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Abstract

Recently Jin Han Park®® et.al.[Further results on rg-continuity,
Far East J. Math.Soc.2000 special volume part 11, 237-244 and On
preserving rg-closed sets, East Asian Math.J.16(1) (2000),125-133]
studied rg-continuity and some preservation theorems using rg-closure
operator and Gnanambal et.al.JOn gpr-continuous functions in
topological spaces, Indian J.Pure.appl.Math.,30(6)(1999), 581-593]
discussed gpr-continuous functions using gpr-closure operator. Quite
Recently Balasubramanian® et.al.[gpr-separation axioms-1, IJIMA, 2(10)
(2011), 2055-2067] discussed several types of gpr-separation axioms.
The purpose of this paper is to investigate some properties of rg-closure
operator, gpr-closure operator and gpr-separation axioms. The most
important result that is proved in this paper is *“ In a topological space
every singleton set is rg-open” that leads to the investigation of some
of the results due to Jin Han Park et. al. Gnanambal et. al. and separation
axioms due to Balasubramanian et. al.
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1. Introduction Recently Jin Han Park et.al.®® studied rg-
continuity and some preservation theorems
In 1993, Palaniappan and Chandrasekhara  using rg-closure operator and Gnanambal

Rao®® defined the concept of regular-gene- et.al.®’ discussed gpr-continuous functions

ralized closed sets. Arockiarani and Balachandran®  using gpr-closure operator. Quite Recently
introduced the notion of rg-closure operator. ~ Balasubramanian et.al.®* discussed several
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types of gpr-separation axioms. The purpose
of this paper is to investigate some properties
of rg-closure operator, gpr-closure operator and
gpr-separation axioms. The most important
result that is proved in this paper is “ Ina topological
space every singleton set is rg-open” that leads
to the investigation of some of the results due
to Jin Han Park et. al.®®, Gnanambal et. al.®’
and separation axioms due to Balasubramanian
et. al.>4,

2. Preliminaries :

Throughout this paper (X,t) denotes
a topological space on which no separation
axioms are assumed unless explicitly stated.
Forasubset Aof X, cl(A) and int(A) respectively
denote the closure of Aand the interior of Ain
(X,1). X\A denotes the complement of A in X
and g (X) denotes the power set of X. We
recall the following definitions and results that
will be useful. Asubset Aof a topological space
(X,7) is regular open if A= int(cl(A)), regular
closed if A= cl(int(A)), pre-open if A
int(cl(A))'? and pre-closed if cl(int(A)) c A.
Again a subset B of a topological space (X, t)
is called generalized closed® (briefly g-closed)
if cl(B)cU whenever BcU and U is open in
X and regular generalized closed (briefly rg-
closed)™® if cl(B)cU whenever BcU and U is
regular open in X. The pre-closure of a subset
A of X is the intersection of all pre-closed sets
containing A and is denoted by pcl(A). The
intersection of all g-closed (resp. rg-closed)
sets containing B is called the g-closure (resp.

rg-closure) of B and denoted? byc (B)

(resp. ¢l (B) ). The complement of a rg-closed
set is rg-open.
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Lemma 2.1: A subset A of X is rg-
open if and only if Fc int(A) whenever FC A,

F is regular closed.'3

Definition 2.2: Let (X,t) be a topological

space and BcX. Then B is called

(i) generalized pre-closed(briefly gp-closed)*
if pcl(B)cU whenever BcU and U is open
in X.

(ii) generalized pre-regular closed(briefly gpr-
closed)® if pcl(B)cU whenever BcU and
U is regular open in X.

The complement of a gp-closed set is
gp-open and that of a gpr-closed set is gpr-open.
The intersection of all gp-closed (resp. gpr-closed)
sets containing B is called the gp-closure (resp.

gpr-closure) of B and denoted by pcI*(B)11

(resp. gpr-cl(B)"). In this paper, PO(X,1)
(resp. RGO(X,1), resp. RGC(X,1), resp.
GPRO(X,1), resp. GPRC(X,t)) denotes the
class of all pre-open(resp. rg-open, resp. rg-
closed, resp. gpr-open, resp. gpr-closed) sets
in (X,7).

