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Abstract

The lict graph n(G) ofagraph G isthe graph whose vertex

set is the union of the set of edges and the set of cut vertices of G in
which two vertices are adjacent if and only if the corresponding edges
of G areadjacent or the corresponding members of G are incident.

A Roman dominating function on a lict graph n(G) = (V ',E)

is a function f:V'— {0,1, 2} satisfying the condition that every
vertex u' for which f (u")=0 is adjacent to at least one vertex v' for which
f (v)=2. The weight of a Roman dominating function is the value

f(v)= z f(U"). The minimum weight of a Roman dominating
u'ev'

function on alict graph n(G) is called the Roman lict domination number

of G and is denoted by ¥z, (G)

In this paper we study the graph theoretic properties of ¥, (G )

and its exact values for some standard graphs and expressed in terms of
members of G but not the members of n(G). Also we establish the some
relations with other domination parameters.
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Introduction

In this paper, we follow the notation

and terminologies of Harary?. A vertex of
degree one is called an end vertex and its
neighbor is called a support vertex. A vertex
is called a cut vertex if removing it from G
increases the number of components of G. A
set ScV is a dominating set if each vertex in
V is dominated by at least one vertex of S.
The domination number y (G) is the minimum
cardinality of a dominating set.

In general we use (X) to denote the

sub graph induced by the set of vertices of X .
N(v) And N[v] denotes the open and closed
neighborhoods of a vertex v. The notation

,(G)(a,(G)) is the minimum number of
vertices (edges) in a vertex (edge) cover of

G. Also B3,(G)(B,(G)) is the maximal
independent set of vertex (edge) of G.

A Spider is a tree with the property
that the removal of all end paths of length two
of T results in an isolated vertex, called the
head of a Spider. Similarly an Octopus is a
tree with the property that the removal of all
end paths of length three of T results in an
isolated vertex, called the head of an Octopus.
Obviously the tentacle of an Octopus is an end
path of length three and the tentacle of a Spider

is an end path of length two>.

A caterpillar is a tree in which removal
of all end vertices of T results in a path.

The lict graph n(G) of a graph G is
the graph whose vertex set is the union of the
set of edges and the set of cut vertices of G in
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which two vertices are adjacent if and only if
the corresponding edges of G are adjacent or
the corresponding members of G are incident®.

The definition of a Roman dominating
function is given implicitly in *“and®. For a graph
G=(V,E), let f : V—{0,1,2}, and let (Fo,F1,F>)
be the ordered partition of V induced by f,
where V, ={veV \ f (v)=i} and V| =n,
for i=0,1,2. Note that there exist 1-1 correspon-
dence between the functions f : V'—>{0,1,2}
and the ordered partitions (Fo,F1,F). Thus, we
will write f=(Fy,F1,F2). A Roman dominating
function (RDF) on a graph G=(V,E) isa function
f : V—{0,1,2} satisfying the condition that
every vertex u for which f (u)=0 is adjacent to
at least one vertex v for which f (v)=2. The weight

of a RDF is the value f(V)=)_ f(u). The

uev

minimum weight of RDF on a graph G is called
the Roman domination number and is denoted

by }/R(G).

We now define the Roman lict domination
number of a graph G as follows’.

For a lict graph n(G)=(V',E"), letf: V'
—{0,1,2},and let (F'o, F'1, F'2) be the ordered

partition of V' induced by f, where V ', = {v' €

VAf(v')=i} and |V'|=n" for i=0,1,2,
Note that there exist 1-1 correspondence
between the functions f : V' —» {0,1,2} and
the ordered partitions (F'o, F'1, F'2). Thus,
we will write f = (F'o, F'1, F'2). A Roman
dominating function (RDF) on a lict graph
n(G)=(V',E’) is a function f : V'>{0,1,2}
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satisfying the condition that every vertex u'
for which f (u")=0 is adjacent to at least one
vertex v' for which f (v)=2. The weight of a
Roman domination function is the value

fv)=> f(u’). The minimum weight of
u'ev'

a Roman dominating function on a lict graph

n(G) is called the Roman lict domination number

of G and is denoted by 74, (G).

