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Abstract

For any graph G, the lict graph n(G) =Jofagraph G is
the graph whose vertex set is the union of the set of edges and set of cut
vertices of G in which two vertices are adjacent if and only if

corresponding members are adjacent or incident. Adominatingset D’
is called connected dominating set of n(G) ,if D" is alsoconnected,
the minimum cardinality of D’ is called connected domination number

of n(G) and is denoted by ¥, (G) In this paper, many bounds on

Ve (G) were obtained in terms of vertices, edges and other different

parameters of G but not in terms of elements of J .Further we develop
its relation with other different domination parameters.
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1. Introduction

Inthis paper, all the graphs considered
here are simple, finite, non-trivial, undirected
and connected. As usual p andq denote, the
number of vertices and edges of a graph G .
In this paper, for any undefined terms or
notations can be found in Harary*.

The study of domination in graphs was
begun by Ore® and Berge?. The domination in
graphs discussed by S.Mitchell and S.T.
Hedetineim®.

As usual, the maximum degree of a
vertex in G is denoted by A(G). A vertex v

is called a cut vertex if removing it from G
increases the number of components of G.

For any real number x, [ X | denotes the smallest

integer not less than x and | X | denotes the
The
complement G of a graph G has V as its

greatest integer not greater than x.

vertex set, but two vertices are adjacent in a
if they are not adjacent in G. Agraph G is
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called trivial if it has no edges. If G has at
least one edge then G is called a non-trivial
graph. A non-trivial connected graph G with
atleast one cut vertex is called a separable
graph, otherwise a non-separable graph.

A vertex cover in a graph G is a set
of vertices that covers all the edges of G.
The vertex covering number o, (G) is a
minimum cardinality of a vertex cover in G .
An edge cover of a graph G without isolated
vertices is a set of edges of G that covers all
the vertices of G . The edge covering number
a, ( G ) of agraph G is the minimum cardinality
of an edge cover of G . Aset of vertices/edges
in a graph G is called an independent set if
no two vertices/edges in the set are adjacent.
The vertex independence number S, (G) is
the maximum cardinality of an independent set
of vertices. The edge independence number
B, (G ) ofagraph G isthe maximum cardinality
of an independent set of edges.

The greatest distance between any
two vertices of a connected graph G is called the

diameter of G and is denoted by diam(G).

We begin by recalling some standard
definition from domination theory.

Aset p ofagraph G=(V,E) isa
dominating set if every vertex in \V —D is
adjacent to some vertex in D . The domination

number ¥ (G) of G is the minimum cardinality
of a minimal dominating setin G .

Adominating set D is a total dominating
set if the induced subgraph ( D) has no isolated
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vertices. The total domination number ¥, (G)

of a graph G is the minimum cardinality of a
total dominating set in G . This concept was

introduced by Cochayne, Dawes and Hedetniemi.
in,
Aset F of edgesinagraph G is called

an edge dominating set of G if every edge in
E — F where E is the set of edges in G is
adjacent to atleast one edge in F . The edge
domination number 7 (G)of a graph G is
the minimum cardinality of an edge dominating
set of G . The edge dominating set F is called
connected edge dominating set of G, if
induced subgraph (F) is also connected. The
connected edge dominating set of G is denoted
by 7. (G) and is the minimum cardinality of
connected dominating set. Edge domination
number was studied by S.L. Mitchell and
Hedetniemi in°.

A dominating set D is called connected
dominating set of G if the induced sub graph

<D> is connected. The connected domination

number 7, (G) ofagraph G is the minimum
cardinality of a connected dominating set found
in’,

Aset D' V' is said to be dominating
set of N(G), if every vertex in V'~ D' is
adjacent to some vertex in D’ .The domination
number of N(G) is denoted by ¥,(G) and
is the minimum cardinality of dominating set

in n(G).

Analogously, we define connected
domination number in lict graph as follows.

A dominating set D" of lict graph
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J=n(G) is connected dominating set, if
induced subgraph (D) is also connected . The

connected domination number of n(G) is

denoted by 7,.(G) and is the minimum
cardinality of a connected minimal dominating

setin n(G).

In this paper, many bounds on

Y e (G) were obtained and expressed in terms
of vertices, edges of G but not the elements
of n(G). Also we establish connected domi-

nation number of a lict graph n (G ) and express
the results with other different domination
parameters of G .

