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Abstract

Asimple graph G is called felicitous if there existsa 1 — 1 function

f:V(G)—>{0,1,2, ...

, g} such that the set of induced edge labels f*(uv)

= (f(u) + f(v)) (mod q) areall distinct. In this paper, Hyand Hy, ® Sy

graphs are shown to be felicitous.
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1. Introduction

The graphs we consider are simple.
For notation and terminology, we refer tol.
Lee, Schmeichel and Shee? introduced the concept
of a felicitous graph as a generalization of a
harmonious graph. Agraph G with g edges is
called harmonious if there is an injection f :
V(G) — Z,, the additive group of integers
modulo g such that when each edge xy of G is
assigned the label (f(x) + f(y)) (mod q), the
resulting edge labels are all distinct. Afelicitous
labeling of a graph G, with g edges is an
injection f: V(G) — {0,1,2, . . . ,q} so that the
induced edge labels f *(xy) = (f(x) + f(y)) (mod
qg) are distinct. Clearly, a harmonious graph is
felicitous. An example of a felicitous graph which
is not harmonious is the graph Km 5, where m,
n> 1. Throughout this paper, f denotes a 1-1
function from V(G) to a subset of the set of
non-negative integers and for any edge e = xy

e E(G), f*(e) = f(x) + f(y).
2. Definitions and Basic results :

Definition 2.1: Let H, — graph of a
path Py, is the graph obtained from two copies
of P, with vertices vy, v, . . ., Vyand ug, Uy, .

., Up by joining the vertices Vy+1/2 and Ups+1/2
by means of an edge if n is odd and the vertices
Vn2+1 and up if nis even.

Definition 2.2 : The m — corona of a
graph G, denoted by G ® Sy, is a graph obtained
from G by identifying the centre vertex of the
star Sy, at each vertex.

Remark®# 2.3 : Let G be a graph with
an odd number of edges and let f : V(G) —»
{0,1,2,...,q}beanodd edge labeling of G.
Then, fis a felicitous labeling for G.
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3. Main Results

Theorem 3.1 : H,—graph is a felicitous graph.

Proof : Let V(Hp) = {ui(j):l <i<n

and 1<j<2}and Er= {(u{ P ul))):1<i<

: @ 4@
n—1and 1<j<2}. E(H)) =E v UL” n+1
2 2

u® @

whennisoddand E(H,) = E; v

2 2
when n is even.

It is enough to show that H, —
odd edge labeling.
Definef: V(H,)—{0,1,2, ...

graph admits

,q=2n-1}by
For 1<j<2, f(u{?) =n(-1)+G-1),1<i<n.

The labels of the edges are as follows :

For1<j<2, f(ui(j)ui(j)l) = 2nG-1)
+(2i-1), 1<i<n-1
f(u|(1111 51221) = 2n -1 when n is odd
2 2
andf(u(l) 512)): 2n—1whennis even
i
2 2

Now, f(E(G) ={1, 3,5,...,2(n-1)-1, 2n-

1,2n+1, 2n + 3, ,2n+2(n-1) -1}

={1,3,5 ...,2n-3,2n-1,2n+1,2n+3,
,4n-3}={1,3,5, ...,29-1}.
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Clearly, the above edge values are
distinct and odd and hence G admits odd edge

labeling. Therefore by 2.3, H,—graph is a felicitous
graph.

For example, a felicitous labeling of
Hsand Hy are shown in Figure 3.1.
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Fig. 3.1

Theorem 3.2 : H, ® Sy is a felicitous
graph for any m.

Proof : Let V(Hn® Sm = {ul): 1

<isnand1<j<2yufy Di1<ks<m,1

<i<nand1<j<2} and = {(u{Mu{))) 1
<isn-1and1<j<2yu{u{Pv; )1
<i<n, 1<j<2and 1<k<m}.LetE(Hn
Sm) = Elu{(ugll %) )} when n is odd
2 2
and E(Hy © Sw) = E1 0 {(u uhy when
Ny n
2 2
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nis even.

It is enough to show thatH, ® Sy,
admits odd edge labeling.