Results

We need the following results for our
further results.
Theorem A [3]: For any (p,q) graph G,

p
L+A(G)F”G)'
Theorem B [5]: For any (p,q) graph G, p-q <

7(G).
Theorem C [5]: If G is a connected graph,

then {ww <7(G).

Theorem D [5]: For any graph G with end
verteX, 7 (G)=x(G).
Theorem E [7]: For any connected (p,q) graph

G?)< _ P

e 7(%) L(e%J'

Theorem F [7]: For any graph G, y (G%)+y(G)
< n(G)+1.

In the following theorem, we establish
the exact values of yxn(G) for some standard
graphs.

Theorem [1]:
(1) For any path Py, with p> 3 vertices, yrn(Pp)
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=p-1,ifp=35
=p-2, if p=4 and p>6.
(2) For any cycle Cp, with p >3 vertices,

Yen(C,) :2_;’, if p=0(mod3).

- 5| o
=3 , otherwise.

(3) For any wheel W, with p > 4 vertices,

roa(W,)=| 22|

(4) For any complete graph Ky, yrn(Kp)=p-1.
(5) For any star Ky n, yrn(K1n)=2.

The Roman domination number of a
Spider H as yrn(H) has both the lower bound
and upper bound with respect to the yr(H).

Now in the following theorem we put the bound
on tentacles of a Spider and to obtain the lower

bound for yrn(H).

Theorem [2]: If G=H is any Spider
with at least two healthy tentacles then
wn(H)>y r(H). Equality holds if H is a Spider
with exactly two healthy tentacles.

Proof: Let G=H is a Spider with at least
two healthy tentacles. Assume H is a healthy
or wounded Spider. Then f = (Fo, F Fz) be
a Roman dominating function with Roman
dominating set D in H. Let f = ( FoF. FZ')
be the corresponding Roman dominating

function with Roman dominating set D in n(H).
Suppose v be the head of the Spider and

A={vy, vo,........ Vn} be the set of end vertices of
healthy tentacles in H. Then {v}eF,, {A}eF;
and N(v)eFy. Hence D=FyUF1UF;. In, n(H),
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suppose E={ey, €y,........ .en} be the set of non
end edges in H then {E} =V [n(H)] such
that Ve, wherel <i <n isacut vertex of n(H)
with maximum degree and {E}eF', and
V[n(H)]-{E}eF'.Clearly D'=F',UF",,
which gives the required result.

Again we have the upper bound for
yrn(H). To establish the upper bound for yrn(H).

we apply the bound on the tentacles of a Spider
and obtain the result in the following theorem.

Theorem [3]: If H is a Spider with
n-tentacles such that n-1 tentacles are wounded

then 7, (H) <7z (H).

Proof: Let f=(Fy,F1,F;) be a Roman
dominating functioninHand f= (F'p, F'1, F'")
be a corresponding Roman dominating function
in n(H). Suppose statement of the theorem
holds, then {v} e F, where v is the head of
the Spider, N (v)e F, and {v,} € F, where
vy is the end vertex of the healthy tentacle such
that ¥, (H )= F, U F, UF, =3 isaconstant
positive integer for any value of n. Since there
exist exactly one non end edge {e1} in n(H).
Clearly {e,}eF ', and V [n(H)]-{e} e F,
Hencey,, (H)=F',UF", = 2. Which gives
7Rn(H)<7R(H)-

In view of Theorem? and Theorem?,
we have the following result.

Corollary: If H is a Spider with all
wounded tentacles, then y, (H)=7,(H).

In the following theorem we develop
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the result on a graph G=T which is an octopus.

Theorem [4]: For any octopus T with

n-tentacles, ¥ (T)=yg, (T). If Tis

(1) a healthy octopus.

