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Abstract

In this paper, we introduce the notions of a-sets and a-
closed sets using a-open sets and a-closed sets. We also investigate
several characterizations and properties of a-continuous functions,
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1. Introduction

In7, Maki introduced the concept of
-sets in topological spaces. Georgiou et al.6

defined and investigated -sets and ()-closed
sets via -open sets and -closed sets. Also
Caldas et al.2 introduced -sets and ()-
closed sets via -open sets and -closed sets.
In this paper, we introduce the notions of a-
sets and a-closed sets via a-open sets and
a-closed sets. The notions of a-continuity,
a-compact spaces and a-connected spaces
are also introduced and several characterizations
of them are obtained. Finally it is proved that

a-compactness and a-connectedness are
preserved a-irresolute surjections.

2. Preliminaries :

Throughout the paper (X,) and (Y,)
and (Z,) (or simply X, Y and Z) represent
topological spaces on which no separation
axioms are assumed. For a subset A of (X,),
cl(A), int(A) and Ac denote the closure of A,
interior of A and the complement of A
respectively.

A subset A of a topological space (X,)
is called an a-open set4 if Aint (cl (int(A))).
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The complement of an a-open set  is called an
a-closed set. The a-closure of subset A of (X,)
is the intersection of all a-closed sets containing
A and is denoted by acl(A) and  the a-interior
of A is  the union of all a-open sets contained
in A and is denoted by aint(A). The family of
all a-open sets of X  form a topology and is
denoted by a. The family of all a-open (resp.
a -closed )sets of X is denoted by aO(X,)
(resp. aC(X,)). A subset A of a topological
space (X,) is called an -open set if A  int
(cl (int (A))). The complement of an  -open
set is called an -closed set. The family of all
-open sets of X is denoted by (X,).

Definition 2.1 A subset A of a
topological space (X,) is called -closed10 if
A=cl (A) where cl (A) = {xX :int
(cl(U))A, U and x U}. The com-
plement of  -closed set is called -open set.
The family of all -open sets of X is denoted
by (X,).

Definition 2.2 A subset A of a
topological space (X,) is called regular open9

if A= int (cl (A)). The complement of regular
open set is called regular closed set. The family
of all regular open sets of X is denoted by
RO(X,).

Definition 2.3 A subset A of a topolo-
gical space(X,) is called -semiopen4 if Acl
(int(A)). The complement of -semiopen set
is called -semiclosed set. The family of all
-semiopen sets of X is denoted by  SO(X,).

Definition 2.4 A subset A of a topolo-
gical space(X,) is called a
(i) -set2 if A= (A) where (A)
={O (X, ): A  O}.

(ii) -set6 if A=(A)  where (A)=
{O  (X, ): A  O}.

(iii) r-set8 if A =  
rA where r(A)=

{O  RO(X, ): A  O}.

(iv)  s
 -set3 if A= s

 (A) where  s
 (A)=

{O  SO(X, ): A  O}.

Definition 2.5 A subset A of a topolo-
gical space(X,) is called a
(i) (,)-closed2 if A=T  C where T is a -
set and C is an -closed set.
(ii) (,)-closed6 if A=T  C where T is a 

set and C is a -closed set.
(iii) r -closed8 if A=TC where T is a r-set
and C is a closed set.
(iv) (,s)-closed3 if A=TC where T is a
 s

 -set and C is a -semiclosed set.

Definition 2.6 A function f: (X,)
(Y,) is called
(i) completely continuous1 if f -1(V) is regular
open in X for every open set V in Y.
(ii) a-continuous4 if f-1(V) is a-open in X for
every open set V in Y.
(iii) super continuous4 if f -1(V) is -open in X
for every open set V in Y.

Lemma4,5 2.7  Let A, B be subsets of
a topological space(X,). Then the following
hold:
(i) A  acl(A).
(ii) acl(A) is an a-closed set.
(iii) A is a-closed if and only if A=acl(A).
(iv) X-acl(A)= aint(X-A).

Lemma 2.8 Let A, B be subsets of a
topological space(X,). Then the following
hold:
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(i) If A   B, then ac(A) acl(B).
(ii)acl(acl(A))=A.

Proof:
(i) ABacl(B).Since acl(A) is the smallest
a-closed set containing A, ac(A) acl(B).
(ii) Since acl(A) is an a-closed set, the proof
follows.

