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Abstract

This paper investigates upon the characteristics on the
existence of supremum and infimum of fuzzy random variables. This
paper provides an improved version of the supremum and infimum of
fuzzy random variables which plays a crucial role in the theoretical
framework of the same. Finally the existence of supremum and infimum
of the level continuous fuzzy valued measurable functions on a closed
interval is examined and a necessary and sufficient condition with which
its supremum and infimum can be attained, is provided.
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1. Introduction

A fuzzy random variable is considered
as the imprecise observation of the outcomes
in a random experiment. The realization of the
coexistence of randomness and fuzziness has
ultimately resulted in the formulation of fuzzy
random variables. The concept of fuzzy random
variable is capable of handling situations where
the outcomes of a random experiment are modeled
by fuzzy sets. A fuzzy random variable is a
mapping which associates a fuzzy set to each
element of the universe which is amenable to

probability space structure. Fuzzy random variable
assigns a fuzzy subset of the final space to
each possible outcome of a random experiment.
This association exposes the available information
about the relation between both the universes.
Thus fuzzy random variable is the generalization
of the notion of a random variable. But this
kind of generalization process has not resulted
in a unique fashion. Each formulation of fuzzy
random variable has its distinction with the
other in the formation of the final space and
the manner in which the measurability condition
is utilized to this context.
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Kwakernaak® and Puri and Ralescu’
have focused on the properties of the multi-
valued mappings associated to the a-cuts.
Kwakernaak® assumes that the outcomes of
the fuzzy random variable are fuzzy real subsets
and the boundary points of their a-cuts are
classical random variables. Puri and Ralescu’
impose the condition that the a-cuts to be
measurable. Klement et al.,* and Diamond

and Kloeden? have formulated fuzzy random
variables as classical measurable mappings.
Kratschmer® has revised all these previous
formulations and examined some relationships
between different measurability conditions.

In this paper Kwakernaak’s® fuzzy
random variables are considered for our inves-
tigation. According to Kwakernaak® fuzzy
random variable is a mapping X : Q — S where
Q is the sample space and S is the space of all
piecewise continuous functions R — [0,1]. The
mapping X described above characterizes a
special type of fuzzy random variable. The
random variable U of which this fuzzy random
variable is a perception is called an original of
the fuzzy random variable. It is pertinent to
note that in the case of Kwakernaak’s® fuzzy
random variable, there may exist many originals.
For any random variable the acceptability that
it is an original is given by the truth value assigned
to it, interms of supremum and infinimum of
the collection of random variables.

In this paper an investigation is carried
upon the characteristic on the existence of
supremum and infimum of fuzzy random
variables. Finally the existence of supremum
and infimum of the level continuous fuzzy
valued measurable functions on a closed interval
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is examined and necessary and sufficient
condition with which its supremum and infimum
can be attained is provided.

The paper is organized as follows.
Section 2 furnishes the necessary technical
background. Section 3 deals with the existence
of supremum and infimum of fuzzy random
variables. In section 4 the notion of level
continuity of fuzzy valued measurable functions
are introduced. The properties level continuous
fuzzy valued measurable functions are derived.

2. Preliminaries :

Let R be the real number field, N be
the set of all positive integers and F(R) denote
the set of all fuzzy subsets on R which constitutes
the fuzzy number space.

For u € F(R), the o - level set of u is
defined as

[IxeRju(x)zaf;0<a<l
W=l {x eR;u(x)>0}ifa=0

Definition® : 2.1
A fuzzy set u on R is called a fuzzy
number if it has the following properties

1) uis normal, i.e there exists an xp € R such
that u(xp) =1

2) uisconvex, i.e. u(Ax + (1-A)y) >min {u(x),
u(y)} for x,y eR and A € [0,1]

3) u is upper semi continuous

4) [u]o=cl {x € R|u(x) > 0} is a compact set

A real number r can be regarded as

the fuzzy number T defined by
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1 t=r
= (1) =
r 0; t=r
It is to be noted that if u € F(R), then
u is a fuzzy number if and only if [u],, is a non-

empty bounded and closed interval for each
o€ [0,1]. We denote by

[We=[ut, u’] aeoa

A partial ordering in F(R) is defined
asu<vifandonlyif u-<v-, u’<v_ for
all o € (0,1].