Or

(2) a wounded octopus with exactly one
wounded tentacle of length two and does not
contains a wounded tentacle of length one.
Or

(3) a wounded octopus with exactly two
wounded tentacles of length two and at most
n wounded tentacles of length one.

Or

(4) a wounded octopus with only wounded
tentacles of length one.

Proof:

Let f=(Fo,F1,F2) be a Roman dominating
function with Roman dominating set as D in
an octopus T and f = (F'y, F'1, F";) be a
corresponding Roman dominating function with
Roman dominating set as D' in n(T). Let v be
a head of the octopus.

For (1): Suppose statement of the

theoremholds then {v} € F,, N (A) e F, where
A is the set of all end vertices in T and

{AUN(V)}e F,suchthat D=F, UF UF,.

In n(T), the set of all non end edges
{B;;1<i < n} incident with N(A) in T belongs
to F',,veF", and {V[n(T)]-(vu{B}}
eF%.Clearly D'=F',UF | UF",. Hence,
D=D" which gives yg (T )=z, (T).



Roman lict domination in graphs.

For the conditions 2 and 4, we use the
contradiction.

For (2): Suppose 7 (T) =74 (T)
and T has exactly one wounded tentacle of
length two and at least one wounded tentacle

of lengthone. TheninT, viU N (S) € F,, Where
S is the set of all end vertices of the healthy
tentacle, N(v)US € F, and u e F,, Where
is the end vertex of the wounded tentacle of
length two. Hence D=F, U F, UF,. Inn(T)
the set of all non end edges {E,;1<i<n}
incident with {N(S) U N (u)} belongs to F*

and {V [n(T )]}—{Ei}}e F',. Hence D'=
F',UF",, which gives 7 (T)> 7 (T), a
contradiction®?®.

For (3): Suppose U and W be the set
of end vertices of tentacles of length three and

two respectively in T. Then {N(U) uv}e F,,
{W}eF, and {UUN(v)}eF,. Hence
D=F Uk UF,.Inn(T), the set of non end
edges {E, ;1< i <n} incidentwith {N(U) U
'N (W )} belongs to F', and {V [n(T)]}—
{E.}}eF ' . Hence D'=F',UF",, which
gives 7 (T)=7ra (T).

For (4): Let H, ={t,t,,
where 1<i<nbe the set of tentacles of

length one. sz{ti,tz, ........ ,tj} Where
1< j <n be the set of tentacles of length two
and H,={t,t,,...... b} where 1<k <n

be the set of healthy tentacles such that
H,UH,UH,=E(T).
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We consider the following cases.

Case (1): Suppose H, =¢ and H, # ¢
such that there exist at least one element
t, € H, andif i=1, then the condition (2) holds.

Case (2): Suppose H, =¢ or H, #¢
and H, # ¢ such that there exist at least one

element tj e H, and J = 1,2 then the result
gives the condition (3).

Case (3): Suppose H, =¢ or H, #¢
and H, # ¢ such that there exist at least one
element t, € H, such that k = 3,4,.... . Then
{VvUN(U)}eF,{W}eF, and {N(v)uU}eF,
where U and W be the set of and vertices of
tentacles of length three and two respectively

suchthatD=F, UF UF,.

In n(T), the set of non end edges
{E;;1< f <n} incident with {N (U)UNW)|

e F, which belongs to F*, and {V [ n(T) |-
{EJ}eF';suchthat D'= F ;U F ', which
gives 7 (T) < 7g (T) a contradiction.

For converse we give the proof for
condition (2) and the condition (4).

For the condition (2),

Assume S; be the set of all end vertices
of the tentacles then N(S,) € F, and {V [T ]
- N(S))}e F,suchthatD = F, UF,. Inn(T),
the set of non end edges (E;) where 1< j<n,
incident with N(S;) belongs to F'; and
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{V[n(T)]—{Ej}}EF'O such that D'=
F',UF",, which gives y (T) =7 (T).