Case (i) : When m=1

Let V(Hn ® Sp) = {u{D: 1<i<n
and1<j<2}u{y;(D:1<i<nand1<j<2}

and E;={(ut ull)):1<i<nand1<j<2}

o{u vy 1<i<nand1<j<2} E(H,

o 5)= Eru{u®Y. u® y3whennis odd

nit Unsa
2 2
and E(Hy © S1) = E1 0 {(u® u®)} when
L B
2" 2
n is even.
Definef: V(H,® S1)—>{0,1,2,...,q=4n-
1} by
ful ) = 46i-), 1<i< Nt
2
fuf) =4i-1, 1<i<Dd
2
n+1

f(uf? )=2n+4i-3, 1<i<

[

n—

f(u)) =2n+4i-2, 1<is<

N

IN

|
=]
+
[

(v )=4i-3 1

N

n-1
2

n+1

f(v) =4i-2, 1<is<

f(v) )=2n+4i-4, 1<i<

-

n-—
2

f(vi?) =2n+4i-1, 1<i<

The labels of the edges are as follows :

f(u(l) (1)) =4i -

Uiy 1<i<n-1

f (ui(z)ui(_f)l):4n+4i—1, 1<i<n-1

@ @
f( Uni1 n+1) 4n-1when n=1 (mod 2)
2 2

(1) u@
f( ” ” ) 4n—1when n= 0(mod 2)
2

f(ui(l)vi(l)):4i—3 1<i<n

f (ui(l)vi(l)): 4n+4i-3,1<i<n

Now, f(E(G)) ={3,7,...,4(n-1) -1} v
{4n+1)-1,4n+2)-1, ..., 4(n+n-1)
-1} u{dn-1} U {1,5,9, ,4n -3} U
{4n+1)-3,4n+2)-3, ..., 4(n+n)-3}

={1,357,...,4n-5}u{4n+3,4n+5,
L 8n-5Yu{4n-1}uU{1,5,9, ..., 4n-
3yu{4n+l, 4n+5, ...,8n-3}

={1,3,57,...,
1,4n+3,4n+5, ...,
5 ...,20-1}

4n-5,4n-3,4n-1,4n +
8n-5,8n-3}={1, 3,
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Fig. 3.2 (a) Hs ® K;
Case (ii) : When m = 2

Let V(Hi@S)={u ), v;(D), w; (D)

{(U(J) (J))

1<i<nandl1<j<2}andE;= uilq

1sisnand13j32}u{(ui“)vi(j)):lsi
snandlssz}u{(ui(j) wi(j)):lsisn

®m @

and 1<j<2. E(Hh®@ Sz) = Er U{(U g Yns1 )}
2 2
@
when nis odd and E(Hh ® Sp) =E;u{(Yp )
2+
u®@
U, ")} when n is even.
2
Definef: V(H,® S2)—{0,1,2,...,g=6n
-1} by
fu®) =3i- 1<i<n
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Flg 3.2 (b) He ® K1

f(u®) =3(n+i-1)+1, 1<i<n

f(v; M) =3i- 1<i<n
fv;?)=3(n+i-1), 1<i<n
flw; D) =3i- 1<i<n

f(w;?)=3(n+i-1)+21<i<n

The labels of the edges are as follows :

fu®u®) =6i-1,

i 1<i<n-1

f(uPu@) = 6(n+i)-1, 1<i<n-1

|+1

f(uv®) =6i-5  1<i<n
f(uPv@)=6(m+i)-5 1<i<n
fu®@w®) =6i-3,  1<i<n

f(uPw?) =6(n+i)-3, 1<i<n
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2
I(,llllu %21 )=6n-1 when n= 1(mod2)

2 2

f(u

f(u® uP)=6n-1 when n= 0 (mod 2)
7+1 _
2 2

Now, f(E(G)) = {5, 11,...,6(n-1)-1} U
{6(n+1)-1,6(n+2)-1, ...,6(n+n-1)-1}
u{l,7,...,6n=-5}u{6(n+1)-5,6(n+2)
-5 ...,6(2n)-5}uU{3,9,...,6n-3}uU
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Flg 3.3 (a) Hs® S)

Case (iii) : When m >3 and n = 1(mod 2)

Let V(Hh © Sm) = {uP:1<i<n
and1<j<2}u{y; W:1<k<m 1<i<n

and1<j<2}and E(Hh ® Sp) :{(Ui(j)“i(i)l):

1<isn-1and 1<j< 2o (u{V v; D ): 1<isn,
1 2
© @

n+l L*l

2 2

1<j<2 andl<k<m}u{Uu
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{6(n+1)-3,6(n+2)-3,...,
v {6n-1}

6(2n) - 3}

={5,11,...,6n-7}u{6n+56n+11, ...,
2n-7}0{1,7, ...,6n=5}yu{6n+1, 6n
+7, ...,12n-5}{3,9,...,6n-9,6n-3}
u{bn+3,6n+9, ...,12n-3}u{6n-1}.

={1,3,57,...,6n-7,6n-5,6n-3,6n-1,
6n+1,6n+3,6n+56n+7,6n+9,6n+11,
..., 12n-7,12n-5,12n-3} = {1, 3,5, ...,
2q-1}.