Definition 2.3: For a subset A of X,
gpr-int(A)’ is defined as the union of all gpr-
open sets contained in A.

Definition 2.4: Aspace (X,t) is called

T2 (resp. Pre-regular®) if every g-closed
(resp. gpr-closed) set is closed(resp. pre-closed).

Definition 2.5: Let (X,t) be a topological"#1!
space. Then

() 7g={VEX: gpr-cl(X\V)=X\V}.
(i) 7, ={veXicl’ (X \V)=X\V}.
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(i) o7 ={vex: pl (X \V)=xwj.

(iv) T, ={AcX : AnBeGPRO(X,7) for all’
BeGPRO(X,1)}.

Remark 2.6: Let (X,t) be a topological
space. Since closed=g-closed=rg-closed=

gpr-closed, we have Acgpr-cl(A)ccl” (A)
=c (A) =Cl(A) for every subset A of X.

3. rg-closure and gpr-closure :

In this section, the operators namely
rg-closure and gpr-closure are characterized.
The next theorem is frequently used in this

paper.

Theorem 3.1: In a topological space
(X,7), the following hold:

() {x} is rg-open for every xeX.
(i) ¢l (A) = gpr-cl(A) = A, for every subset
Aof X.

Proof: Let (X,t) be a topological
space. Fix xeX. Suppose Ac{x} and A is
regular closed. In order to prove that {x} is
rg-open, it is enough to prove that Acint ({x}).
This is true if {x} is open. Suppose {x} is not
open. Then int({x})=9.

Since A'is regular closed, A= cl(int(A))
c cl(int({x}))=< that implies A=J. This
shows that A=Jc int({x}). Then by Lemma
2.1, it follows that{x} is rg-open. This proves (i).

For any subset A of X, the inclusion

Ac cl : (A) is always true. To establish the
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reverse inclusion we take xe cl: (A). Suppose

xgA. Then AcX\{x} and xeX\{x}. By using
(1), {x} is rg-open. Since X\{x} is rg-closed and

AcX\{x},wehave cl” (A) =X\{x}. This implies
that x¢ cl”(A) contradicting xe cl” ({A}).

This shows that xeA. Therefore A=cl (A).

By applying this and using Remark 2.6, we
get gpr-cl(A)=A. This establishes (ii).

Remark 3.2: For a subset A of a
topological space (X,1), if cl:(A) =A, then A
need not be rg-closed and if gpr-cl(A)=A, then

A need not be gpr-closed as shown in the next
examples.

Example 3.3: Let X={a, b, c, d},
={ {a}.{b}.{a, b}.{a, b, c}, X}. Here
RGC(X)={ {c}{d}.{a,b}.{ac}.{ad} {b.c},
{b,d} {c,d}{a,b,c}{ab,d}{ac,d}{b,c,d} X}.

Now cl’ ({a}) = {a}, which is not rg-closed.

Gnanambal’ [Example 3.5] established
that if gpr-cl(A)=A, then A need not be gpr-
closed. However the following example also
shows this.

Example 3.4: Let X ={a, b, c, d },
t={J {a}{b}.{a, b}{b, c}.{a b, c}, X}. Here
GPRC(X)={< {c}.{d} {a, b}, {a, c}{a d},

{b, d}{c, d}{ab,c},{ab,d}{ac,d}{b,cd} X}
Now gpr-cl({a})={a}, which s not gpr-closed.

Jin Han Park® et.al. [Theorem 2.12]
established the equivalence of the following
statements in any topological space (X,t).

(i) For each xeX, X\{x} is rg-closed in X.
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(i) If {x}isregular closed in X, then {x} is
regular open in X.

However the above statements are
always true in any topological space as shown
in the next proposition.

