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Abstract

Recently the authors introduced the concept of binary
topology between two sets and investigate its basic properties where a
binary topology from X to Y is a binary structure satisfying certain
axioms that are analogous to the axioms of topology. In this paper we
introduce and study binary-Ty, binary-T;and binary-T, axioms that are
analogous to the separation axioms of topology. Binary continuity is

also characterized in this paper.
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1. Introduction

The concept of binary topology from
X toY is introduced by the authors?. The concepts
of binary closed, binary closure, binary interior
and binary continuity are also introduced?.
Further the concepts of base and sub base of
a binary topological space are introduced and
investigated in®. The purpose of this paper is
to introduce separation axioms in binary
topological spaces and characterize their basic
properties. Section 2 deals with basic concepts.
Binary continuity is discussed in section 3. Section
4 is dealt with binary-To, binary-Tq and binary-

T, spaces. Throughout the paper, g (X) denotes

the power set of X.
2. Preliminaries :

Let X and Y be any two nonempty
sets. Theauthors defined in? that a binary topology
from X to Y is a binary structure M c g
(X)x g2 (Y) that satisfies the following axioms.
i) (B,F)and (X,Y)eM,

(II) (Alﬁ Ay, Bin Bz)EM whenever (Al, Bl)
eM and (Az, Bz) eM,

(iii) If {(Aq,Bo):aeA} is a family of members
of M, then
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If M is a binary topology from X to
Y then the triplet (X, Y, M ) is called a binary
topological space and the members of M are
called the binary open subsets of the binary
topological space (X, Y, M ). The elements
of XxY are called the binary points of the
binary topological space (X, Y, M ). If Y=X
then M is called a binary topology on X in
which case we write (X, M ) as a binary
space. The examples of binary topological

spaces are given in’.

Suppose (X, p) and (Y, o) are two
topological spaces. Let pxo={(A, B): Aep,
Bea}, t(pxo) ={AcX: (A, B)epxao, for some
BcY} and t'(pxo) ={BCY: (A, B)exc) for
some AcX}. The following lemma is very
useful in sequel.

Lemma 2.1. Suppose (X, p) and (Y,
o) are two topological spaces. Then pxc is a

binary topology from X to Y such that? t(pxc)
=p, T'(pxo) = ©.

3. Binary continuity :

The concept of binary continuity between
a topological space and a binary topological

space is introduced and studied in?. Binary
continuity is also investigated in®. Binary
continuity is further characterized here.

Definition 3.1. Let f:Z—XXxY be a
function. Let AcX and BcY. We define f

(A, B) = {zeZ: f(z)(A, B)}.2
Definition 3.2. Let (XY, M ) be a

binary topological space and let (Z,t) be a
topological space. Let f: Z—XxY be a function.
Then fis called binary continuous? if (A, B)
isopen in Z for every binary open set (A, B)
in XxY.
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The following proposition will be useful
in characterizing binary continuity.

Proposition 3.3. Let f:Z—>XxY be a
function. Let AcX and BY. Suppose p1:XXY—X,
p2:XxY—Y are projections on X and Y
respectively. Then f1(A, B) = (p1of) (AN
(poh)™* (B)-

Proof. f4(A, B)={zeZ: f(z)e(A, B)}
={z eZ: (p1of)(z)eA and (p2of)(z)eB}

={zeZ:(p1of)(2) e A}{z e Z:(p2of)

(2)eBY=(poN) (AN (pof)'(B). L

Definition 3.4. A relation R from X
toY is called a partial function from XtoY if
forallxeX,y,y' €Y, (x,y) eRand (x,y') R
=>y=Y.

Itis easy to seethat fis a partial function
from X toY if and only if there is a subset A
of X such that f: A—Y is a function from Ato
Y. Every function f: A— Y induces a partial

function from X toY. The notation f:X_*
Y denotes a partial function from X to Y.
Suppose (X,7) and (Y,o) are topological

spaces. Then {AxB:Aer, Bec} is a base for
the product topology p on X xY. We use the

notation t* = the set of all non empty open
setsint. Thent"xc™ is a proper subset of txc.

A partial function f: txc ——> p is defined by
f(A, B) = Ax B for all elements (A, B) et*c".
Now AxB = O, if atleast one of A, B is .
We can identify the sets (A, &), (J, B) and
(2,2) in txc \ t*'xc" by a single class of
elements in txo. Since t*xc* can be thought

of a proper sub collection of p, we take txo
itself as a proper subcollection of p
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Proposition 3.5. Every continuous
function with respect to the product topology
is binary continuous. But the converse is not
true.

