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Abstract

A method of solving multi objective fuzzy fractional
programming problem (MOFFPP) is presented. All the coefficients of
the fractional multi objective functions and the constraints are taken to
be fuzzy numbers. Anumerical example is presented.
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1. Introduction

Decision making in case of problems
like financial and corporate planning, production
planning , marketing and media selection,
university planning and student admission,
health care and hospital planning, air force
maintenance units, bank branches, etc. frequently
we may face decision to optimize department/
equity ratio, profit / cost, inventory / sales,
actual cost / standard cost, out put / employee,
student / cost, nurse / patient ratio etc. with
respect to some constraints (Lai and Hwang
1996). This type of problem is referred to as
fractional programming problem. Most of the

real worlds problems of above category are
characterized by multiple, conflicting and
incommensurate aspects of evalution.These
problems are optimized in the framework of
multiple objective fractional programming
models. Further more while addressing some real
world problems, frequently the parameters are
imprecise numerical quantities. Fuzzy quantities
are very adequate for modeling this situation.
Under this situation the above category of
problems are termed as multi objective fuzzy
fractional programming problems (MOFFPP).

Bellmen and Zadeh! introduced the
concept of fuzzy quantities and also the concept
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of fuzzy decision making. A. Munoz, Zimmermann?
has introduced fuzzy programming approach
to solve crisp multi objective linear programming
problem. Mounz*, Roubens’ reduced fuzzy
multi objective linear programmings to crisp
problems using ranking function.

In literature, different types of solutions
of fractional programming problems have been
suggested by many authors such as (Lai and
Hwang 1996), (Charnes and Cooper 1962),
(Zionts 1968), (Chakrabarty and Gupta 2002),
Charnes and Cooper solved linear fractional
programming problem by resolving it in to two
linear programming problems. Later , Kanti
Swarup!! gave an algorithm for the solution of
LFPP without reducing it to LPP.

In this paper, we develop a method for
solving multi objective fuzzy fractional pro-
gramming problem where all the parameters
of the objective functions and the constraints
are fuzzy in nature. In this method, firstly the
MOFFPP is reduced to MOFLPP. Similarly the
MOFLPP is reduced to MOLPP using the ranking
function of Rouben’s’ then the MOLPP is
solved by using fuzzy programming approach
of Zimmermann®3. A numerical example is
given at the end to illustrate the method of
solution.

2. Linear fractional programming problem:

A linear fractional programming problem
is given by
T
Max/min X+ % L)
dTx+ B
Subject to constraints
AX<=>b,x>0
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Where x, cand d are n x 1 vectors
A'is m x n matrix

b is m x 1 vector

and o, S are scalars.

For maximization problem we have to

T

.. . C'x
maximize the fraction

. That means
dTx+ B

we have to maximize cTx + a and minimize

d"x + B.Thisimplies that we have to maximize
(cTx + a)-(d"x + B)whichis linear. To sum
up the maximization of fractional objective
function subject to given constraints of a FPP
ultimately reduced to the maximization of a
linear objective function subject to same
constraints . Similarly for minimization problem
the problem reduces to the problem of minimizing

(cTx+ a) -(dTx+ B)

Definition: X* is said to be an optimal
solution for (1) if 3 x* € X suchthat F (x*)
> F(x), for all x € X.

3. Ranking function for fuzzy numbers:
Definition: Let A be a fuzzy number

whose membership function can generally be
defined as

uk (%) a' < x < a?
1 a?<x<ad
Ha(X) =1 uf (x) a®<x<at
0 otherwise

Where pat (x) : [at,a?] — [0, 1] and
uaR(x) : [a3 a*] =[0,1] are strictly monotonic
and continuous mappings. Then it is considered
as left right fuzzy number. If the membership
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function pa (x) is piecewise linear, then it is
referred to as a trapezoidal fuzzy number and
is usually denoted by A= (al, a2, a3 a%).

If a2 = a° the trapezoidal fuzzy number
is turned into a triangular fuzzy number A=(al,
ad, a%)

A fuzzy number A= (a, b, ¢) is said
to be a triangular fuzzy number if its membership
function is given by

X —a < x<b
b —a a<x<
1 =b
A (x) = X—cC x
b<x<c
b—c
0 otherwise

Assume that R: (R) =R be linear
ordered function that maps each fuzzy number
in to the real number, in which F(R ) denotes
the whole fuzzy numbers. Accordingly for any

two fuzzy numbers @ and b we have

a 3biff R(Cda)= R(b)

dazb iff R(@) > R(b)

azb iffR(d)= R(b)
We restrict our attention to linear ranking
function, that is a ranking function R such that

R (kd+b)= kR (@) +R (b) foranyd and
b inF (R)and any k € R.