Proposition 3.5. Let (X,t) be a
topological space. Then the following hold:

(i) For each xeX, X\{x} is rg-closed in X.
(i) If {x}isregularclosedin X, then {x} is regular
open in X.

Proof: Let (X,t) be a topological
space. (i) Follows from Theorem 3.1. Suppose
{x} isregular closed. By using Theorem 3.1, {x}
is rg-open in X. Since {x} is rg- open, by Lemma
2.3, {x}cint({x}) that implies {x}=int({x}).
Since {x} is regular closed, {x}=int({x})
=int(cl({x}) that implies{x} is regular open in
X.

Gnanambal’ [Lemma 2.1] established
that for every xe X, X\{x} is gpr-closed or regular

open. However X\{x} is always gpr-closed
as shown in the next corollary.

Corollary 3.6: For every xe X, X\{x}
is gpr-closed. Consequently {x} is gpr-open.

Proof: Let (X,t) be a topological space
and let xe X. By using Theorem 3.1, {x} is rg-
open. This implies X\{x} is rg-closed in X. Since
every rg-closed set is gpr-closed, X\{x} is gpr-
closed. Since X\{x} is gpr-closed, {x} is gpr-
open.

Theorem 3.7: Let (X,t) be a topological
space. Then ¢ = TS = p(X).
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Proof: Follows from Definition 2.5
and Theorem 3.1.

The following definition is due to
Chawalit Boonpok®

Definition 3.8: A topological space
X is said to be rg-Hausdorff ° [Definition 8] if
whenever x and y are distinct points of X there
are disjoint rg-open sets U and V with xeU
and yeV.

Remark 3.9: Since {x} is rg-open for
every x in X, every topological space is rg-
Hausdorff. Consequently the preservation
theorems® [Theorem 3, Theorem 4] of Chawalit
Boonpok are obvious.

Remark 3.10: The proof for Theorem
3.2 of [9] follows easily from the fact cl:(A)
= A. Also Gnanambal’ [Theorem 3.14]

established that TS is a topology provided

GPRO(X,) is a topology. But the condition
“GPRO(X,T) is a topology” is not necessary

because TS = p (X).

Lemma 3.11: Let (X,t) be a topological

space. Let AcX and {A,} be a collection of
subsets of (X,t). Then

i gpr—cl(JA)=Japr—cl(A,).
iy cr (UA) =Uclr (A).

Gii) 9pr—cl(Ay) = [1gpr—cl(A,)
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(iv) clr (N Ax) = el (A,)
(v) gpr-cl(X\A)= X\gpr-cl(A).
(Vi) el (X \ A)=X\cl  (A).

Proof: Follows from the fact that, gpr-
cl(A)=A and cl”(A)=A.

Remark 3.12: Anitha® et. al. [Lemma
4.5], proved that, gpr-cl(AuB)=gpr-
cl(A)ugpr-cl(B) if gpr-cl(A) is gpr-closed
and semi-closed and if gpr-cl(B) is gpr-closed.
But the conditions are not necessary as was
shown in Lemma 3.11.

The following Theorem is an improved
version of Theorem 3.15 of Gnanambal’.

Theorem 3.13: Let (X,t) be a topological
space. Then the following hold:

(i) (Xt)is pre-regular Tq;o if and only if
PO(X,1) =g (X).
(i) Ewvery gpr-closed set is closed if and only
if T is discrete.
(iii) If every gpr-closed set is gp-closed, then
p? =pX).
Proof. Follows from Theorem’ 3.15
and Theorem 3.7.
Theorem 3.14: If PO(X,t) is a topology,

then GPRO(X,7)=Tpy =7, =74 = @ (X).

Proof: Follows from Proposition 3.28
of [7] and Theorem 3.7.

Proposition 3.15: (X,T:) is discrete.
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Proof: Follows from Theorem 3.14.

Corollary® 3.16: (Theorem 2.10).
(X7, ) isa Ty space.

Proof:Follows from Proposition 3.15.

Corollary® 3.17: (Corollary 2.11).