Where [u]o= [ui ul ] and [v].= [V; WV, ]

Asubset Aof F(R) is said to be bounded
above if there exists a fuzzy number M called
an upperbound of A such that u < M for all
ueA. Afuzzy number u is called the supremum
of A'if u is an upper bound of Aand u < v for
each upperbound v of A. A lower bound and
the infimum of A are defined in a similar
fashion. The supremum and the infimum of A
are denoted by Sup A and inf A respectively.

Theorem® : 2.1

Let u € F(R) and [u].= [ui, u;’]
then the following conditions are satisfied.

1) U; is a bounded left continuous non
decreasing function on (0,1].

2) U;’ is a bounded left continuous non-
increasing function on (0,1]

3) Ul and U areright continuous for each

a=0

4 u;< U/

Conversely if the pair of functions
a(o) and b(c) satisfies the conditions (1)—(4)
then there exists a unique u € F(R) such that
[u]le=[a(a), b(a)] for each a € [0,1]

Theorem?® : 2.2 For u, v € F(R) define

D(u,v) = SUP max ﬂ u; — Vv, u, _Vs‘}

aef0,1]

then D is a metric on F(R) and (F(R),
D) is a complete metric space.

3. Existence Theorem of Supremum and
Infimum of Fuzzy Random Variables :

Let (QQ, A, P) be a probability space.
R(Q) denotes the set of all random variables
on (Q, A, P)

Let RI(Q) = {X ;X =[x xY], xt xV
e R(Q), xt<xY every where on Q}

The elements in RI(Q) are called
closed random interval numbers on (Q, A, P).
If x € R(QY) then x = [x, X] € RI(Q). Hence
R < R(©2) < RI(Q2) where R = (—o0, ). The
following theorem deals with the existence of
supremum and infimum of fuzzy random
variables.

Theorem : 3.1 :

Let (©2, A, P) be a probability space.
Let A be a non empty subset of RI(QY). If A
has an upper bound, then its supremum u e
R(Q) must exist and has the following
expressions.
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u=supA= U o [sup X:,sup XS}

ae(0,1] XeA XeA
(3.1)
UL: sup X: ,UU =inf sup X/ for each
o XeA o r<o XeA
o € (0,1] (3.2)
L L U U
U= 509X, U= supXiea

Dually if A has a lower bound then its
infimum V e R(€) must exist and has the
following expressions :
v=infA= | Ja [inf Xt inf X;’J (3.4)

XeA

ae(01] KA

V= Sup inf X7 v =1 X for each
o € (0,1] (3.5)
V= infoxe g = Sup It XY 3.6)

Proof :

Suppose that MeRI(€2) be an upper-
bound of A.

Then X <M for all X € A. So we have

XE<ME, XY <M for each o.e [0,1]
It is easy to see that for each fixed o
e [0,1], the sets of real numbers { X" ; X e

A} and {X"; X e A} are bounded above.
Hence we can define the interval

H(o) = [sup X, sup X;’}

XeA XeA

Obviously 0 < o< p <1 implies H(p) < H(o).
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By the representation theorem of fuzzy sets,
there exists a fuzzy set U on R such that

u= (J aH(a) and

ae(0,1]

[u]e = ﬂ H (r)

r<a

- ﬂ[sup X!, sup X:’}

r <ol XeA XeA

r<a  XeA r<o  XeA

:[sup sup X, inf sup X"

}(3.7)

Moreover [u]o is a closed interval. In
fact for each o € (0,1] and re(0, o) we have

for each a € (0, 1].

[ul = [sup Xt sup XE}

XeA XeA

c [inf sup X" ,sup sup XL’}

>0 xea p>0  XeA

This implies that

[u]o = cl ( L(J][UL]

c [inf sup X:, sup supxt’}

>0 xea >0 XeA

|J [U1, is nothing but an interval.

ae(0,1]

Hence [u]o is a bounded closed interval.

. U e RI(QY).
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From expression (3.7) and by theorem
2.1 that

—sup sup XL sup XrL
r<a XeA XeA
—_inf su U
| =Int SUP XY for o e (0,1]

;= lim u. = inf sup X;

XeA

Uo_ lim . = sup inf sup XY

a—0" 0>0 <& XecA

(3.2) and the first formula of (3.3) are established.