Roubens 's ranking function :

The ranking function proposed by F.
Roubens is defined by

R(@) = 3 f, (inf o +SUp y ) dec,
Which reduces to

R(@) =5 (a~+a’ +2 (B — a)), for atrapezoidal
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number
i=(a-a,a,a’,a’+p)

4. Solving fuzzy multi objective linear
fractional programming problem :

A fuzzy multi objective linear fractional
programming problem is defined as follows*®

Max/ min Z=(Zy,Z ...... Zy )
h ~———EiT i i=1.2 4.1
where Z; = = = i=12,.... .

Subjectto A;x <=2 b;, x>0
where & , d; are (n X 1) fuzzy vectors

A; are (m X n) matrices on the
fuzzy numbers

b;are (m X 1) fuzzy vectors

d@; and Bi are fuzzy numbers.

Step-1 :
The fuzzy multi objective linear fractional
programming problem (4.1) is first reduced to
multi objective fuzzy linear programming problem

Max/ min ¥ = (31,52 - - - .3p)
Subjectto A;x <=2 b; , x=0

where ¥i = (&7 + &) -d] + B;)
Itis reduced to the form¥i = Xiz1 & X +7;

Thus the problem (4.1) is reduced to
the multi objective linear programming problem
as follows

Max/min¥ =( X181, % +71, 216, x;

~ n ~ ~
F Fay oo e ey =160 X+ Tp)

subject to ¥yl xS b

j’ XkZO

4.2)
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In trapezoidal form
éij = (e

i1 2 i3 4
=(ajic, Ajie, Ajr Ajic)

i el eijp eiy)
]k
71’ (VL lleyl'YL)

E; — (bjll’b112, b]l3’ b]l4-)

Step 2 : Using linear Ranking function
R as suggested by Rouben’s, the problem (4.2)
reduces to

Crisp multiobjective linear programming
problem as follows®1°

Max/min R(Y)=R (¥1), R(Y2),......R (¥p)
where R (Vi) =X} R(&;Ix; + R(¥:)
subject to
YR(a k)xRSR(b) x, =0
This again can be written as
Max /min Y = (Y1, Y2, «eves oenne Yp)
where yi=X[_1 ejj X+
Subject to

Z ]kxk<b , Xk =20

where €, y; ,k,b Y, y;, are real numbers

(4.3)

corresponding to the fuzzy numbers §;

# .. bf, Y 3 with respect to ranking
function, function respectively.

Step 3 : The crisp multiobjective linear
programming problem (4. 3) is then solved by
using fuzzy programming technique of
Zimmermann. The optimal solution thus
obtained shall be optimal solution of problem
(4.2).

Lemma : The optimal solutions of
(4.2) and (4.3) are equivalent.
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Proof.
Let M1, M, be sets of all feasible
solutions of (4.2) and ( 4.3) respectively

Then xe My iff Sp(@)xx s (by), i=1,2,....m

By considering R as a linear ranking function,
we have

ZkR(@@ xS Rby)

= Zk a]l:k X < bj

Hence xeM,

Thus M; =M,

Let x* € X be the complete optimal solution
of (4.2)

Then ¥:(x™) = J; (x), forall xe X, Where
X is feasible set of solutions.

= R(F;(x*)) = R@; (X)) (applying ranking
function R)

= ). RGx+R() 2 ) R(@)+ R(7)

n
:Z eijXj + vj 2 Z eij% +Vj,
j=1 Jj=1

Vi=12,....q

=y(E) = y(x), vx

5. Numerical Example :

axl + gxz ixl + §x2
Max{zx1+ 7 ix1+ix2+7}( 1)
Subject to
Tx; +2x, <3

3x;+2x, < 6

X1,%Xp =0
Where

6 =(5.6,5.7,6.2)
5 =(4.7,4.9,5.5)

(5.2)
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= (6.7, 6.9, 7.5)
=(0.8, 0.9, 1.4)
=(1.8,1.9, 1.4)
=(2.7,2.8,3.1)
=(2.7,2.9,3.5)
=(1.7,1.8,2.1)

6 =(5.7,5.58, 6.1)

I WIWINI RN FRTLWENL NN

The MOFFPP (5.1) using step -3
reduces to MOFLPP

Max ¥; = 6xq + 5x,-2x; — 7

Max V2 =2x; + 3x, — 1x; —1x, — 7
Subject to
Ix, +2x, <3
3%, +2x, < 6

X1,Xp =0 (54)

Using ranking function we have

V1= 5.9x1+5.1x, — 2.1x; — 6.9
Y2 = 1.9%1 +2.9 X2 — 1.1%; -0.9%x, -7.1
Subject to
1.1x;+2.1x2<2.9
3.1X1+1.9%, <5.9, Xq, X2 €20 (57)
Solving (5.5) with (5.7) we get