Flg 3.3 (b) Hi® S»

Definef: VH,® Sy) > {0,1,2,...,0=
2n(m+ 1) -1} by

f(uf) D=2m+1) (i-1)+1, 1< i< 2

f(ugi)) = (M+1) (2i - 1)+(m-1), 1< i 21

f(ugiZ)—l) =(m+1) (n+2i-2)+(m-1), 1 < is”T*l

f(U§i2) ) =(m+1) (n+2i-1)+1, 1<i< ”T—l
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For 1<i<"*1, f(u(%)i _p)=2m+ 1) (i-1)
+2(k—1) 1<k<m
Fori<i<h f(u(%)l) J=2(m + 1) (i = 1)
+(2k+1) 1<k<m

For 1<i< 1L fu (2, gy )=(m+ 1)+ 2i
—3)+(2k+1) 1<k<m
Fori<i< f(ugl’) ) =(m+1) (n+ 2i— 1)

+2(k—1), 1<k<m

The labels of the edges are as follows :

f(ui(l)ui(}t)l) =2(m+1)(i-1)+(2m+ 1),
1<i<n-1
fi( Ui(z)ui(i?l_): 2(m+ 1)(n+i-1)+(2m + 1),

1<i<n-1
Forl1<i<n,

f(ui(l)ui(kl) )=2(m+ 1) (i— 1) + (2k - 1),
1<k<m

f(u|(2)u|(k2)): (m + 1)(n +2|+1) + (Zk— 1)’

1<k<m
fu® u® y=onm+1) -
2 2

Now, f(E(G)) ={2m + 1, 2(m + 1) + 2m + 1,
4m+21)+2m+1, ... ,2(m+1)(n-2) +2m
+1}u{2n(m+1) +2m+1,2(n + 1)(m + 1)
+2m+1, ..., 2(m+1)(2n-2)+2m+ 1} U
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{1,3,5, ...,2m-1,2(m+1)+1,2(m+1) +
3,...,2m+)+2m-1,...,2(m+ 1)(n—
D+1,2m+1)(n-1)+3,...,2(m+1)(n-

D+2m-1}uf{2n(m+1)+1,2n(m+ 1) + 3,
,2m+ D(n+ 1) +2m -1, , 2(m+

DE@n-1)+1,2(m+1)(2n-1)+3,...,2(m

+1)(@2n-1)+2m-1} u {2n(m + 1) — 1}.

={2m+1,4m+3,6m+5, ...,2mn+2n-3}
u{2mn+2n+2m+1,2mn+2n+4m+3, ...,

dmn+4n-2m-3}u {1, 3,5, ...,2m-1,
2m+3,2m+5, ...,4m+1, ...,2mn-2m
+2n-1,2mn-2m+2n+1, ., 2mn+2n

-3fuf2mn+2n+1,2mn+2n+3, ...,
2mn + 2m+ 2n -1, 2mn + 2m + 2n + 3,
2mn+2m+2n+5, ...,2mn+2n+4m-1,
dmn-2m+4n-1,4mn-2m+4n+1, ...,
4mn + 4n - 3} U {2mn + 2n - 1}.

={1,3,5,...,2m-1,2m+1,2m+3,2m+
5...,4m+1,4m+3, ...,6m+5, ..., 2mn
-2m+2n-1,2mn-2m+2n+1,...,2mn

+2n-3,2mn+2n-1,2mn+2n+1, 2mn +

2n+3,...,2mn+2m+2n-1, 2mn+ 2n +
2m+1, ..., 2mn+2m+2n+3,2mn+2m+
2n+5, ...,.2mn+4m+2n+1,2mn+4m+
2n+3,...,4mn-2m+ 4n-3, 4mn-2m+

4n—-1,4mn-2m+4m+1, ..., 4mn+4n-3}.
={1,3,5,...,2m-1,2m+1, 2m+3, 2m+ 5,
,d4m+ 1, 4m + 3, ,bm+5, ...,
2nim+1)-2m-1,2n(m+1)-2m+1, ...,
2n(m+1)-3,2n(m+1) -1, 2n(m+ 1) + 1,
2nim+1)+3,...,2n(m+ 1) +2m-1, 2n(m
+1)+2m+1,2n(m+ 1)+ 2m+ 3, 2n(m + 1)
+2m+5,..., 2n(m+1) +4m+1,2n(m + 1)
+4m+3,...,4n(m+ 1) -2m-3,4n(m + 1)
-2m-1,4n(m+1)-2m+1, ..., 4n(m+ 1)
-3}={1,3,5, ...,29-1}.
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Fig. 3.4 Hs ® Sy

Case (iv) :Whenm=>3 andnz 0 (mod 2)

Let V(Hh @ Sm = {u{?:1<i<n
and1<j<2}u{y; D:1<ksm 1<i<n
and 1<j<2} andE(Hn® Sw) = {(u{PuD).