For the condition (4): Let S, be the
set of all end vertices of healthy tentacles then
{VUN(S,)}eF, and {N(V)U{S,}}eF,
such that D=F, UF,. In n(T), suppose
{H,;1<i<n} be the set of non end edges

incident with N(S2) then {vuUH,}e F', and
{v [n(T)] —{vu{H}}}eF"', such that

D'=F',UF",, which gives 7 (T)=7u(T).

Theorem [5]: For any octopus T with
n-tentacles y, (T ) > 7g, (T ). If T is a wounded

octopus with exactly one wounded tentacle of
length two and at least one wounded tentacle

of length one®.

Proof: Let f :V —{0,1,2}; be a RDF
withD = (F, UF,)asaRDSof Tandf:V'—>
{0,1,2}; be RDF with D'=(F ", UF"',) asa
RDS of n(T). Also both D and D' the set Fy
and F'o respectively in T and n(T).

Suppose v be a vertex with maximum
degree in T, then v € F,. If and v; where 1 <
i <n be the set of end vertices of the tentacles
of length two three respectively. Then u € Fy,

N(v)eF, and {N(v)uv}eF,. Since

there is exactly one wounded tentacle of length
two and at least one wounded tentacles of

length one, there exist e;=u; and ej=u; be the
set of non end edges incident with N(u) and

N(v;) respectively such that {u1 U uj} eF',;
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1<i<n.Hence 75 (T)> 7 (T).

Theorem [6]: For any octopus T with
n-tentacles 7, (T ) > 75 (T ). If Tisawounded
octopus with at least three wounded tentacles
of length two™®.

Proof: Suppose T be a wounded octopus

with ¥q, (T)>7:(T) and has one or two
wounded tentacles of length two. Then by the
Theorem (4), we obtain the equality result,
which is a contradiction to our supposition.
Now assume that T is a wounded octopus with
at least three wounded tentacles of length two.

Let vj and uj where 3<j<n and 1< j<n
be the set of end vertices of tentacles of length

two and three respectively. Then v, e F ,
VUN (u; )} F,and{N(v)uu;} € F, where
veA(G).Clearly 75 (T)=|F, UR, UF,|.

Now {& =w, e, =w,}e F", be the
set of non end edges incident with N(v;) and
N(u;) respectively such that {¢, ve;}eV[n(T)]
and  V[n(T)]-{e we}eF',. Hence

Van (T) =|F0UF ).

If the number of wounded tentacles

of length two increases in T then y, (T ) isan
increase by 1 for each tentacle where as the

Y rn (T) increases by 2 for corresponding
wounded tentacles of length two in n(T).

Theorem [7]: For any (p,q) graph G

p
- - G) > ——
with p > 3 vertices }/Rn( ) { (G)—‘
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Equality holds if G = Kln, a and Cs.

Proof: Let f: V'—>{0,1,2} be a RDF
with a RDS D' in n(G) such that
D'=(F',wF"UF",) and V[n(G)] =|E uC|

where E and C are the set of edges and cut
vertices of G.

Suppose C; ={V;,V,,.......V, } bethe

set of all non end vertices in G then there exist
at least one vertex of maximum degree A(G)

in Cy such that |D|.A(G) = P.. It follows that

P
Vrn (G) 2 @ .

For the equality we consider the following
cases.
Case (1): Suppose G is isomorphic to

a star, then n(G) ~ Kp. Clearly ¥4,(G) =2.
Since for any star Ky, pzA(G) +1 and

P

A(G)

=2. Hence it follows that

_|_P_
j/Rn(G)_ A(G) .

Case (2): Suppose G =P40r C3. Then
from Theorem (1), ¥,(G) =2 and we have

p
{ﬁw =2 Hence Ym(G)= m .

Theorem [8]: For any graph G with
p=3 vertices ¥'(G)+1<y,, (G) where
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¥ (G) is the edge domination number of G.

Proof: For a graph G = (V, E). Let
E'={e,€,,......e, } be an edge dominating

setof Gand C ={C;,Cyy.vnnn. ,C, | be the set
of all cut vertices in G. Let f:V'—>{0,1,2} be

a RDF in n(G) and E(G)uC(G)=V[n(G)]
Clearly |[E'0C|<V [n(G)]. Also E" belongs

to F', or F'1 in n(G) such that |F ;U F | is
a roman lict domination number of G. Hence

y'(G)+1<7,,(G).

