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Abstract

Superimposing the Nolund mean on Cesaro mean of order one,
Singh and Khare® have studied the degree of approximation to a function
by Ceséaro-Norlund mean of its Fourier Laguerre series under certain

conditions.

Introduction

Here, in the present paper, we have
discussed the degree of approximation to a
function by (N, p, g), (C,1) means of its Fourier
Laguerre series under very general condition.

1. The Fourier Laguerre series of a Lebesgue

integrable function f(x) in the right open
interval [0, o) is given by

F(x)~ > a, L (x),

where the coefficients a, are defined by the
formula

a>-1 (1.1)

(o +1) (n +oc)an = je’x x*f (x) L' (x) dx
0 (1.2)
provided the integral on the right hand side

exists in the sense of Lebesgue and L' (x) is

the n" Laguerre polynomial of order a. > -1
defiend by the generating function

3L (x).y" =(1- y)“lexp[ j(l 3)

n=0

We write

d(x)=(T(a+1) " e x*{f (x)-f(0)}.(1.4)

Let {Sn} be the sequence of partial
sums of a given infinite series Zuy,. Let o, denote
the n (C,1) mean of the series Zuy, which is
given by the sequence-sequence transformation®

1
0= 12 [Titchmarsh (1939, p. 411] (L5)

Let {pn} and {qg,} be two sequences
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of constants, real or complex, with k > -1 and
let us write

RE= 3 p g
m=0

Extending the definition due to Cass?,
we define the (N, p, g)k-transform of the
sequence {Sy} of partial sums of the sereis

Yu, givn by the sequence-to-sequence
transformation

1 &
tE :? Z pE—m q:'n Sm
n m=0

(1.6)

(1.7)

In particular, for q,= 1, for everyn, R'; reduces
to

n
Py=2 P
m=0
and, consequently, the (N, p, )k summability

reduces to (N,pX) summability defined by

Casst. In addition, for k = 1, it further reduces
to (N, pn) summability defined by Hardy?.

Following (1.7), the (N, p, )k transform
of the sequence {cn} of the (C, 1) means of
the sequence {S,} of partial sums of the sereis
>up, or, simply, the (N, p, g)k (C,1) mean of
{Sn} will be defined by

1

Tr:(: ? Zpﬁ—m q;Gm
n m=0

2. Singh and Khare® have estimated the degree
of approximation to a function by Ceséro

Norlund mean of its Fourier Laguerre series
(1.1) by proving the following.

(1.8)

Theorem A : If {p,} is a non-negative
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and non-increasing sequence such that P, —oo
as n —oo and

(1) = [/ 9(u) [du=0(t*"Py,)

as t—>0,

(2.1)

-a 1

J'eulz uf%f% | (u) |du =0[n2+4 Pnj 2.2

as n —oo, where w is a fixed positive constant

['e]

[e?u™ [o@u)|du <o (2.3)
1
then, for —1<a<—,
2

T (0)-f(0)=0(P),asn—c0. (2.4)

where T(0) is the n' Cesaro Nérlund mean
of the Fourier Laguerre sereis (1.1) at the point
x=0.

Here, in the present paper, we have
attempted to obtain the degree of approximation
to a function by (N, p, g)k (C,1) mean of its
Fourier Laguerre sereis (1.1) under very
general condition by establishing the following.

Theorem: Let {p,} and {q.} be two
sequences of constants and k > 1 such that

p'; and qﬁ are non negative monotonic non-

increasing and R'; —> 00 as n —oo together
with satisfying

n k k k
> Prnlln _ g [%} , 8 N> (2 5)

= m+1

1
Let—1<a< 5 and w a fixed positive constant.
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If

Vjv %’§|q>(u)|du O[Rf, | . as t—>0

' (2.6)

Iezu 2 i3‘|CI>(u)|du O(R), asn—>o
(2.7)

and

©ou 7 a5
feru e |CD(u)|du=O{n 24, RE}

(2.8)
then

T,(0)-f(0)= 0{ n? e R E} 2.9)

as n —o, where T, (0) is the n'™ (N, p, q)«
(C,1) mean of the Fourier Laguerre series (1.1)
at the point x = 0.

