Ultra Scientist Vol. 24(1)A, 111-116 (2012).

A New approach for solving fuzzy assignment problem

S. DHANASEKAR? K. HARIKUMAR? and R. SATTANATHAN®

1S.R.M. University, 25.R.M. University, °D.G. Vaishnav College
dhana17101975@gmail.com, 2harisrm2010@gmail.com
3rsattanathan@gmaiI.com

(Acceptance Date 4th January, 2012)

Abstract

Assignment problem is a well known topic and is used very
often in solving problems of engineering and management sciences. If
the cost is not deterministic, then the problem is said to be assignment
problem with fuzzy costs. We propose a new algorithm to solve this

fuzzy assignment problem.
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Introduction

An assignment problem plays an
important role in industry and other applications.
In an assignment problem ‘n’ jobs are to be
performed by ‘n’ persons depending upon their
efficiency to do the job. We assume that one person
can be assigned exactly one job; also each
person can do at most one job. The main objective
of assignment problem is to find the optimum
assignment so that the total cost of performing
all jobs is minimum or the total profit is
maximum.

In this paper, we investigate fuzzy
assignment problem (i.e.) assignment problem

with fuzzy costs C_u Our idea is to solve the
fuzzy assignment problem without changing the
fuzzy costs in to crisps costs. Chen? proposed
a fuzzy assignment model. Wang® solved a

similar model by graph theory techniques.
Dominance of fuzzy numbers can be explained
by many ranking methods*®. Of these, we use
Yager’s ranking method* which satisfies the
properties of compensation, linearity and
additivity.

Zadeh! introduced fuzzy set in the year
1965.

Definition: The fuzzy set can be
mathematically constructed by assigning to
each possible individual in the universe of discourse
a value representing its grade of membership
in the fuzzy set®®.

Definition: The fuzzy number 4 is a
fuzzy set whose membership function 7 (x)
satisfies the following condition’
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a) tz(x) is a piecewise continuous
b) wz (x) is a convex
c) Uz (%) is the normal (i.e) iz (%o) = 1

Definition: A fuzzy number with
membership function in the form

X —

2 a<x<bh

b—a
1x=5»>b
—(x) =
Ha (%) X p<x<c
d—c

0 otherwise

Is called a triangular fuzzy number A = (a,b,c)

Definition: A fuzzy number with
membership function of the form

pz(x) =
d—c
0 otherwise

is called a Trapezoidal fuzzy number
A=(ab,c,d)

Operations on trapezoidal numbers and
triangular numbers:

Addition : (al,bl,cl,dl) +(az,b2,Cz,d2): (a1+ ao,
b1+b,,C1t+Co,di+d;) (a1,01,C1)+(a2,b2, C2,)
= (a1tag,bithy,citcy)

Subtraction: (al,bl,cl,dl) -(az,bz,Cz,dz): (al- dz,
b1-C2,C1-b2,d1-82) (a1,b1,C1)-(a2,02,C2,)
= (a1- Cz,b1-by,C1-a2)

Yager’s ranking method:

Yager’s ranking techniques which
satisfies compensation, linearity and additive
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properties and provides results which are
consistent with human intuition.

v(@) = [, (0.5) (ak +a¥) da where
a "= Lower a - level cut, a_" = Upper a- level
cut, for any two fuzzy numbers Sand i, we
have §<i whenever Y(5) < Y(7)

Extension of addition of the two fuzzy
numbers :

Extension of addition of the two fuzzy
numbers (ai, az, as, as) (—) (b1, by, bs, bs) is
(b1, bz, b3, ba)+(X1+X2+Xs+Xs) = (A, a2, A3, A4)

b1+X1= a1, X1= ar-by
D2X2= @z, X2= az-bs
bs+Xs=as3, X3= a3-b3
bat+Xs=as, Xs= a4-bs

Fuzzy assignment problem:

It can be stated in the form of nxn cost

matrix
jobl job2 jobN
personl C, Ciy Cin
person2 [ Cp; Gy Can
person3 531 532 631v
personN C‘*N 1 C‘*N , C_NN

Mathematically it can be stated as

Minimize Z = X7, 37, Cyj xij
subject to X7 q x;;=1, X7_;xj; =1, where

1ifith person is assigned to the j™ job
0 otherwise
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Theorem : Crisps values of subtraction
of two fuzzy numbers and extension of
addition of two fuzzy numbers are equal.

