wave equation
of given problem. This is partial differential

equation in 9/or, 0/06 and wave function
v, is function of only (r, ). To remove the
differential term 9/0¢ we have used indirect

method of separation of variables for solving
the partial differential equation.

5. Conclusion

The above calculation helps in study
of the whole paper® and gives a new way to solve
a partial differential equation.
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