2. Results

We need the following Theorems to
establish our further results.

Theorem Al : For any connected

(n.0) araph 6, 7(6)=| 5 |

Theorem B® : If G is a graph with

no isolated vertex, then y (G) < g

Initially we begin with connected
domination number of Lict graph of some
standard graphs, which are straight forward
in following theorem.

Theorem 1:

(i) For any cycle C with p >3 vertices,

7nc(Cp): p_2
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(i) For any path P, with p > 2 vertices,
;/nc(Pp): p-1;for p=2.
=p-2;for p=3.
= p-3;for p>4.
(iiif) For any star K, , with p>2 vertices,

Vne (Kl,p ) =1
(iv) For any wheel W, with p >4 vertices,

Vne (Wp)=§

I
[ZJ Jif p isodd.
In the following Theorem, we obtain the

upper bound for ¥, (G) in terms of vertices
of the G.

Jif P iseven.

Theorem 2. For any connected( P, q)

graphG , /ne (G)< {gw +2,

Proof: Let F :{el,ez,e3, ....... ,en}
be an edge dominating set of G and
C={C,C),Cy, cruvrrne ,C,} be the set of

cutverticesin G . Let D' = {V,,V,,V,,.....V, }
be the minimal dominating set of n(G). In
n(G), FeV[n(G)] which is also a dominating

set of n(G), such that F—p’ and
ID|=7[n(G)]. If for some v, S such
that v, ¢ D" in n(G), then D'=F UC.
Otherwise D’ = [ . Further let H ={u,,u,,

Ugyooree ,u;} for some U, €V [n(G)] such

that H e N(D’) and H =V [n(G)]-D"
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Now we consider H' = H suchthat (D'UH’)
is the minimal connected dominating set of
n(G). Also by TheoremA, clearly it follows

that |D’ UH | < [2—‘ +2 and thus we have

Ve (G) < {g—‘+ 2.

Theorem 3: For any (p,q) tree T,
Vue(T)< P—m, where m is the number of

end verticesin T . Equality holdsif T =K, |
with p > 2 vertices.

Proof: Suppose diam(T)>3, then
we consider V, ={V,,V,,Vy,........ V, | be the
set of all end vertices of T, suchthat [V,|=m.
Further suppose F :{el,ez,eg, ........ ,ej} be
the set of all non-end edges which forms a

connected edge dominating set of T. Now
without loss of generality, the corresponding

edges of £ forms a vertex set D' = {ul,uz,
Ug,eeennU;}in N(T), which is minimal
connected dominating set of n(T ). Since for
anytreeT,q=p-1.In n(T),V[n(T)]=q+C,
whereC is the number of cutvertices in T .
Now clearly |D|< p—|V,|. Hence 7, (T)<
p—m. Further equality holds if T =K

Lp»

n':Kl,p]: Kp+1 :1 and }/nc(Kl,p)z p_m'

Theorem 4 : For any connected
diam(G)+1—|

(p.q) graph G,ync(G)Z[ -
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Proof: Let D’ be a connected y — set
of n ( G) . Consider an arbitrary path of length,

which is a diam(G). This diameteral path
induces atmost two edges from the induced

subgraph (N{[v]) for eachy e D'. Furthermore
since D’ is a connected ¥ -set, the diametral

path includes atmost ¥, (G )—1 edges joining
the neighbourhood of the vertices of p’.

Hence diam(G)<2y, (G)+7,(G)-1.
diam(G) <3y, (G)-1.
Hence the result follows.

The following theorem gives the relation
between 7,.(G)and 7(G?).

Theorem 5: For any connected ( p,q)
graph G, 7,.(G)= y(GZ).

Proof: Let D' ={V,,V,,V;,...ccc..... v, }
be a minimal dominating set of n(G), and
suppose D, ={u,, Uy, Us,........, U, } bethe set
of vertices in n(G), where D, c v[n(G)]-D’
and D, e N(D’). Now we consider D, < D,
such that (D" U D, ) is a connected minimal
dominating set of n(G). Now without loss of
generalityin G2, let D ={a,,a,,a,,......, 8, }

is the set of minimal vertices with a maximum
degree which are at distance atleast two apart

in G2, covers all the vertices of G2, then D
is a dominating set of G?. Since the distance
between the vertices of D in G?is atmost two.
Clearly D < (D'UD,), thus it follows that

ID|<|D"UD,| and hence Vnc(G)z;/(Gz).
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Theorem 6: For any connected (p,q)
graph G, 7, (G) < 2diam(G)-2.