Proof: Let us consider two fuzzy
number (ai,az,a3,a4) and (b1,bz,bs,bs). Their
subtraction is given by
(31,32,33,34) - (bl,bz,bg,b4) = (al- b4’ do- b3’ ds-
bz’ ag- bl)

Crisps value of the fuzzy number is
Y(al-b4,az-bg,ag-bz,a4-b1) = (a1+a2+a3+a4)
-(b1+bo+bs+ba)/4 by using (4)

Extension of addition of these two fuzzy
number is

(b1, b2, ba, ba)+ (X1 +Xa+Xa+Xs) = (a1, @z, 83, 4)
b1+X1= a1, X1= ar-by
D2X2= @z, X2= az-bs
bs+Xs=as3, X3= a3z-b3
batXs=as, Xs= as-bs

Therefore the crisps value of (a;-bs, a2-ba, as-
bs, a4-b4) is (a1+a2+a3+a4)-(b1+b2+b3+b4)/4

Both are equal.
Reduction theorem:

It states that in an fuzzy assignment
problem if we add (or subtract) a constant fuzzy
number to every element of any row or column

of the cost matrix (C,,) then an assignment

that minimizes the total cost on one matrix will
also minimize the total cost on the other matrix.

Proof: let x;;= X;; minimizes the total
cost (i€)Z= X1, X7, Cy x; forevery x;; 20
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=1 itistobe shown

that the assignment xl-j= X;j also minimizes
the total cost

Z _anz l(Cl] -

whereand , are ¥, fuzzy number constants
th

— V) Xjj

subtracted from i~ row and jth column of cost

matrix (C,,)

Ny

=2k 27:1((:_11 X)) - Xm X
=Z-3 1 'Z?ﬂgj

1X1] ZZ lvj lxij

(since X7, x;;= Zj=1 x5=1 )

l}ll

This implies Z * is minimized and conversely

Theorem 2: Ifall CL] >0 and it is possible
to find a set x;;= X;; so that ZZC_IJX =
i=1j=1

then this assignment is optimal.

Proof: Since neither C_ iS negative

thevalues of Z = X7, X%, C1j xij cannot be

negative. Hence its minimum value is zero
which is attained xj; = x*j;. Thus the present
solution is an optimal solution.

The above theorem indicates that if
one can create a new C,, matrix with fuzzy

zero entries and these fuzzy zero elements or
a subset thereof constitute a feasible solution,
then this feasible solution is the optimal
solution.

We now propose an algorithm for
solving a fuzzy assignment problem based on
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the Hungarian method.
Step: 1

Subtract the minimum of each row of
the effectiveness matrix, from all the fuzzy
elements of the respective rows. (Subtract
means extension of addition)

Step: 2

Further modify the resulting matrix by
subtracting the minimum element of each column
from all the elements of the respective column.
Thus obtained first modified matrix. (Subtract
means extension of addition)

Step: 3

Then draw the minimum no of horizontal
and vertical lines to cover all the fuzzy zero
elements in the resulting matrix. If these may
be two possibilities a) if N=n ( number of rows)
then an optimal assignment can be made. So
make the zero assignment to get the required
solution. b) if N< n, then proceed to step 4.

Step: 4

Determine the smallest fuzzy element
in the matrix not covered by N lines. Use
extension of addition method to all uncovered
elements and add the same element at the
intersection of horizontal and vertical lines.
Thus the second modified matrix is obtained.

Step: 5

Again repeat the steps 3 and 4 until
minimum no of lines become equal to the
number of rows or columns (i.e.) N=n

Step: 6
Examine the rows successively until
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a row-wise exactly single fuzzy zero element
is found. Mark this fuzzy zero element by ( )
to make the assignment, then crossover all
fuzzy zero elements is lying in the respective
column, showing that they cannot be considered
for future assignment. Continue in this manner
until all the rows have been examined.

Step: 7
Repeat the step 6 successively until
one of the following situation arises:

a) if no unmarked fuzzy zero element is left,
then the process ends or

b) if therelie more than one unmarked fuzzy
zero elements in any column or row, then
mark the one of the unmarked fuzzy zero
elements arbitrary and a crossin the cells
of remaining fuzzy zero elements inits
row or column. Repeat the process until
no unmarked fuzzy zero element isleft in
the matrix.

