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Abstract

This paper introduce and establish the properties of
(1,2)*a,-compact sets, (1,2)*ay,-locally compact sets, (1,2)*a,-
Hausdorff spaces. Also we developed a main theorem called
Baire Category Theorem by using weak open sets in bitopological

spaces.
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1. Introduction

The bitopological space concept was
first introduced by Kelly* in 1963, which is a
non-empty set X equipped with two arbitrary
topologies t; and tdefined on X. In this spaces,
Fukutake! defined the Baire space concepts
in 1992. Lellis Thivagar et al.>® introduced
(1, 2)*a-open sets in bitopological spaces by
defining a new class of open sets namely T,
open sets and in it we can observe that the
family of (1, 2)*a-open sets is need not form

a topology but an m-structure. Also Lellis
Thivagar et al.® studied and characterized the
(1, 2)*a,-Baire space by using (1, 2)*o,,-0pen
sets and introduced (1, 2)*o,-nowhere dense
sets, (1, 2)*a,-dense sets etc. This paper
introduce (1, 2)*a,-compact set, (1, 2)*a, -
Hausdorff spaces and also focus on to develop
the main theorem called Baire Category
Theorem??3,

2. Preliminaries :

In this preliminary section, we discuss
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briefly a number of basic definitions and some
existing results which are useful in the sequel.
Throughout this paper, (X, 11, ) (Simply X)
represents bitopological spaces on which no
separation axioms are assumed, unless otherwise
mentioned.

Definition 2.1.* A non-empty set X
together with two arbitrary topologies 11 and
1 is called a bitopological space and is denoted
by (X, 11, T2)-

Definition 2.2.° A subset S of a
bitopological space (X, 11, T2) is called 71 2-0pen
if and only if S=AUB, where A is t1-open and
B is 1,-0pen. The complement of 11 ,-0pen sets
are called 11,-closed sets.

Remark 2.3.5 Let A be a subset of a
bitopological space (X, 11, T2). Then
I. T1-Int(A) =U{G: GcAand G isti2-0pen}
ii. 112-CI(A) =n{F: AcFand F ist;,-closed}.

Definition 2.4. A subset A of a
bitopological space (X, 11, 12) is called (1,2)*a-
open® ifActi 2-int(t12-cl(t12-int(A))) and the
complement of (1,2)*a-open sets are called
(1,2)*a-closed sets. The family of all (1,2)*a-
open setsneed not form a topology and is
denoted by (1,2)*aO(X).

Definition 2.5.° A topology which is
generated by the family (1,2)*aO(X) as its subbasis
and the collection of elements of this topology
is denoted by (1,2)*a,O(X). A subset A of X
is called (1,2)*ay-open if Ae(1,2)*a,O(X).
From this it is very clear that every (1,2)*a-
open set is (1,2)*o,-0pen butnot converse and
the complement of a (1,2)*a,-open set is
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(1,2)*ay,-closedset. The collection of all (1,2)*
ay-closed sets is denoted by (1,2)*a,C(X).

Remark 2.6.° Let A be a subset of a
bitopological space X. Then (1,2)*a,-interior
and (1,2)*a,-closure of A are defined as
follows:

) (1,2)*o,-int(A) =U {G: GcA and G is
(1,2)*ay,-open}

i) (1,2)*a,-cl(A) =n{F: AcFand F is
(1,2)*ay-closed}.

Definition 2.7.° A subset A of a
bitopological space X is called

) (1,2)*oy-dense if (1,2)*a,-Cl(A) =X
i) (1,2)*a,-nowhere dense if (1,2)*a,-int
((1,2)*a,-cl(A)) = 9.

Theorem 2.8.° A subset A of X is
(1,2)*ay,-nowhere dense if and only if
X-(1,2)*ay-cl(A) is (1,2)*a,-dense in X.

Definition 2.9.° A bitopological
spaceXis said to be (1,2)*o,,-Baire spaceif for
any countable collection {An}of (1,2)*a,-
closed subsets of X such that(1,2)*a,-int(An)
=¢Vn, then (1,2)*a,~int(UnAn) = 0.

Theorem 2.10.° Abitopological space
Xis (1,2)*a,-Baire space if and onlyif for any
countable collection {An}of (1,2)*a,-0pen
subsets of X such that(1,2)*o,-cl(An) =X Vn,
then (1,2)*ay,-Cl(MnAn) =X.

Definition 2.11.5 A subset A of a
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bitopological spaceXis said to be (1,2)*a,,-first
category if A=U,A,, where each A, is
(1,2)*a,-nowhere dense subsetof X. If Ais
not (1,2)*a,,-first category, then A is said to be
(1,2)*a.,-secondcategory.

Proposition 2.12. ¢ If Ais a (1,2)*ay,-
first category subset of a (1,2)*a,-Baire space
X, then (1,2)*a,-Int(A) = ¢.