|+1

1sisn—1amj1sj32}u{uénvu(”y

1<|<n 1<J<2 and 1<k_m}u {(u(l) (2) )}
—+1 —
2 2
Definef: V(H,® Sm) - {0,1,2,...,q0=

2n(m+ 1) -1} by

f(ul) )=2m+1)(-1)+1,1<i <”T+1

f(u(l)) (m+1) (2i-1)+(m-1), 1<,<n?1
f(uéiz)_l):(m+1) (n+ 2i-2)+1, 1<I<nT+1

(uf) = (m+1) (0+2i - 1) + (1),

H

1<i<=

N ‘
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For 1<i< N+1 f(u(%)i_l)k):z(mﬂ) (i-1)
Fak ), 1<k<m
Forlslsn?_l f(u (2.)) =2(m+1) (i- 1)
+(2K+1), 1<k<m
For 1<i< ”;“ f(u((;) 1)k):(m+1)(n+2i
~2) +2(k - 1), 1<k<m
Forl<is< ”2‘1,f(u((§i))k):(m+1)(n+2i—2)
+(2k +1), 1<k<m

The labels of the edges are as follows :

f(uPu®)) = 2(m + )i - 1) + (2m + 1),

1<i<n-1
f(u@u?)) =2(m+ 1)(n + i-1)+(2m+ 1),

1<i<n-1
Forl1<i<n,

f(ui(l)ui(j) J=2(m + 1) (i — 1) + (2k - 1),

1<k<m
f(ui(z)ui(kz) J=(m+ D)(n+i+1) +(2k=1),

1<k<m
fu® u@y= anm+1)-

n+1

2 2
Now, f(E(G)) ={2m + 1, 2(m + 1) + 2m + 1,
4m+21)+2m+1, ... ,2(m+1)(n-2) +2m
+1}u{2n(m+1) +2m+1,2(n + 1)(m + 1)
+2m+1, ..., 2(m+1)(2n-2)+2m+ 1} U
{1,3,5 ..., 2m-1,2(m+1)+1,2(m+1)
+3,...,2m+1)+2m-1,...,2(m+1)
(n-1+1,2m+)(n-1)+3,...,2(m+1)
(n-1)+2m-1}u{2n(m+ 1) +1, 2n(m + 1)
+3,...,2(m+1)(n+1)+2m-1, ..., 2(m
+1)@2n-1)+1,2(m+1)(2n-1)+3,...,

n+1
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2(m+1)(2n-D+2m-1}ru{2n(m+ 1) - 1}.

={2m+1,4m+3,6m+5, ...,2mn+2n-3}
u{2mn+2n+2m+1,2mn+2n+4m+3, ...,
dmn+4n-2m-3}u {1, 3,5, ...,2m-1,

2m+3,2m+5, ..., 4m+1, ...,2mn-2m
+2n-1,2mn-2m+2n+1,...,2mn+2n-
fuf{2mn+2n+1,2mn+2n+3, ..., 2mn
+2m+2n-1,2mn+2m+2n+3, 2mn+2m
+2n+5, ...,2mn+2n+4m-1, 4mn-2m
+4n-1,4mn-2m+4n+1, ...,4mn +4n

-3yu{2mn+2n-1}.

={1,3,5,...,2m-1,2m+1,2m+3,2m+
5...,4m+1,4m+3, ...,6m+5, ...,
2mn-2m+2n-1,2mn-2m+2n+1, ...,
2mn+2n-3,2mn+2n-1, 2mn + 2n + 1,

2mn+2n+3,...,2mn+2m+2n-1, 2mn +
2n+2m+1, ...,2mn+2m+2n+ 3, 2mn +
2Zm+2n+5, ...,2mn+4m+2n+1,2mn+
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dm+2n+3,...,4mn-2m+4n -3, 4mn -
2m+4n-1,4mn-2m+4m+1, ...,4mn+
4n - 3}.

={1,35...,2m-1,2m+1,2m+3,2m+
5...,4m+1,4m+3, ..., 6m+5,...,2n(m
+1)-2m-1,2n(m+1)-2m+1, ...,2n(m
+1)-3,2n(m+1)-1,2n(m+1)+1,2n(m+
D+3,...,2n(m+1)+2m-1,2n(m+ 1) +
2m+1,2n(m+1)+2m+3,2n(m+1)+2m+
5...,2n(m+1)+4m+1,2n(m+ 1)+ 4m+
3,...,4n(m+1)-2m-3,4n(m + 1) — 2m—
1,4n(m+1)-2m+1, ...,4n(m+1)-3}=
{1,3,5, ..., 2q-1}.

In all the above cases, the edge values
are distinct and odd and hence G admits odd
edge labeling. Therefore by 2.3, H, ® Spis a
felicitous graph for any m.
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