To prove |, Y=sup XY, it is enough if we

XeA
prove that
sup inf sup X' =sSup x’
a>0 <o xcoa XeA

obviously sup XY > sup inf SUp X

XeA a>0 <& XeA

Since X;’
continuous at A =0

We have SUP X U=SUPsup X"'=supsup X"°

XeA 0 XeA gs0 0>0 XeA

<sup inf sup X’

a>0 <% xeA
This establishes the second formula of (3.3)
Lastly we prove that u is the supremum of A

is non-increasing and right-

ieu=supA

From (3.2) it can be deduced that

Xt< UL, XY <UY foreacha € (0,1]
and X € A

Infact X\ <sup X'=ut

XeA
Moreover for any r € (0, o) we have

X < XY <sup X and so

XeA

x <inf sup XL

r<a  XeA
This shows that u is an upper bound
of A. On the other hand suppose that W e
RI(Q) is also an upperbound of A.

Then we havesup X: < WmL and

XeA

sup X! < W for all a e (0,1] and so
XeA
u- < W
| = inf sup X/ < inf W= W/ ;
a r<a yea r<a
o € (0,1]

Hence U < W. This shows that u is the least
upper bound of A.

T U=SsupA

Suppose that L € RI(Q) be a lower
bound of A. Then X > L forall X € A. So we
have

Xt > L, XY > LY foreacha e [0,1].

It is easy to see that for each fixed o
€[0,1] the sets of real numbers{X", X € A}

and{X", X e A} are bounded below. Hence
we can define the interval

Ia) = [meL inf X" |

XeA

Obviously 0 < oo < p <1 implies J(p) < (o)
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By the representation theorem on
fuzzy sets, there exists a fuzzy set VV on R such
that

v= (NaJ(a) and

ae(0,1]

VI, = | JI(r)

r<o

= Ulinf X~ inf x|
= [inf inf X7, inf inf X' |

for each a € (0,1]

Moreover [v]ois a closed interval. Infact
for each o € (0,1] and re(0, o) we have

} (3.8)

. < [inf X5, inf X |

XeA

[lnf inf X, sup inf X/

n>0 XeA

This shows that

Vo =cl ( N [VL]

ae(0,1]

[lnf inf X©, sup inf X”}

n>0 XeA p>0 XeA

ﬂ [V], is nothing but an interval
ae(0,1]

Hence [v]o is a bounded closed interval
.V e RI(QY)

From expression (3.8) and by theorem 2.1 that
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=sup inf X-

r<a XeA

vU=inf inf X7= inf X for each

r<a XeA
o € (0,1]
V= lim U= sup inf inf X/
a—>0+ a>0 T<a XeA

VvY=lim U;=sup inf X7

a—>0+ a>0 XeA

(3.5) and the second formula of (3.6) are estab-
lished.

To prove VoL = inf Xg it is enough if we
XeA

prove that
sup inf inf X" =inf X
as>0 <o XeA XeA
obviously inf X = sup inf inf X7
r<oa €

a>0

Since X; IS non-decreasing and left continuous
atA=0

We have inf X = inf sup X!

XeA XeA a>0

= sup inf

a>0 XeA

XL

> sup inf inf X’

a>0 f<a XeA

This establishes the second formula of (3.5)

Lastly we prove that V is the infimum
of A

eV=infA
From (3.5) it can be deduced that

X > V-
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XY > VY foreacha  (0,1] and X € A

Infact X© > inf X = V!

XeA

Moreover for any r € (0, o) we have
X > Xr> inf X! and'so

X!t <infinf X = V!

r<a XeA

This shows that V is an upperbound of A. On
the otherhand suppose that V; € RI(Q) is also
a lower bound of A.

Then we have inf X" > (V.

XeA 1

): and

inf XY > (V,) foralla < (0,1] and

XeA
SO

Vo2 (V)
V. =sup inf X!

o
r<o XeA

sup (V,)) = (V). 1ae 011

r<ao

\%

Hence V >V this shows that V is the greatest
lower bound of A.

LV =supA

4. Some Properties of Level Continuous
Fuzzy Valued Measurable Functions:

In this section the concept of fuzzy
valued measurable function and the level
continuity of fuzzy valued measurable function
are introduced. Some interesting properties of

level continuous fuzzy valued measurable
functions are established. Let X be a non-
empty set.

Definition : 4.1

Let F(R) be the set of all fuzzy number.
(F(R))c denotes the set of all closed fuzzy
numbers, (F(R))p denotes the set of all bounded

fuzzy numbers and (F(R))s denotes the set of
all standard fuzzy numbers. We say that

() T (x) is a fuzzy valued function if f : X
— F(R)

(ii) F(x) is a closed fuzzy valued function if
f X5 FR)

(iii) F(x) is a bounded fuzzy valued function
if f : X (FR)»

(iv) ? (X) is a standard fuzzy valued function if
? : X = (F(R))s

We denote iL (X) = (F (X)): and

o) = (Fo),

Definition 4.2 :

By a fuzzy valued measure [1 on a

measure space (X, M) we mean a non-negative
fuzzy valued set function defined for all sets
of M and satisfying the following two
conditions.