Proof: Let V ={V,,V,,Vy,....... v, }
be the set of vertices in G, then there exists
two vertices u,v €V (G), such that dist (u, V)
forms a diametral path in G . Now without loss

of generality inG. LetF ={e,,&,,&,,....... e}
be the minimal edge dominating set of a G
and C ={c,,C,,C,,......C, | betheset of cutver-

tices in G . Further suppose D’ :{ul,u2'u3,

...... ,uj} be the minimal dominating set of
n(G), such that D' FuUC. Now let

H :{al,az,as, ...... ,aj}betheset of vertices
suchthat H e N{u; | of p'and H =V[n(G)]-D.
Further we consider H'< H such that

<D’u H ’> is the minimally connected domi-

nating set of n(G). Sincetheset p’ includes
the diametral path. Hence it is known that

|ID"UH’|< 2diam(G)—2. Thus it follows
that 7,. (G) < 2diam(G)-2.

The following Theorem relates 7,. (G) and
other domination parameters of G .

Theorem 7 : For any non-trivial connected
(p.g) graph G,

Vo (G)+7.(G) < p+a,(G). Equality
holds, if G=P,.

Proof: Suppose that D is a minimal
dominating set of G, then p U H, where H
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eV (G)and H cV - D isatotal dominating
set of G. Further, let F={g&,, €.

.......... ,ej} be a minimum independent set

of edges in G, which is also an edge domi-
nating set of G . Then the corresponding set

F=D'cV[n(G)] forms a vertex dominating
set of N(G). Let B={v,,V,,V;,....,;} be
the minimum number of vertices which covers
all the edges of G, such that |B|=o, . Let
D, ={U,,U,,Us,....,U;} be the vertex set in
n(G), such that D, <V [n(G)]-D’ and
D, e N(D’). Now we consider D, < D,
suchthat (DU D, ) is the minimal connected
dominating set, which gives |D’ U D,| u|D U
H|< p+|B|. Thus it follows that 7, (G)+
7,(G)< p+a,(G). Equality holds if G = P,,
in this case G has a unique vertex covering
veG and ueN(v) and also n(P,)=K;
and 7. ( P, ) is a trivial, which gives the result.

Theorem 8: For any connected (p,q)

graph G, 7nC(G)SyI(G)+[§W_

Proof: Let D={V,,V,,Vy,......,V, }
be a dominating setof G and V'=V (G)-D,
where V'€ N (D), suppose H V' be the
minimum set of vertices which are adjacent
to D, then (DU H) is the total dominating set
of G. Further we consider F ={e,.e,,&;,........., e

be the minimum set of edges which are
incident to the vertices of p forms an edge
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dominating set of G. Now without loss of
generality, let D = {Uy, Uy, Uy, cooovcrenee. ,u,} be
the dominating set of n(G). Since u, =e,
U, =€,, Uy =€ ,uuerrrennnen. ,u, =¢,, such that
u;eV[n(G)]and e eE(G), where 1<i<n,
If V,=V[n(G)] - p’and D, = { Py P2 Pss
...... .p;}, where D, ¢V, and D, e N (D).

Now we consider D, = D, then (D'UD,)
forms a connected minimal dominating set of

n(G). Clearly |D'UD,|<|DU H|+{gw

and hence it follows thaty,,(G) <7,(G)

3l

The following Theorem gives the relation
between the connected domination number of
n(T) with connected domination number of
a tree T.

Theorem 9: For any tree T v, (T)<7(T).

Proof: Suppose a (p,q) graph G is
a tree. Let E={e,,e,,e;,....,6,} be the set
of all non end edges of T and K = {ul,uz,...
un} be the set of all the cut vertices of T,

such that |K|=7,(T). In n(T), the set
EeV[n(T)]. Since for any non trivial (p.q)

tree T, p=g+1 and hence |E|=7nc(T)

gives 7. (T) > 7, (T).
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Theorem 10: For any non-trivial
connected graph G,7,.(G)<p-7'(G) and

G#P,(p>10),C,(p>6).