3. a-sets and Va-sets :

In this section we introduce the notions
of a-sets and Va-sets in topological spaces.

Definition 3.1 Let A be a subset of a
topological space (X,). Define the subsets
a(A) and Va(A) as follows:
a(A)  = { G : G  aO(X,) : A  O} and
Va(A) =  { H : H  aC(X,) : HA}.

Lemma 3.2 Let A, B  and { Bi :i  I}
be subsets of a topological space(X,). Then
the following hold:
(i)  Aa (A).
(ii) If A  B, then a(A)  a(B).
(iii) a(a(A)) = a(A).
(iv) If A  aO(X,), then A = (A).
(v) a({Bi: iI}) = {a(Bi) : i  I}.
(vi) a(({Bi: iI})  {a(Bi) : i  I}.
(vii) a(Ac) =(VaA))c and  Va(Ac)=(a(A))c.

Proof:
(i) Let x a(A). Then there exists G aO(X,)
such that A  G and x  G. Hence x  A and
so A a (A)
(ii) Suppose x  a  (B). Then there exists G
 aO(X,) such that BG and x  G. Since A
 B, we have A G and x  G and hence x

a (A) which implies (ii)
(iii) From (i) and (ii) a(A)a (a(A)). If x
  a(a(A)), then there exists G  aO(X,)
such that a(A)G and xG. By (i) Aa

(A)G. Hence xa(A) and so a(a(A))
a (A). which implies (iii).
(iv) Follows from the definition of a (A).
(v) Let B = {Bi : iI}.By (ii) a(Bi)  a(B)
for each i I and hence  {a(Bi):  iI}a

(B) = a ({Bi : iI}).

Conversely, suppose x {a(Bi) : i
I}. Then x a(Bi) for each i  I. Hence
there exists GiaO(X,) such that  BiGi and

x Gi for each i  I. We have  i
Ii

i
Ii

GB 




for each i  I and  iIi
G


 is an a-open set such

that x  iIi
G


 . Thus x a( iIi

B{

 : iI}) which

shows that a( iIi
B{


 : iI}){a(Bi).: i I}.

(vi) Suppose x {a(Bi): iI} then there

exists i0I, such that x a( 
0i

B ). Hence

there exists G  aO(X,) such that  
0i

B G

and x  G. Hence we have {Bi : i I}
 

0i
B G and x  G which implies x  ({Bi :

iI}) and so a({Bi : iI}){a(Bi): i I}.
(vii) (a(A))c=X-{G  aO(X,) : A G}=
{Gc  aC(X,) : GcAc} = Va(Ac). Similarly
we can prove that (Va(A))c =a(Ac)

Remark 3.3 In general a(AB)
a(A)a(B) as the following example
shows.



Example 3.4 Let X = {a,b,c} and
={,{a}, {a,b},X}. Then aO(X,)={,X}. If
A={a} and B={b}, then a(AB)= whereas
a(A)a (B)=X.

Lemma  3.5 Let A, B  and {Bi :i I}
be subsets of a topological space (X,). Then
the following hold:
(i) Va (A) A .
(ii) If  A  B, then VaA)  Va(B).
(iii) Va (Va (A)) = Va (A) .
(iv) If A  aC(X,), then A = Va(A).
(v) Va {Bi : iI}) ={Va (Bi) : i I}.
(vi) Va(Bi : iI}) {Va(Bi) : i I}.

Proof: Follows from lemma 3.2

Definition 3.6 A subset A of a
topological space (X,) is said to be a a-set
(resp. Va-set) if a(A) =A.(resp. Va(A)=A))

Lemma 3.7 Let A, B and {Bi: iI} be
subsets of a topological space(X,). Then the
following hold:
(i) and X are a-sets and Va-sets.
(ii) If A  aO(X,), then A is a a-set.
(iii) If Ai is a a-set for each iI, then  

iIi
A


  is

a a-set.
(iv) If Ai is a a-set for each iI, then  

iIi
A




is a a-set.
(v) If A  aC(X, ), then A is a Va-set.
(vi) If Ai is a Va-set for iI, then is a  iIi

A

  is

a Va-set.
(vii) If Ai is a Va -set for i I, then  iIi

A

  is a VVa-

set.