Proof. Let f:Z—XxY be a continuous
function with respect to the product topology.
Let (A, B) be a binary open set in XxY.
Therefore (A, B) can be identified with some
open set G = AxB in the product space XXxY.
Since f is continuous, f1(G) is open in Z that
implies f1(A, B) is open in Z. This implies f is
binary continuous. The converse of the
Proposition 3.5 is not true as shown below.

Let X={a, b}, Y={1, 2} and Z={x, y}.
n={9, Z, {x}} is a topology on Z, 1={J, X,
{a}} isatopology on Xand o={QJ, Y, {2}} is
atopology onY. XxY ={(a, 1), (a, 2), (b, 1),
(b, 2)}. Define f: Z—>XxY by f(x) =(a, 1) and
f(y)= (b, 2). The product topology p on Xx Y
is given by p={d, XxY, {(a, 2), (b, 2)}, {(a,
2)}, {(@, 1),(a, 2)}}. By using Lemma 1.1,
w™o={(4,9), (J{1}), (D,Y), (X,9), (X,Y),

(X{2}), {a}.9), ({a}.{2}). ({a}.Y)} is a
binary topology from XtoY. Clearlyfis binary
continuous but f is not continuous with respect

to its product topology as f1{(a, 2), (b, 2)} ={y}
which is not open in Z. [

Proposition 3.6. Let (X1, 11), (X2,
T2) and (Z, t) be topological spaces. Suppose
F.Z—>X1xX, is a function and p1:X1xX5Xj,
p2:X1%XXo—>X; are projections on X; and X»
respectively. If piof:(Z, t)—>(Xy, 1) and
p2of:(Z, ©)—(X», t2) are continuous functions,
then f :Z—>X; x X, is a binary continuous
function from (Z, ) to (X1, Xz, 11 X12)

Proof. Suppose piof:(Z, 1)—>(X1, 1)
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and pao f:(Z, 1)—>(Xy, 12) are continuous. Let
(A,B)et1Xty. Therefore, Aety, Berty. Since
p1o f: (Z, ’E)—)(Xl, ’El) and P20 f: (Z, ’E)—)(Xz,
1,) are continuous, we have (py of)™(A) is open
in Z and (pz o f)X(B) is open in Z. Then by
using Proposition 3.3, 1 (A, B)= (p1of) 1 (A)n
(p20 f)}(B) which is open in Z. This proves
that f is binary continuous. [

Binary-Ty and binary-T; :

In this section the concepts of binary-
To and binary-T; separation axioms are

introduced and their basic properties are
discussed.

Definition 4.1. A binary topological
space (X,Y, M) is called a binary -Ty if for
any two binary points (X1, y1), (X2, Y2) e XxY
with X1 # X, Y1# Y2, there exists (A, B)eM
such that exactly one of the following holds.
(1) (x1, y1)e(A, B), (X2, y2)e(X\A, Y\ B) and
(i) (X1, y)e(X\AY\B), (X2, y2)€(A,B).

Definition 4.2. Abinary topological space
(XY, M ) is called a binary-T; if for every
(X1, Y1), (X2, Y2) eXxY with X1#X2, 1Y, there
exist (A, B), (C, D)eM, with (x1, y1)e(A, B)
and (xz, y2)e(C, D) such that (xz, y2)e
(X\AY\B) and (x1, y1)e(X\ C, Y\ D).

Definition 4.3. The binary points (X1, Y1),
(X2, Y2)eXxY are distinct if X; # Xo, y1# Y2,

Example 4.4. Consider X ={a, b, c},
Y ={1, 2}. Clearly M ={(, &), ({a}.{1}),
({b}.{2}), ({a, b}.{1, 2}), (X,Y)} is a binary

topology from X to Y. Since there exists no
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binary open set (A, B) in M such that (a, 2)
€ (A, B)and (b, 1) e(X\A, Y\B), M is not
binary-T.

Example 4.5. The discrete binary
topology from X to Y is binary-Ty.

Example 4.6. The indiscrete binary
topology from X to Y is not binary-Ty.

Example 4.7. Consider X ={ a, b},Y

={1.2}. M ={(4,9), ({a}.{1}), ({b}{1}),
(X, {1}), (@.,{1}), (X,Y)}isa binary topology
from X toY. Asthe only distinct pair of binary
points of XxY are (a,1), (b,2) and (a,2), (b,1),
the space is binary-To.

Example 4.8. X={a,b}, Y={1,2} M

={(, D), {a},{1}), (X,Y)} isa binary topology
from XtoY. Then(a, 1), (b, 2)eXxY. Clearly

(X,Y) is the only binary open set with
(@,2)e(X,Y) and (b, 2) e(X,Y).This implies
that M is not binary-Tj.

Example 4.9. The indiscrete binary
topology from X to Y is not binary-Tj.

Example 4.10. The discrete binary
topology from X to Y is binary-Tj.