Proof: Suppose V (G) = p, now let

A=le,e, 6, ......e | be the edge set which
covers all the vertices of G, such that

|A|=a,.LetB=E(G)- A be the maximum
independent set of edges in G, such that

B|=4,. Suppose F :{el,ez,e3, ......... ,ej}

be the minimum independent edge dominating
set. Then F itself is a edge dominating set of
G. Further corresponding edges of F forms a

vertex set D' = {V,,V,, Vg, AR
€ n[V (G)] which is a dominating set in
n(G). If H :V[n(G)]—D' and let
D, ={U;, Uy, Us,....u }; YU, €n[V (G)] be
the set of vertices of n(G), such that
D,eN(D’) and H = D, in n(G). Then
(D"UH) is a minimal connected dominating
set of n(G). Now |D'"UH|U|F|<|AUIB|.
Which gives the result as, 7,.(G)+7'(G)
<o, +f.
7, (G)+7'(G)<p.

For G # Pp with p >10, we assume
that graph G = P, with p >10. Let this path will
be denoted as P:v;,e,V,,8,, e V1,815V
InN(G),Eze, e, e ., , gives the

induced subgraph , which is a path with p -1
vertices. Let D' be a minimal connected
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dominating set of n(G), such that |D’|= p-3,
P

where as p—7'(G)=p- [ﬂ Now one

can easily verify that |D'| >§. Which gives
Y (G)>p—7'(G). Hence G # P, with
p >10.

Further if graph G =C,, with p>6.
Let C, be the cycle with p>6 denoted as
C iV, €V, ) s V,.€,,V;. In n(G),
E,:e.e,6 ... €, gives the cycle C with
same number of vertices. Let D' be the minimal

connected dominating set of n (G) , such that

ID|=p-2, whereas p—7'(G)= p—{g—l.
: : 1. 2p
Now one can easily verify that |D | >?,

which gives 7,.(G)>p-7'(G). Hence
G=C, withp>6.

Theorem 11: For any connected graph
G, 7nc(G) S p_A(G)

Proof: We consider following cases,

Case 1: SupposeG is a tree. Then
E(G)={e,.&,,8,.cc0eeuu. e,} be the set of

1 n
all non end edges. Let |D'|=|E(G)| be the

vertex set of n (G) , Which corresponds to the
set g and is minimal connected dominating
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set of n(G). Let there exists a vertexv, e
A(G) and also by Theorem B, 7(G) Sg,
which gives the result of connected dominating
set of n(G), such that |D'|< p—A(G)
which gives 7,.(G)< p—A(G).

Case 2: Suppose G is not a tree,
again we consider the subcases of case 2.

Subcase 2.1: Assume G is a cycle
C,(p=3), By Theorem 1,7nc(Cp):

p-2= p-A(G).

Subcase 2.2: Assume G is neither
acyclenoratree. Let E ={e,,€,€,,......,6}
be the connected edge dominating set in G,
such that atleast one of € €(G');1<i<n,
where G’ is a block or a cyclein G. In

n(G),theset E={e,e,,&,,........ €} gives
the connected dominating set of n(G). Hence
|E| =7, (G). Suppose there exits v e A(G)
and atleast two edges which are incident to v

are the element of E, whichgivesp — A(G).
One can easily verify that p—A(G)>7y,.(G).

The following result gives the relation
between connected domination number of lict

graph of G with domination number of lict
graph of G .

Theorem 12: For any non-trivial
connected (p,q) graph G, 7,.(G)=7,(G).
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that D' cFUC, where F ={e ,e,,&,,........ &)
is the edge dominating set of G and C =
{€1,C,,Chpnnnne ,C,} is the set of cutvertices
in G. Now let D, ={u;,U,,Us,.....,u,} be
the set of vertices of n(G) , such that
D,cV[n(G)]-D’ and D,eN(D’) in
n(G) . Further if we consider D, < D,, then
(D'uD,) is the minimal connected dominating
set of n(G). Also D'c(D'uUD,). Hence
it follows that |D'| <|D"UD,|. Soy,(G) <

S}/nc(G).

Theorem 13: For any non-trivial connected
(P.a) graphG, 7,.(G)<p-7(G); if
G#P(p>9)and C,(p>6).

