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Abstract

In this note, we have obtained a novel extension of a theorem
on bilateral generating function of modified Jacobi polynomials from
the existence of quasi - bilateral generating function by group theoretic

method.
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1. Introduction

Int, the quasi bilateral (/ bilinear )
generating function is defined by

G(x,u,w)=>a, pi (x) g’ (u) W'
n=0
where a,, the coefficients are quite arbitrary

and P (%), a4 (u) are two special functions
of orders n, m and of parameters of o, and

n respectively. Ifg™ (u)= p™ (u) ,the

m m

generating relation is known as quasi bilinear.

In?, Alam and Chongdar have proved
the following theorem on bilateral generating

function involving P(**™P) (x), a modification
of Jacobi polynomial by group- theoretic method.

Theorem 1 : If there exists a unilateral
generating function

Gxw) = Ya,P ) w' (1.2)
n=0

then
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wv (1+ w)

—1-a-B
(1+w)* [1+g(1—x)} G

M8

w" o, (V,X)
0

=]
I

where

c,(v,X) = Zn:ap(nj p (omm2eBl(x) yP
= AP (1.9)

The importance of the above theorem
lies in the fact that whenever a unilateral
generating relation of the form (1.2 ) is known
then the corresponding bilateral generating
relation can at once be written down from (1.3).
Thus a large number of bilateral generating
relations can be obtained by attributing different

values to a, in (1.2).

The aim at writing this note is to show

(1.6)

w ’ w 5
1+E(1_X) {1+E(1_X)}

that the existence of a quasi- bilinear generating
function implies the existence of a more general
generating function from the group theoretic
view point.

In the present paper, we have obtained
the following extension of the above theorem
from the existence of quasi bilateral generating
relation as defined in (1.1).

Theorem 2: If there exists a generating
relation

G(X, u, W) — i a, pn(a+n, B) (X) Pn(]n,ﬁ) (U) Wn’

A-w) P -@-x)w] TP @-2w)°

=0 (1.5)
then
X+(@-—x)w u+w w (1-2w)
I-1-x)wW) 1-w 1-w{l—@1-x)w}?

Wn+ p+q

pta!

=3 3 Sa,

(-2),(n+1) ,@A+n+p+m), PP () pMa-P) () ",

n+p
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2 Proof of the theorem :

For the modified Jacobi polynomial, we " R: f(u,t) =@—wt) *F" f [

first consider the following operators®?

0 0
R =(1-x?)y?z — .—(x+1)y?'z—
= )Y ™ (x+1)y Y

—2xy %z? % —(1+B)(x-1) y?z

and
R —(1+u)ti+t2 i+(1+B+m)t
’ ou ot -

such that

R(P“"P (x)y“z") =—2(n+1)

P(oanl, B) (X) yOHZZn& . (21)

n+1

and
R, (PP (u)t")=(@+n+B+m) PP ()t
(2.2)
The extended form of the groups
corresponding to Ry and Ry are given by

eWR f(x,y,2)=[1- 01— x)y 2zw]

e[ x+ AL-x)y%zw y (@1-2y?zw)
1-(1-x)y2zw ' 1-A-x)y*zw’

z (1-2y?zw)
{1-(1-x)y *zw}*

(2.9)

= eW Rl [(1_Wt)lﬁm y(l G( X,

and

u+wt ot j
1-wt '1—wt /)
(2.4)

We now consider the following formula
G(x,u,w)= i a, PP (u)y PP (u)y w",
n=0

(2.5)
Replacing w bywztv in (2.5), we get

G(x,u,wztv) = Zw:an P (u) P (u) (wztv )",
"o (2.6)

Now multiplying both sides of (2.6) by y* we
get

y*G(x,u,wztv)= 2an (P, “™P (x)y“z")
(P, W)t") (w)"

Now operating @WR: @WR: on hoth sides of
(2.7) we get,

(2.7)

eW R gWR: (yeG(x,u, wztv))
=g RigW R{i a, (P, (y“2")
n=0

(P (U)t")(WV)”j -
Left hand sides of (2.8)

(2.8)

= eW R gWR:(ye G(x,u, wztv))

u+wt wztv )
1-wt '1-wt
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= (1—wt)* P [1—(1—x)y’22w ]717“76 ye (1-2y?zw) *

G X+@1-X)y?zw u+wt wztv (1-2y~%zw)
1-A-x)y2zw) 1-wt 1-wt {1—(1-x)y’zw}?

Right hand sides of (2.8)

210 =YY Ya,

ol g V' (=2),(n+1) 1+n+p+m),
0 p=0 g=0 . .

x P(a+n7p,B)(X) yafzp Zn+p Pn(1n+q,[3) (U) tn+q

n+p

Equating (2.9) and (2.10) and then putting y=2z =t =1, we get

L-w)"P " R-@-x)w] P 1-2w) *

<G X+@-—X)W u+w wv (1-2w)
I-(1-x)w 1-w 1-w {I-(1-x)w}’

(-2),(n+1) , A+n+PB+m), pln=p.B) (x) PP () y",

n+p

which is theorem 2 .

Corollary : Putting m =0, we get

L-wW) P L-1-x)w] P @1-2w) ©

<G X+@L-x)w wv 1-2w)
1-1-x)w 1-w{l—-[1-x)w}?* |~
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(1+ n+ [3)
q!

n+p
W v 2™t (ne), Pn(f;“”)()z W
n=0 p=0 p ( )

= i i anw( ) (n +l) Pn(fc;n P, B)(X) (l_W)—lfnfB

n=0 p=0 p'

S _ n+p S (n+1)P (a+n p.B) ' _ -1-B
3 (2w Y T P <>( T )] 1-w)

g & n (n—p+1) . v )7
—(1_ 1-B . n p (a+n-2p, B) .
=(1-w) nzz(:) (-2w) p;a”’p —p! P (x) ( 20 W)j .

Then we have

X+(@—X)w wv 1-2w) ]

1. —1-a-B _ 03
[1-@-x)w] (1-2w) G( 1- (- X)W ' 1-w {1 (L— x)}>

-3 (—2w)" Zn:a Doy —~tP pla ﬂ+2pﬁ)()( v J |

) " (n—p)! 2(1-w)
Replaci 2w b d-——— t
eplacing —2w by w an 20— w) y V, we ge
w
X_E(l_x) wv (14 w)

L+wW)e L+ Y a—x)] P G ,
2 1+ga—m ﬂ+ga—my

=2, W'o,(v,X)
n=0

where

5, (¥ = ¥a, (”] P20 (x) P |
p=0 p

which is the theorem 1.
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