~

(i) 1(@)=0
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(i) 1 (OEH) = éﬁ(En)existsforany
n=1 n=1

sequence E; of disjoint measurable sets.

|] is called closed (bounded or standard)

fuzzy valued measure of |] isa non-negative

closed (bounded or standard) fuzzy valued set
function.

Definition 4.3 :
Let (X, M) be a measurable space and
(R, B) be a measurable space.

(i) f: X >P(R) (power set of R) is a set valued
function then f is called measurable if and
only if {(x, y); y € f(x)} is a measurable
subset of MxB [1].

(i) T isa fuzzy valued function then Fa isa

set valued function for each a. T is called

measurable if and only if fa is measurable

for each a.®

(iii) Let T be a closed fuzzy valued function.
f is called strongly measurable if and only

if T is measurable and one of qu and fmU

is measurable for each o 2.
Afuzzy valued function f : X - F(R)
is said to be continuous at toe X if for each ¢ >
0 thereis a 8> 0 such that D (f (t), f (to)) <e

whenever teX with | t — to| < &. If T (1) is
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continuous at each te X then we say that f (t)
is continuous on X.

Definition 4.4 :
Afuzzy valued function f : X - F(R)
is said to be level-continuous at tg € X if

lim f = f () ie.

lim (F (1)) = (Fe,));
lim (F(t))z :(‘1‘~(t0));J for each o, € (0,1]

t—t,
If T is level continuous at eacht € X

then we say that T is level continuous on X.

Theorem 4.1:

Let T: X — F(R) be a fuzzy valued
measurable function, and level continuous at

to € X and a € (0,1] be given.

Let T: X — F(R) be a fuzzy valued
measurable function, then for any {t,} < X
with t, — to and any a, < (0, o) with oy — o
we have lim n — o we have limn — o

Fe)) = Fa)

Proof : By stipulation f is level continuous
at to and {t,} < X with t,—>t;. we have lim

n>w f(t) = f(t,) FR).

By theorem 4.1 we knowthat
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(F(tn))u is eventually equi-left continuous

at o € (0,1] and so for any > 0O there exists a
natural number N1 and 6>0 (8 < o) such that

(:F(tn)):J _(:F(tn));J < % forall p e

(o0 =3, o
and n> N; (4.1)

since o € (0, a) with oy — a and

(?(tn )):: - (F(to));J there exists a natural

number N> such that

(Fe)) - (),

oy € (o0 — 8, o) and

< %forallnzNz

Let N =max {Ni, N2}. By (4.1) and (4.2) we
have

(Feol -Feol]
(Fea) -Feo)
(Feol -Faok

foralln>N
- limn— oo [F(tn)tn = (F(to)):

Theorem 4.2:

< +

<g

Let f : X — F(R) be level-continuous
fuzzy valued measurable function on X. Then
we have

Wswte X [f()] =swu<a (F(t))
for each a € (0,1]

- inf sup (’f”(t))f

H<Q teX

2)sup t € X [f(t);’]
for each A € (0,1]

(3)supte X (F(t))g =infr>0 Stle,l)[i) [F(t)]

(4)supteX (?(t));’=supr>03tgf F(t)] ;

Proof :
(1) Since (F(t)): is non-decreasing and left
continuous for o
-~ L
we have Sup (f (t))q

teX

=sup Sljlg(?(t))t

=sup sup (f(t)) -

(2) Let SUP [?(t)]fj =p
teX

inf sup (?(t)) L=q

RO tex

Since (? (t)) LJ IS non-increasing for o

we nave(f (t)) U<(F (1)) “<sup(F (1))
teX

for all p < a and te[a,b]. This shows that p
<q.

Now suppose that p < g. Taking a fixed
¢ € (p,q) and p, € (0,0r) with py — o then we
have
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and so there

c<qs<sup (1))

U
teX Hn

exists theX such that (f (t, )) . >C. without

loss of generality we can assume t,—ty eX.
By theorem 4.1.

We infer that
pec= sup (F(t,)) v=sup (F() L=

which is a contradiction.
S p=a.
f _ limsup (5
@sup (F(p) ;= limsup (Feo):

inf sup (?(t)) g

inf sup (F(t))rL

=3P (F(0) 2= i P ().