(5.5)
(5.6)

344 125
X1 = m Xo = m
Solving (5.6) with (5.7) we get
29
X1 = 0 X = ﬁ
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The lower bound (L.B) and upper bound
(U.B) of objective functions z;' and z,' have
been computed as follows

Function U.B L.B
Y1 8.7995 7.0428
y2 2.7619 2.3765
Now the problem becomes
Min A =max - A
Subject to

3.8x1+ 5.1x2 + 1.7567\ > 8.7995
0.8x1 +2x, + 0.3854)> 2.7619, X1, X2 €20

Solving the above problem, the optimal solution
iS obtained as :

X1*=1.1266
X2*=0.9731

Using the above value we get
X1=(10.8825, 11.1898,12.3370)
X3=(8.5152, 8.9405, 10.0165)
J1=(4.4299,4.6398, 5.4951)
V2= (8.1697, 8.6924, 10.2603)

Let f1 X;
. W
f2 - Yz*

The membership functions is defined as follows

0 for x <10.8825 and x > 12.3370
x —10.8825

0.3073
12.3370 — x

1.1472

10.882 <111
g, (x) = for10.8825 <x < 898

for11.1898 < x < 12.3370

0 for x <8.5152 and x > 10.0165
x —8.5152

0.4253
10.0165 —x

1.076

g, (x) = for 8.5152 < x <8.9405
%, =

for 89405 <x <10.0165
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0 forx <4.4299 and x > 5.4951
x —4.4299

0.2099
54951 —x

0.8553

4.4299 < x < 4.6398
by, () = Jor *=

for 4.6398 < x <5.4951

0 forx <8.1698and x > 10.2603
x —8.1698

0.5226
10.2603 — x

1.5679

o, () = for8.1698 < x < 8.6924
v, =

for 8.6924 < x <10.2603

a — Ccuts :
a )?1:[0.3073a +10.8825,12.3370—1.14720]

a X, =[0.42530.+8.5152, 10.0165 - 1.0760(]
Y, =[0.20990:+4.4299, 5.4951-0.85530]
aV, = [0.52260:+8.1698, 10.2603-1.56790(]

0.3073a+10.8825
10.0165-1.076a ’

S /o 12.3370-1.1472
a(%,/%;) = | |

0.4253a+8.5152
for ae(0,1]
0.2099a + 4.4299  5.4951 — 0.8553«
10.2603 — 1.5679a ' 0.5226a + 8.1698
for ae(0,1]

a(?1/?2) =

Membership functions for optimal objective
fractions

10.0165x- 108825 for 1.0864 < x < 1.2516
0.3073+1.076x

12.3370-8.5152x
1.1472+0.4253x

0 if x < 1.0864 and x > 1.4438
wfi () ={

for 1.2516 < x < 1.4488

0 for x <£0.4318and x = 0.6726
10.2603x—4.4299

U ()= | St 2 for 0.4318 < x < 0.5338
54951°81698% o 0.5338 < x < 0.6726
0.8553+0.5226x

Where 7+ — %1 pe_ W

fl )?; l f2 ?2*
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Conclusion

The method adopted here for reducing
the multi objective fuzzy linear fractional
programming problem to that of multi objective
fuzzy linear programming problem and then
reducing it to crisp one using ranking function
is a new approach to tackle a MOFLFPP. This
approach can be extended to multi objective
fuzzy non linear fractional programming
problem.

References

1. R. E. Bellman, L. A. Zadeh, management
science, Vol. 17, PP.B 141-B164 (1970).

2. H.J. Zimmermann, International Journal
of general systems, Vol. 214, p.p 209-
215 (1976).

3. H.J. Zimmermann, Fuzzy sets and systems,
\ol. I, p.p 45-55 (1978).

4. L.Campos and A. Munoz, Fuzzy sets and
Systems 29, 145-153 (1989).

5. M. Delgado, M. Vila and W. Voxman,
Fuzzy sets and Systems 93, 125-135 (1998).

6. A.Ebrahimnijad and S.H. Nasseri, Fuzzy
information and engineering 3, 233-245
(2009).

7. P. Fortemps and F. Roubens, Fuzzy Sets
and Systems 82, 319-330 (1996).

8. H.R. Maleki, Far East J. Math. Sci. (fjms)
43,183-301 (2002).

9. H. Mishmast Nehi and M. Alaneghad,
Int. Math. Forum 3, 331-341 (2008).

10. H. Mishmast Nehi and Hamid Hajmohamadi
Annals of fuzzy Mathematics and
Informatics Vol. x, Nox pp 1—xx ISSN-
2093- 9310 (5 Jun 2011) www.afmi.or.kr.

11. Kanti Swrup Operations Research \ol.
12, page 1029-1036 (1965).