Proof: Let D ={V,,V,,V;,........ v, | be
the minimal dominating setof G and C = {cl ,

CyyCapevverreens ,C,} be the set of cutvertices

of G and let S ={e, e, 6,,.......,6,} bethe
set of all non-end edges which are incident to
the vertices of D. We consider the set S, =

{e,.6,.6,...€} ;1< j<n and S, cS
with the property that V€ is incident to atleast

oneV, ;1<v,<n,vyVv,eD inGand S,
is an edge dominating set of G . Now suppose

there exists an edge set S, E(G), where
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S, =1{e,€,,&,.....6} and Ve, which are
adjacent to any element €, €S, in G. Then

S, US, gives the connected edge dominating

setin G.In, n(G), thesesets S, and S,
preserves the one to one correspondence with

D'u D, , where D’'and D, are the correspon-
ding vertices of S, U'S,, which gives the result,

7/nc(G)S p_}/(G)

Suppose G = P, with p > 9, then for
the graph G =P, with p>9. Let this path
will be denotedas P :V,,€,V,,€,,.......... Vo1
€, V,. InN(G), Ex{e,e,e5 e,
gives the subgraph, which is a path with p —1
vertices. Let D' be a minimal connected
dominating set of n(G), suchthat |D'|= p-3,

P

whereas p—y(G)=p [5—‘ Now one can

: : N 2P A
easily verify that |D|>?. Which gives
72 (G)>p—7(G). Hence G # P, with p>9.

Further if graph G =C with p > 6,
let C,be the cycle with p>6, C: v,,€&,
> In n(G):
E, ={€,6,& . .e,} gives cycleC,
with same vertex set of G. Let D’ be the

e,.V,.

minimal connected dominating set of n(G),
such that |D’| = p—2, where as p-7(G)

= p—{g—‘, Now one can easily verify that
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2
D] >?p,which gives 7,.(G)> p-7(G).

Hence G#C, with p>6.

The following Theorem gives the

relation betweeny, (G) andy, (G).

Theorem 14: For any non-trivial connected
(p.9) graph G .7, (G)=7.(G).

Proof: Let F ={€,€,,&;,...ccccoueuue. e}

be the set of all non-end edges which forms a
connected edge dominating set of G , such that

|F|=7.(G) . Now without loss of generality
the corresponding edges forms a vertex set

D'=F in n(G), which is also a minimal
connected dominating set of n(G) , such that
|D'|=7,.(G). Hence it is clear that |D'|=|F|.

Thus it follows that 7, (G) =7, (G).

Theorem 15: For any non-trivial connected
(P.) graph G .7, (G) < 7. (G) +7,(G).

Proof: By using the reference of
above Theorem 12 and Theorem 16, we get
the result.

Theorem 16: For any non —trivial

connected ( p,q) graph G, 7,.(G) = 7'(G).

Proof: Let F ={e e, ... ..} be
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the minimal edge dominating set of G, such

that |F|=7'(G). Let D" ={V;,V,, Vg, uorrrrrncs Vo

be the vertex set of n (G) , Which corresponds

toset F and is minimal dominating set of n(G).

Further let D; = {U;, Uy, Us, ..ocvvernens U, } be
the set of vertices in n(G), such that
D,cV[n(G)]-D"and D, e N(D’). We
consider the set D, with the property
D, < D,, then (D'UD,) is the minimal
connected dominating set of n(G).Hence it
is clear that |D'UD,|>|E|. Thus we get

the result 7,.(G)=7'(G).

Theorem 17: For any connected (p,q)
0raphG , 7, (G) <7,(G) +A(G).

Proof: Let D beany minimal dominating
set of G .Suppose H <V be the minimum
set of vertices which are adjacent to D, then
DU H is the total dominating set of G .

Further let D' ={V,,V,,V;,..coovvuncns v} be
the dominating set of n(G) and D, = {u,,

Uy, Ugyeerees .U, } be the set of vertices of
n(G), suchthat D, € N (D’)and we consider
D, c D,, suchthat (D' D, ) is the minimal

connected dominating set of n(G). Now
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suppose B ={u,,U,,U,,.......... U, } be the set

of non end vertices in G, then there exists at
least one vertex with the maximum degree

A(G)in BeG.Clearly |D'UD,|<|DUH]|
+A(G). Thus it follows that 7,,(G)<7,(G)
+A(G).

Finally we obtain the Nordhous -
Gaddum type result,

Theorem 18: Let G be a connected

(p,q) graphsuch that both G and G are
connected, then

i) 7o (G)+7nc (5) >p-3.

700 (G) 72 (a)z[ﬂ
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