* * * * *
(ty) = (t¢)r = 7.

Proof: Follows from Proposition 3.15.

Theorem 3.18: In a topological space,
gpr-int(A)=A, for every AcX.

Proof. Let (X,t) be a topological space.
By Lemma 3.27 of [7], X \ gpr-int(A) = gpr-
cl(X\A). By Theorem 3.1, gpr-cl(A)=A that
implies X \ gpr-int(A)= gpr-cl(X\A)=X\A
which further implies gpr-int(A)=A.

From the fact that Cl:(A)ZA, Theorem
4.3 of [7] is obvious. The following is the
simplified version of Theorem 4.5 of [7].

Theorem 3.19: For any map f: (X,1)—

(Y,0), themapf: (X, TS )— (Y,o) is continuous.

Proof: Follows from the fact TS = p (X).

4. gpr-separation axioms :

Balasubramanian and Lakshmi Sarada®*
introduced a variety of separation axioms,
namely gpr-Ro, gpr-Ry, gpr-T1 and gpr-T,. They
are further investigated in this section.
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Definition* 4.1: A topological space
(X,t) is said to be gpr-T1 (resp. gpr-Ty)
[Definition 2.3] if for any two distinct points x
andy of X, there exist (resp. disjoint) gpr-open
sets U and V such that xeU and yeV.

Definition® 4.2: A topological space
(X,7) is said to be gpr-Rq space if every gpr-
open set contains the gpr-closure of each of
its points.

Definition* 4.3: A topological space
(X,7) is said to be gpr-R;.[Definition 2.3] if
and only if for any x, yeX with gpr-cl({x})
#gpr-cl({y}), there exist disjoint gpr-open sets
U and V such that gpr-cl({x})cU and gpr-

clfyheV.

Definition 4.4: Let (X,t) bea topological
space. A point x is said to be a gpr-limit (resp.
gpr-To limit) [Definition 3.01] point of Aif each
gpr-open set containing x contains some point
y of A such that x=y (resp. gpr-cl({x}) =#gpr-

cl{y}))-

Proposition 4.5: Let (X,t) be a
topological space. Then the following hold.

(1) (X;7) is gpr-Ry, (i) (X,7) is gpr-Ry, (iii) (X,1)
is gpr-T1 and (iv) (X,t) is gpr-T».

Proof: Follows from Theorem 3.1(ii),
Definition 4.1, Definition 4.2 and Definition
4.3.

Since gpr-cl({x}) ={x} and gpr-
cl({y})={y}, it follows that x is a gpr-To-limit
point of Aif and only if x is a gpr-limit point of
Awhere x,yeX and AcX. It has been observed
that gpr-Tg identification space introduced by
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to Balasubramanian et. al.?, is nothing but
discrete. More precisely, the equivalence
relation given in Definition 5.01 of Balasubra-
manian et. al. is nothing but equality relation
on a topological space (X,t). According to

Balasubramanian et. al.%, xRy if and only if
gpr-cl({x})=gpr-cl({y})) that is if and only if
x=y for every x,ye X. Consequently Xo,=X and
Q(Xo)= ¢ (X). This establishes that (X,
Q(Xo)) is discrete'®.

The following Definition is due to Balasubra-
manian et. al.®.

Definition 4.7: A function f : X—>Y
is said to be almost-gpr-irresolute® [Definition
7.2] if for each x in X and each gpr-
neighborhood V of f(x), gpr-cl(f (V) is a gpr-
neighborhood of x .

Remark 4.8: Since gpr-cl(f 1(V))=f 1
(V), the gpr-irresolute function of Gnanambal®
and almost gpr-irresolute function of Balas-
ubramanian et. al.* represent the same concept.

5. Conclusion

In this paper the following results are
established.

(i) Every singleton is rg-open and hence every
singleton is gpr-open.

(i) Every topological space is rg-Hausdorff.

(iii) Every topological space is gpr-R; for i=0,1.

(iv) Every topological space is gpr-T; for i=1,2.
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