=sup inf sup (?(t))fj

a>0 "< tex

= sup sup (?(t))t’

r>0 teX

Theorem 4.3 :

Let T :A— F(R) be a level continuous
fuzzy valued measurable function.

Then u = SUp F(t) must exist in F(R) and

teA

for each a € [0,1]

ub=sup (?(t));

teA
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s =sup (F):

teA
Proof :

since T is level continuous on A itis
easy to see that for each fixed a €[0,1],

(?(t)): and (F(t));J are continuous in A.
Thus we can define two functions a(a), b (o)
on [0,1] by

a(a) = SUP (?(t))a
o(a) = sup (1))

teA

obviously a(a) is non-decreasing, b(c) is non-
increasing and o(1) < B(1). It follows from
(1) and (2) of theorem 4.2 that

a(c) = SUp sup (?(t)):
= SUP a(u) = lim a(u)

and b(a)=inf SUp (?(t))r

H<a teA

=inf b(uw=inf b(u) for each 0.e(0,1]

This implies that a(a) and b(a) are
left continuous at each o € (0,1] similarly by
using (3) and (4) of theorem 4.2. We can prove
that a(o) and b(c) are right continuous at o.=0.

This shows that a(o) and b(o) satisfy
the condition (1) — (4) of theorem 2.1. Hence
there exists a W € F(R) such that
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WOIL' = a(o)

W' = b(a) for each o € [0,1]

It is easy to see that T (t) <W for all
t € A. i.e. W is an upperbound for the set of
all fuzzy valued measurable functions. Thus
by theorem 3.1 we infer that the supremum
exists in F(R) and write

u=supf (

teA

By (3.2) and (3.3) and theorem 4.2 it
is easy to prove that (1) holds. This completes
the proof.

Theorem 4.4 :

Let T : A— F(R) be level continuous fuzzy
valued measurable function. Then can attain
its supremum in A if and only if the sup f (t)

teA
has the level —approximation property, that is

there exists {t,} €A such that lim n—o f (t,)=

sup f ).

teA

Proof :

We assume that T attains its supremum
inA.

Suppose that there exists ty € A such that
f(t,) = sup ()

teA
Takingt,=t,,n=1,2, ...... we have

I|m f(t ) = sup f(t)

teA

conversely we assume that

lim f(t,) = sup f(t)-and

teA

prove that f attains its supremum in A.

Supposathat SUP f (t) has the level

teA
approximation property.

i.e. there exists {t,} < A such that

I|m f(t ) = sup f(t)

tefa,b]

Without loss of generality we can
assume t, > tp € A

Since T is level continuous at t; we have

(F(t,))s - (fe)® anc

(F(tn )) - (?(to)) Yfor each 0.€[0,1]

Thus we have

[sup f (t)

teA

-7, )L‘
[fel]

+| [(F(tn)]i ~[Feal]

—>0asn— w.

[sup f (t)

teA
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and so [sup ?(t)}

teA o

we have

[sup ?(t)}

teA o

a € [0,1]

U

= [f(t,)] - simitarly

[?(to)] . for each

Hence sup f (t) = (t,).

teA

References :

1. R. J. Aumann, Integrals of set valued
functions, J. Math. Anal. Appl. 12, 1-12,

(1965).

2. P. Diamond, P. Kloeden, Metric Spaces of
fuzzy sets, World Scientific Singapore,

(1994).

Ultra Scientist Vol.24(1)A, (2012).

. R. Goetschel, W. Voxman, Elementary fuzzy

calculus, Fuzzy sets and systems, 18, 31-
42, (1986).

. E.P. Klement, M.L. Puri, D.A. Ralescu,

Limit theorems for fuzzy random variables,
Proc. Roy. Soc. London, A 407, 171-182,
(1986).

. V. Kratschmer, Aunified approach to fuzzy

random variables, Fuzzy sets and systems
123, 1-9, (2001).

. H. Kwakernaak, Fuzzy random variables :

Definition and theorems, Inform. Sci., 15,
1-29, (1978).

. M. Puri, D. Ralescu, Fuzzy random variables,

J. Math. Anal. Appl.114, 409-422 (1986).

. H.C. Wu, Fuzzy valued integrals of fuzzy

valued measurable functions with respect
to fuzzy valued measures based on closed
intervals, Fuzzy sets and systems 87, 65-
78, (1997).