Theorem [9]: For any (p,q) graph G,
an(G) 2OlO(G)

Proof: Let S ={V,,V,,........ vV, } where
1<i<n be the vertex cover of G such that
S| =, (G). Now let D' = {V;,V, ..., V, }

be the minimal roman dominating set of n(G).
Since E(G)UC(G)=V [n(G)]. Itfollows

that D'S. Clearly |D'|>a, (G). Hence
an(G)ZaO(G)

Theorem [10]: If T is a tree with
every non end vertex is adjacent to at least

one end vertex, then g, (T) <P—C+L.

Proof: Let S ={V,,V,,....... V,} be
the set of all cut vertices in T such that |S| = C.
Now without loss of generality, let f V-
{0,1,2};i=0,12and (F',,F',F",) be
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the ordered partitions of V' induced by f with
V, | = n; for i=0,1,2. Since the set F', dominates
F'o, the set D'=(F',UF",) is a roman
dominating set of n(T). Further each block in
n(T) is a complete block and the number of

cut vertices in T is equal to the number of
blocks in n(T). Clearly it follows that

|D]<P—|S|+1. Therefore y,(T)<P-C+1.

Theorem [11]: For any connected
(p,q) graph G with G=R,, an(G)Sq_

A'(G)+l where A'(G) is the maximum
edge degree in G.

Proof: LetD'=(F',UF"',) bea RDS
with minimum number of vertices in n(G)
having one vertex in D' and other in

F', =V '-D" Suppose ‘e’ be an edge of maxi-
mum degree A'(G) inG. Thene=v'e D'

inn(G). Further if for every vertex u'e N (V')
is adjacent to a vertex w' which is not adjacent

to v' in n(G). Then it follows that V[n(G)] -
{N (v")U(w'}} is a roman dominating set of
n(G). Hence 7, (G) <q—A'(G)+1. Suppose,
G=Ps, let {e1, e, €3, e4} be the set of edges
and {c1, ¢y, c3}be the set of cut vertices of Ps.

Then {(e,.€,.8;,€,) U (C,,C,,C5)}eV [n(G)].
Now g, (R)=4. But q—A'(G)+1=3

which gives the contradiction result to the
statement. Hence G = Ps. This completes the
proof.

Theorem [12]: For any graph G with
023, 7,(G) <74 (G).
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Proof: Suppose D is a dominating set
of G, then DUH is a total dominating set of G,

where HeN(D) and HcV -D. Let
f:V'—{0,1,2} beaRDF with RDS D' in
n(G). Let F ={e,,e,,e;,.......,&,} be the set
of edge in G, which is an dominating set of G
and S ={c,C,,.......,C .} be the set of cut
vertices of G such that S D UH . Since
SUFcV [n(G)] . The edges incident with
{D u H} together with F forms RDS D' in
n(G). Further the edges {ei} where 1<j<n
which are incident with S belongs to F', and
the non end edges which are not adjacent to
{e;} belongs to F'; and remaining vertices of
n(G) are dominated by F'; such that

D'=(F,UF",). Clearly [DUH|<|D].
Hence 7,(G)<7x,(G).

Theorem [13]: For any (p,q) graph G,
¥(G) <¥ay(G). Equality holds if and only if
Gis K.

Proof: Let f =(F',,F',F',) be a
Lict roman dominating function. Since F',
dominates F'o, (F ', F",) is a roman domi-
nating set of n(G). Hence y(G)=(F'UF",)

=[FiJolF

<|F'|+2|F

= Vrn (G)

For equality, suppose G # K,. Then consider
the following cases.
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Case (1): Assume G is Kj,. Then

from Theorem [1], ¥, (G)=2 Buty(G)=1,
a contradiction.