Proposition 4.11. If the binary
topological space (X,Y, pxo) is binary-To, then
(X, p) and (Y, o) are To.

Proof. We assume that (X,Y, p x o)
is binary-Ty. Let X1, Xo,eX and y1,y2€Y with
X1 # Xz, Y17 Yo. Since (X,Y, p x ) is binary-Ty,
there exists (A, B)ep x o such that either
(X1, Y1) €(A, B); (X2, y2) e (X\A,Y\B) or (X1, Y1)
e (X\A Y\ B); (X2, Y2)€(A,B). This implies
that either x,€A; X2 eX\A; y1 €B; y.eY\B or
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x1€X\A; X2€A;y1€Y\B; y,eB. This implies
either x;€A; xo eX\Aor x;eX\A; x,€A and
either y1eB; y,eY\ B or y;€Y\B; y,eB.
Since (A, B)epx o, we have Acpand Beo.
This proves that (X, p) and(Y, o) are To. [

Remark 4.12. The converse of the
above proposition is not true as shown below.

Let X={a, b,c}, Y={1, 2,3}. Clearly 1={J, X,
{a},{b} {a, b}}is a topology on X and c={<,
Y,{2}.,{2,3}}is a topology on Y. Also, (X, 1)
and (Y, o ) are To- spaces.

Now <o ={(,9), (J,Y),(3.{2}), (F,{2,3}),
({a}.9), ({a}.{2}), ({a}{2,3}), ({a}.Y)
({b}, ©), ({b}.{2}), ({b}.{2.3}), ({b}.Y),
({a,b}, @), ({a, b}, {2}), ({a,b}, {2,3}),

({a,b},Y), (X, D), (X{2}), (X{2,3}),
X, Y)}.

The distinct points (a,1)and (b,2)e
XxY, but there is no binary open set (A,B) in
tx o such that (a,1)e (A,B) and (b,2)e
(X\A,Y\B)

Definition 4.13. Abinary topological
space (X,Y, txo) is called binary-T, with
respect to the first coordinate if for every pair
of binary points (xi,0), (y1,00) there exists

(AB)e tx o with x;€A, y1¢A, aeB.

Definition 4.14. A binary topological
space (X,Y, txo) is called binary-T with
respect to the second coordinate if for every
pair of binary points (B, x2),(B, y2) there exists
(A,B)e tx o with Be A X, €B and y, ¢B.

Proposition 4.15. If (X,Y, txo) is
binary-To with respect to the first and the
second coordinates, then (X,Y, txo) is binary-
To .
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Proof. Let (X,Y, txc) be binary-Ty
with respect to the first and the second
coordinates. Let (X1, Y1), (X2, Y2) €XxY with
X1# Xo2,Y1# Y2. Take aeY and BeX. Then (X1,
a), (Xz,a) eXxY. Since (X,Y, txo) is binary-
To with respect to the first coordinate, by using
Definition 4.13, there exists (A,B) e 1< ¢ with
x1€A, X2 A, a.eB. Since (B,y1), (B,y2,) eXxY,
by using the above arguments and using
Definition 4.14, there exists (C,D) e tx ¢ with

y1 €D, y» ¢D, BeC Therefore, (X1, y1)e(A,
D) and (x2, y2)e(X\A,Y\D). Hence (XY,
pxao) is binary-Ty. O

Proposition 4.16. (X, t) and (Y, c) are
T, spaces if and only if the binary topological
space (X ,Y, tx o) is binary-T;.

Proof. Assume that (X, p) and (Y, o)
are T spaces. Let (X1,y1),(X2, Y2)eXxY with
X1 # Xo, Y1# Y2. Since (X,p) is Ty, there exist
A, Bep, x3€A and x; €B such that x; ¢B
and x, ¢ A. Also, since (Y,o) is Ty, there exist
C, Deo, y1€C, and y, €D such that y;¢D
and y, ¢C. Thus, (X1, y1)€(A,C) and (X2, Y2)
€(B, D) with (x1, y1)€(X\B,Y\D) and (x2, y2)
e(X\A, Y\C). This implies that (XY, p x o)
is binary-To. Conversely assume that (X,Y, p
x o) is binary-Ti. Let g, X, eXandyi, yo €Y
with X3 # X, y1 # Yo. Therefore, (X1, Y1), (X2,
y2) eXxY. Since (X,Y, pxo) is binary-Ty, there
exist (A,B) and (C, D)ep x o, (X1, Y1) € (A,B)
and (X2, y2) €(C, D) such that (x1, y1) € (X\C,Y\
D) and (X2, y2) €(X\A,Y\B) .Therefore, (xie
A and x; €C) and (x;e X\C and x, eX\A)
and (y1eB and y,eD) and (y1eY\D and y>
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eY\B). Since (A, B) and (C, D)ep x ¢, we
have A, C ep and B, D ec .This proves that
(X, p) and (Y, o) are T1 spaces. [

Proposition 4.17. The binary topological
space (X, Y, M) is binary-Ty if and only if
every binary point o (X)x g0 (Y) is binary closed.