3. The following Lemmas are needed in order
to prove our main theorem.

Lemma® 1 [Szegd (1967), p. 177].

If o is any arbitrary real number and
c, w are fixed positive constants, then

o(n%)

Lemma 2. [Szeg0 (1967), p. 140].
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If o isany arbitrary real number, w
>0and 0 <n <4, then

a 1

max<e x2 4‘L(°"(x)‘

n2 i, X>n

Lemma 3. It follows from (2.6) that

(x 5

j|q>(u)|du_ {24 RX

[1/t]

Proof of Lemma 3
Let us write

w a_E
O(t)=[u 2 *|¢(u)|du
t
Then, we have

a5
|o(t) | =—t2 * D(t)
Therefore,

t

Jlo(iau = o

o
—+
2

5
4 @'(u) du

e, ‘
| ol

0

offi) o]

+O_j
0

J>\'—‘

o,
2




168

4. Proof of the theorem: It is well known

that

L(r?t) (0) = (nn+a) (4.1)
Therefore, the ™" partial sum of the series (1.1)
at the point x =0, i.e.,

5,(0)= Y a,L(0)
m=0
=(T (o +1))_1Te‘x x* f(x) Zn: L' (x) dx

=(T(o+1)) j e X x“f(x) L'V (x) dx
(4.2)

so that
$,(0) =F(0) = [0 LS (x) dx (4.3)

The (N,p.q), (C,1) means of the

series (1.1) at the point x = 0 will be given by
following (1.8) as

Po'n A
T.(0)-f(0) = 1-m__
O-1(0) =53 Pent
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Jo L2 Wdu

where

o (0) f(0)
=— Z {s.(0)-1(0)}

T¢(u) > LD Wiy

—1 I d(u) LS (u)du 4 5

Now, in order to prove the required result in
(2.9), we write

Rk anm m{j

T.(0-f(0)=

n m=0

J)
x () L2 (u)du

=l +L,+1,+1,, say
We are now required to show that

1, =0 [n*RY |

asn—oo, for j=1,2,3,4.

(4.6)

(4.7)

Let us first consider 1. Now,

- ( jzpnm Pocn A ez [g(u)ldu

~ m+l
O(

k a5
L jo(&.n‘“zj .0 Ln 2 4R;}
RX n

N\Q
J>M—‘

(4.8)
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as N — oo, using Lemma 1, condition (2.5) and 1 RY w3
Lemma 3, respectively. -0 [——” n2+4j. 0 (RE)
n

Next, considering I, and using again
Lemma 1, conditions (2.5) and (2.6), we have

R HE

Rk

al
0 [nz 4 Rﬁj as n— . (4.9)
mo M+l

anm I . (mg+‘3‘j

< 2> Further, we consider 3. Using Lemma
2 4
% Ju [o(u)ldu 2 and conditions (2.5) and (2.7), we have
n K k nu ab5 a3
1 Py

Pondn - fozy724 n2" | g(u) | du

= |-
R, )Jmo m+l

1 Ry 5% e
:O[R_ﬁ'n jjeu | o(u) | du

al
=0 [nz 4.REJ, as n —>ow (4_10)

Lastly, we consider I4. Using Lemma 2 and conditions (2.5), (2.8), we have

pnm qm 727
( nj% m+1 I 3

o0

5
4

[o(u) ]

n

a 11
xn? 12 du

k o 11 ® U
(CERR

_ [ ‘;;j

nZ 12

e? U 5“|¢(U)|du

['e]

Jer u? e ) du
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a 1 00 a 13
_0O|nz 22 I
n
a 1 a 13

— 0| n2 12.n5+ﬁ

=0(n*"). Te; u" 3|o(u)|du

a 5
_ o+l 2 4 pk
=0(n“*).o|n ? * R}
a 1
=0|n24R¥| as n > o

Collecting (4.8), (4.9), (4.10) and (4.11), we
get the required result in (4.7). This completes
the proof of our theorem.
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