Case (2): Assume G is K3. Then again

from Theorem[1], 7g,(G)=2. and y(G) =1,
which gives a contradiction.

For the converse, suppose G=K, then one can
easily verify that 7(G) =y, (G).
Theorem [14]: For any graph G,

y(G2)+y(G)—1S Ven(G).

Proof: The proof of this Theorem
follows from The Theorem [12] and Theorem

[FI; 7(G?)+7(G)< 7 (G)+1.

Theorem [15]: For any (p,q) graph
G, P-4 <7 (G).

Proof: The proof of the theorem
follows from Theorem [13] and Theorem [B];

p-q<y(G).

Theorem [16]: If G is a connected
diam(G) +1—‘ -
3

= Ve (G)

graph, then {

Proof: It follows from Theorem [13]
diam(G) +1

3 ]S?(G).

Theorem [17]: For any (p,q) graph

and Theorem[C]; {
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o s (@)

Proof: It follows from the Theorem
[13] and Theorem [A]; R 7(G)
" A(G)+1 :

Theorem [18]: For any graph G,
7:(G)<7m(G).
Proof: From Theorem [13], we have

A (S N () p— (1)

Also from Theorem [D], 7(G)=7,(G) (2)
From equation (1) and (2), we get

7:(G)<7m(G).
Theorem [19]: For any connected (p,q)
graph G, y(GZ) <Vr (G).

Proof: Since from Theorem [17], we

Also from Theorem [E], we have

y(Gz)S{ﬁw ............. @)

So from equation (1) and (2). We obtain
7(G*)<7m(G).

Theorem [20]: For any non trivial tree
T ¥r(T)<B(T)+7(T)-1.
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Proof: f:V —{0,1,2} bea RDF with
RDS D' in n(T). Let E=(e,,e,,........ €,)
and C =(C;,Cpyunnnnn ,C,) be the set of edges
and cut vertices of T respectively then
Elulc|=v[n(e)].

Let D be a minimal dominating set of
T and B be a maximum independent set of T.
Since B is a dominating set of T such that

|D|<|B|and|D| <y, (T ). Clearly yg, (T) <
IDUB-1. Hence g, (T)< By (T)+y(T)-1.

Lemma: If T is any caterpillar with at
least three n codes such that (cy, c3, ...., Ch-1)

codes are zero, then yg, (T)27,(T).

Proof: Let f:V —{0,1,2} and
f :V'—>{0,1, 2} be a roman dominating
functions with roman dominating sets D and
D' respectively. Suppose T is a caterpillar with
{C} codes where n>3 and (cy, Cs, ...., Cp-1)=0.

Then we have following cases.
Case (1): If the codes C,=3k; k=1,2,...., then
{Cn,Cn.l}EFz
where i=3h-1;h=1.2,.....

Case (2): If Ch=3k+1; k=1,2,...., then {C,,,Cp.1}
e Fowherej=3h;h=12,...

Case (3): If Cy=3k-1; k=2,3,...., then {C.o}
€ F1 and {Cn,Cn.l} € Fz

where 1=3k'-2; 1=2,3,.... . Clearly y, (T ) =|F,
UF, UF,.

Now in n(T), if C,=Cs and 2k+2;
k=1,2,.... . and {e;} is the set of minimum number
of edges incident with F; and F, or N(F»), then
{e;} belongs to F', in n(T). Suppose Cr=2k'+1,;
k'=2,3,.... be the minimum number of edges
incident with F, or N(F) in T belongs to F'; in

Ultra Scientist Vol.24(3)A, (2012).

n(T) and there exist a vertex ceCy.o in T such
that ceF'y in n(T). Clearly (F',F'UF",)
=Vrn (T) Hence 7Rn(T)27R (T)

Finally we obtain the Nordhaus-
Gaddum type result.

Theorem [21]: Let G be a connected
(p,q) graph such that both G and G are

connected, then (i) 7a (G )+ 7en (G) <2 LgJ

(ii) 72 (G) 7 (G) < 2EJZ,
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