Proof. Assume that (X, Y, M ) is
binary-T1. Let (X, y)eXxY. Let ({x}.{y}e
o (X)x o (Y). We shall show that ({x},{y})
is binary closed. It is enough to show that
(XM}, Y\{y}) is binary open. Let (a, b)e
(XX}, Y{y}). This implies that a € X\{x} and
beY\{y}. Hence a = x and b = y. That is, (a,
b) and (x, y) are distinct binary points of Xx Y.

Since (X, Y, M ) is binary-T3, there
exist (A, B) and (C, D)e M, (a, b) (A, B)
and (x, y) €(C, D) such that (a, b)(X\C,Y\D)
and(x, y)e(X\A,Y\B).

Therefore, (A,B)c(X\{x}, Y\{y}).
Hence (X\{x}, Y\{y}) is a binary neighborhood
of (a, b). This implies ({x},{y}) is binary closed.

Conversely assume that ({x},{y}) is
binary closed for every (x, y) eXx Y.

Let (X1,Y1),(X2, Y2) eXxY with X1 # X2, Y1# Y2.
Therefore, (X2, y2)e(X\{x1}, Y\{{y1}) and €
(X\{x1}, Y\{y1}) is binary open.

Also (X1, y1) e (X\{x2}, Y\{y-}) ande (X\{x2},
Y\{y-}) is binary open.
This shows that (X, Y, M) is binary-T1. [

Definition 4.18. Two binary open sets
(A, B) and (C, D) are said to be disjoint if
(ANC,BND)=(4, ). That is ANC=C and
BND=g.
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Definition 4.19. A binary topological
space (X,Y, M) is called a binary-T if for every
(X1, Y1), (X2, Y2) eXxY with X3 # Xp, Y11, there
exist disjoint binary open sets (A,B) and (C, D)
such that (x1, y1)e(A,B) and (X2, y2) €(C,D).

From the above definition, we have
(X1, y1)e(X\C,Y\ D) and (X2, y2) € (X\A, Y\B).

Proposition 4.20. (X, 1) and (Y, o)
are T, spaces if and only if the binary topological
space (X,Y, tx o) is binary-T».

Proof. Assume that (X, t) and (Y, o)
are T spaces. Let (X1,Y1), (X2, Y2) eXxY with
X1 # Xo, Y1# Y. Since (X, 1) is T, there exist
disjoint open sets A, Bet, x;€A and x; B
such that x; ¢B and x, ¢ A. Also, since (Y,o)
is Ty, there exist disjoint open sets C, Deao,
y1€C, and y, €D such that y; ¢D and y, ¢C.
Thus, (X1, y1)€(A,C) and (X2, y2) (B, D) with
(X1, y1)e(X\B,Y\D) and (X2, y2) €(X\A, Y\C).
Since Aand B are disjoint ,we have AnB=.
Also Since C and D are disjoint we have
CnD=g. Thus (AnB,CnD)=(J, ). Hence
(A,C) and (B,D)are disjoint binary open sets.
This implies that (X,Y, T x ) is binary-T».

Conversely we assume that (X,Y, t x o) is
binary-T».

Let x1, Xo eXand ys, Y2 €Y with x; #
X2, Y17 Y2. Therefore, (X1, Y1), (X2, Y2) €XxY.
Since (X ,Y, txc) is binary-T,, there exist
disjoint binary open sets (A,B) and (C, D)et
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x o with (X1, y1)€(A,B) and (x2,y2)€(C, D).
That is, (X1, y1)e(X\C,Y\ D) and (xz, y2) €
(X\A,Y\B). Therefore, (x;e€A and x,<C) and
(x2eX\C and x2eX\A) and (y1eB and y,eD)
and (y1eY\D and y, €Y\ B). Since (A, B) and
(C, D)e <o, we have A, C etand B, D €.
This proves that (X, t) and (Y, c)are To. [

Let (X,Y, M ) bea binary topological
space. Let (A, B) < ( X, Y). Define M (a )
={(ANU,BV): (U, V)e M }. Then M (4 )
is a binary topology from A to B. The binary
topological space (A, B, M (a ) is called a binary
sub-space of (X, Y, M ).

Proposition 4.21. Every subspace of
a binary-T; space is binary-T; for i=0,1,2.

Conclusion

The separation axioms namely Tg, Ty
and T, are extended to binary topological
spaces. It is note worthy to see that binary-T,
= binary-T; =bibary-Ty.
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