Proposition 2.13.° Any (1,2)*a,-open
subspace Y of a (1,2)*o,,-Baire spaceX is itself
a (1,2)*a,-Baire Space.

3. Baire Category Theorem :

In this section we define and charac-
terize the properties of (1,2)*a, -compact,
(1,2)*a,-locally compact and (1,2)*a,-
Hausdorff space. Usingthese concepts, we
derived Baire Category Theorem.

Definition 3.1 Let A be an index set,
{Oi}icabe a family of (1,2)*a, -open subsets
of a bitopological space X. Let A be a subset
of X. Then {Oi}icais said to be (1,2)*a,, -open
cover of Aif A cuUicaO,. A finite subfamily
{0i1,04iz, ...,Oin} of {Oi}ica is said to be finite
sub cover of A if A cOiu Opu ... U Oin.

Definition 3.2. A subset A of a
bitopological space X is said to be (1,2)*o,-
compact if every (1,2)*a,-open cover of A has
a finite (1,2)*a,-sub cover.

Definition 3.3. A bitopological space

X is said to be (1,2)*a,-locally compact when
every point of X has an (1,2)*a,-0pen
neighborhood with (1,2)*a,-compact closure.

Remark 3.4. Every (1,2)*a,-compact
space is (1,2)*a,-locally compact and every
finite bitopological space is (1,2)*a,-compact.

Definition 3.5. A bitopological space
X is said to be (1,2)*a,-Hausdorff space if
every pair of distinct points a, b € X there
exists (1,2)*a,-0pen sets A and B such that a
€A, b B and AnB =¢.

Example 3.6. Let X= {a, b, ¢, d}, 1=
{6, X, {a}, {b}, {a, b}}, 2= {9, X, {c}, {d},
{c, d}}. Then 11,0(X) = P(X) = (1,2)*aO(X)
= (1,2)*0,,O(X). Here Xis (1,2)*a,-Hausdorff
space.

Lemma 3.7. Let A be a (1,2)*a,-
compact subset of (1,2)*a,-Hausdorff space
and suppose that p € X—A. Then there are
(1,2)*a,-0pen sets G and H such that AcG,
peH and GNH=¢.

Proof: Consider an element a € A.
Since X is (1,2)*a,,-Hausdorff space, there are
(1,2)*a,-0pen sets Gac X and H.c X, such
that a € G,, p € Haand G, » H, = ¢. Note that
the collection {G.: a €A} is an (1,2)*a,-0pen
cover of A. Since A is (1,2)*a,-compact, there
is a finite collection ay, ay, ..., a, such that Ac
Ga Gau ... UGaH. Set G=G4 UG ... UGH
and H = Ha " Ha M ... » Han. Furthermore,
Ac Gand p € H since p eH,each i. We
claim that G » H = ¢. Note that each G4 N
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Ha = ¢ implies that Gs m H = ¢ and then by
the distributive law, (Ga Gau ... U Gan) N
H = (Ga N H)U (Gaz nH)U...u(GannH) =¢.

Lemma 3.8. Let A be a (1,2)*a,-
compact subset of (1,2)*a,-Hausdorff space
and suppose that p ¢ A. Then there is a
(1,2)*a,-open set G suchthatp e G X - A

Proof: By above Lemma, there are
(1,2)*a,-0open sets G < X and H < X, such
that p € G, Ac Hand GnH = ¢. Hence GNA
=¢,and p €G < X-A.

Corollary 3.9. Ina (1,2)*a,-Hausdorff
space, any (1,2)*a,- compact subset is
(1,2)*a,-closed.

Proof: Let A be a (1,2)*a,- cOmpact
subset of a (1,2)*a,-Hausdorff space X. We
equivalently prove that X A is (1,2)*a,-0pen.
Let p € X-A, pzA. Then by above Lemma,
there is a (1,2)*ay-0open set G, such that p
eGpc X-A. Hence X A=uUG, which is
(1,2)*ay,-0pen.

Lemma 3.10. Let{A.: neA}be a
collection of (1,2)*a,-compact subset of
(1,2)*ay,-Hausdorff space X. If mncaAn=0,
there is a finite subset F — A such that
MnerA=0.

Proof: Fix one of the Ay’s; say A
Since MneaAn =0, every elementofAn, is in the
complement X-A, of A,, for some n. This
means that {X-An: ne A} covers An. By above
corollary, each X-A,is (1,2)*a,-0pen, so by
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compactness of An there is a finite subset
FocAsuch thatAp M nero(X-An). Set F={n}
) FO. Then mneF An: ¢

Lemma 3.11. Let X be a bitopological
space, then the following are true.

i) The union of a finite number of (1,2)*a,-
compact sets in X is itself (1,2)*a,,-compact

i) IfAisa (1,2)*a,-compact subset of X and
B < Ais a (1,2)*a,-closed subset of A,
then B is (1,2)*a,-compact.