Step: 8

Thus exactly one marked fuzzy zero
element in each row and each column of the
fuzzy cost matrix is obtained.

The assignment corresponding to these
marked fuzzy zero elements gives the optimal
assignment.

Numerical Examples:

Example 1 :

Let us consider a fuzzy assignment
problem with rows representing 5 persons
AB,C,D,E and columns representing the 5 jobs
Job1,Job2,Job3,Job4,Job5 The cost matrix is

(Cl] ) is given in trapezoidal fuzzy numbers
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(46,79  (3579) (5710,12)  (3,469) (4,5,7,10)
(2359  (57913)  (46912) (56710)  (23,57)

€)= (791012) (67910) (791013) (67,10,13) (7,10,13,14)
(4,5,7,9) (57,12,15) (7,9,13,15) (29,10,13) (5,7,10,14)
(410,13,15)  (3,7.9,13) (23,10,14) (3,7,10,13) (4,7,10,14)

Solution:
Row reduction matrix:

(1,1,2,0) (0,1,1,1) (23,34) (0,000 (1,1,11)
0,0,02) (3,44,6) (23,45) (2333) (0,0,0,0)
= (1,1,22)  (0,0,0,0) (1,1,23) (0,0,13) (1344)
(00,000  (1256) (3466) (-2,—-134) (1,235)
(1,237) (-1,-1,14) (0,0,00) (-1,0,1,4) (0,024)

Column reduction matrix is the same.

(1,1,2,0) (0,1,1,1) (2334) (0000 (11,11)
(0,002) (3446) (2345) (2333) (0,0,0,0)
(1,1,2,2)  (0,0,0,0) (1,1,2,3) (0,0,1,3) (13,44)
(0,0,0,0) (1,256) (3466) (-2,-134) (1,23,5)

(1,237 (-1,-1,14) (0,0,00) (-1014) (0,024

The minimum number of lines = number of rows.

(1,1,20)  (0,1,1,1) (2334) (0,0,0,0) (1,1,1,1)
0,0,02)  (3,44,6) (2345 (2333) (0,0,0,0)
= (1,1,22) (0,0,0,0)  (1,123) (0013) (1344
(0,0,0,0) (1,256) (3466) (-2,—-134) (1,235)
(1237 (-1,-1,14) (0,0,0,0) (—10,1,4) (0,0,24)

A—4,B—>5 C—>2,D—1,E—»>3 Thefuzzy optimal total cost is = (3,4,6,9)+ (2,3,5,7) +(6,7,9,10)
+(4,5,7,9) +(2,3,10,14)= (17,22,37,49)

Example: 2

Let us consider a fuzzy assignment problem with rows representing 4 persons A,B,C,D
and columns representing the 4 jobs Job1,Job2,Job3,Job4. The cost matrix is (C_u ) is given in
triangular fuzzy numbers

(510,15) (510,20)  (51520) (5,10,15)
) = (510,20) (51520)  (5,10,15) (10,15,20)
u) =\ (510,20) (10,1520) (10,15,20) (5,10,15)
(10,15,25) (5,10,15) (10,20,30) (10,15,25)
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Row reduction matrix:

(0,00) (0,05  (055) (0,0,0)
0,05) (055  (0,00) (55,5)
0,05 (555 (555  (0,0,0)
(5,5,10) (0,0,0) (510,15) (5,5,10)

Column reduction matrix is the same.

(0,00) (0,05  (0,55) (0,0,0)
(0,05 (0,55  (0,00) (555)
0,05 (555 (555) (0,0,0)
(5,5,10) (0,0,0) (510,15) (5,5,10)

(0,0,0) (0,05  (0,55) (0,0,0)
(0,05 (0,55  (0,0,0) (55,5)
0,05 (555 (555) (0,0,0)
(5,5,10) (0,0,0) (5,10,15) (5,5,10)

This implies A—>1, B—3, C—4, D—>2

The assignment cost is = (5,10,15) +
(5,10,15) + (5,10,15) + (5,10,15) = (20,40,60)

Conclusion
A new algorithm is proposed for

solving fuzzy assignment problem. This
algorithm is effective and easy to understand

Ultra Scientist Vol.24(1)A, (2012).

because of its similarity to Hungarian method.
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