Proof: Part (i) is very trivial, so we
prove Part (ii): Consider an (1,2)*a,-0pen
cover {U,: n €A} of B. Then (X-B)u {Us :
n € A} is an (1,2)*a,-0pen cover of A and
hence Ac (X-B) U (mnerUy), for some finite
collection F = A. It follows that B&\Uner U,
which is proving that B is (1,2)*a,-compact.

Lemma 3.12. Let X be a (1,2)*a,-
locally compact Hausdorff space, A is a
(1,2)*a,-compact subset of X and G an
(1,2)*a,-open subset of X such that A cG.
Then there is an (1,2)*a,-0pen subset V of X
with (1,2)*a,-compactclosure (1,2)*a,-cl(V)
such thatAc Vc (1,2)*a,-cl(V)c G

Proof: Since X is (1,2)*a,-locally
compact, for each neA, we can findan
(1,2)*ay-0pen set O, such that neO, and
(1,2)*a,-cl(On) is (1,2)*a,-compact. Since
{On : neA} is an (1,2)*a,-0pen cover of A
and Ais(1,2)*a,-compact, then there is a finite
collection ny, ny, ..., nmsuch that Ac On
UORU...U Opm. Set O=0nU Oppu.... O
and note that (1,2)*a,-cl(O)c (1,2)*ay-
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cl(On)* (1,2)*ay-Cl(On)V ..U (1,2)*a-
cl(Omm). By above Corollary 3.9, (1,2)*o,-
cl(O) is (1,2)*a,-compact. This completesthe
proof in the case where G=XandV = O. When
G = X, let C=X G. By Lemma 3.7, for each
peC, there is an (1,2)*o,-0pen set O, such
thatAc0O, and p¢(1,2)*a,-cl(0p). Note that
Mpec(CN(1,2)*ay-cl(O)N (1,2)*ay-cl(0p))
=¢, and that each setCn(1,2)*a, cl(O))
N (1,2)*a,-cl(0p) is (1,2)*o,-compact. By
Lemma 3.10, there is a finite setpy, p2, -.., Pm,
such that N2, (CM(1,2)*a,-cl(0)(1,2)*o,-
cl(0p))=0. SetV=0n0,, L0, U...u0, .
Then AcVc (1,2)*a,-cl(V)<(1,2)*ay-
cl(O)n (1,2)*ay-cl(0p, )N ...y (1,2)* 0y
cl(0p,,)< Gand from Corollary 3.9, (1,2)*a,,-
cl(Vv) is(1,2)*aw-compact.

Theorem 3.13. (Baire Category
Theorem) If X is a (1,2)*aoy,-locally compact
Hausdorff space, then X is a (1,2)*a,, -Baire
space

Proof: Let {V;}i2, be a countable
collection of (1,2)*a,,-open and (1,2)*a,,-dense
subsets of X. We must show that N2, V; is
(1,2)*a,-dense in X. Consider a non-empty
(1,2)*a,-0pen subset By of X. We want to
show that (n2;Vi)nBe#¢. Since Vi is
(1,2)*ay-dense in X,BonVi=d and by above
Corollary 3.9, (1,2)*a,-cl(Bo) is (1,2)*a-
compact. Also we have there is anon-empty
(1,2)*ay,-0pen set By such that (1,2)*a,-cl(Ba1)
cV1inBo and(1,2)*a,-cl(B1) is (1,2)*a,-
compact. Since V2 is (1,2)*a,-dense in X we
finda non-empty (1,2)*o.,-0pen set B, such that

(1,2)*ay-cl(B2)cV2nBi=d. Repeat the
previous argument for each (1,2)*a,-denseV;,
we get a sequenceof non-empty (1,2)*a,-0pen
sets By, By, ... such that (1,2)*a,-cl(Bn)
cVinBni#z¢dVn=>21,Bo2(1,2)*ay,-
cl(B1)=(1,2)*ay-cl(B2)>..., and each (1,2)*a,-
cl(By) is (1,2)*ay,-compact. It follows that
Nn=1(1,2)*a,-cl(Bn)=d. Since (1,2)*a,-cl(Bn)
cVhaVn, we find that NzZ: (1,2)*oy,-cl(Bn)
< Ny Vi But N7Zy (1,2)*ay,-cl(Bn)< Bo,
Nn=1(1,2)*a,-cl(Br)=Nn=1 Vo Ba.

Conclusion

Locally compact Hausdorff space
plays important role in the Baire category
theorem in General topology. This paper,
defined and discussed some more properties
of (1,2)*a,-compact sets, (1,2)*a,-locally
compact sets and (1,2)*a,-Hausdorff space
and their relations. Furthermore, using these
concepts we have developed Baire Category
Theorem. In future, wemay implement these
things into many research areas such as ideal
topology, rough set topology, soft topology,
fuzzy set topology, digital topology, etc.
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