Proof: Follows from lemma 3.2 and
lemma 3.5

Remark 3.8 Let  (resp.V)
denotes the family of all a-sets (resp.Va-sets)
in a topological space (X,), then (resp.V)
is a topology on X consisting of all a-open (resp.
a-closed) sets. Clearly (X,) and (X,V)
are Alexandroff spaces (ie) arbitrary intersections
of open sets are open.

4. a- closed sets and a- open sets

In this section we introduce and investigate
a-closed szets in topological spaces which
are stronger than (,)-closed sets and (,s)-
closed sets.

Definition 4.1 A subset A of a topological
space (X,) is said to be a-closed if A=TC
where T is a a-set and C is an a-closed set.
The family of all a-closed sets of X is denoted
by aC(X,).

Proposition 4.2 Every a-set (resp.
a-closed set) is a-closed.

Remark 4.3 Converse of the above
proposition need not be true as the following
example shows.

Example 4.4 Let X = {a,b,c,d} and
={, {a}, {b,c}, {a,b,c}, X}.Then {b,c} is
a-closed but not a-closed .Also { a, d} is a-
closed but not a a-set.

Theorem 4.5 The following statements
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are equivalent for a subset A of a  topological
space (X,).
(i)A is a-closed.
(ii) A=T acl(A) where T is a a-set.
(iii) A=a(A) acl(A).

Proof:
(i)(ii)Suppose A is a-closed. Then A=TC
where T is a a-set and C is an a-closed set.
Since AC, by lemma 2.8, acl(A) acl(C) =C
and hence A = TC Tacl(A) A.Thus
A=T acl(A).
(ii) (iii Suppose  A=Tacl(A) where T is a
a-set. Since A T, by lemma 3.2, a(A)a

(T)= T and so A a (A) acl(A) = Tacl(A)
= A. Thus A = a(A) acl(A).
(iii)(i) Since a(A) is a a-set and acl(A) is
a-closed, the proof follows.

Theorem 4.6 For a subset A of a
topological  space (X,), the following hold.
(i)  a(A)  (A).
(ii) a(A) a (A).

(iii) a(A)   
rA .

(iv)  s
 (A)  a (A) .

Proof:
(i)Suppose x  (A). Then there exists G 
O(X,)  such that A G and xG. Since
every -open set is a-open4, there exists G  
aO(X,) such that AG and x  G. Hence x
a (A) which implies
(ii) Follows from the fact that every a-open
set is -open4.
(iii) Follows from the fact that every regular
open set is a-open4.
(iv) Follows from the fact that every a-open

set is -semiopen4.

Theorem 4.7:
(i) Every -set is a a-set.
(ii) Every a -set is a a -set.
(iii) Every r-set is a a-set.

(iv) Every  a-set is a  s
 -set.

Proof:
(i) Let A be a subset A of a topological space
(X,). Suppose A is a -set. Then A=(A).
By lemma 3.2, Aa (A).By theorem 4.6,
a(A)(A)=A and so A=a(A). Thus A is
a a-set.
(ii) Suppose A is a a-set. Then A=a(A). By
lemma2 2.1, Aa(A). By theorem 4.6, a(A)
a(A)=A and so A= a(A). Thus A is a a-
set.

(iii) Suppose A is a r-set. Then A =  
rA . By

lemma 3.2, A a(A). By theorem 4.6, a(A)

 
rA =A and so A=a(A). Thus A is a a-set.

(iv) Suppose A is a a-set. Then A=a (A). By

lemma3 2.1,A s
 (A). By theorem 4.6,  s



(A)a(A)=A and so  s
 (A)= A. Thus A is

a  s
 -set.

Theorem 4.8
(i)Every (,)-closed is a-closed.
(ii) Every a- closed is (,)-closed.
(iii) Every a- closed is (,s)-closed.

Proof:
(i) Let A be a subset A of a topological space
(X,). Suppose A is a (,)-closed set. Then
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A=TC where T is a -set and C is a -closed
set. By theorem 4.7, T is a a-set. Since every
-closed set is a-closed, C is a-closed. Hence
A is a-closed.

Similarly we can prove (ii) and (iii).

Remark 4.9 The reverse implications
of the above theorem need not be true as shown
by the following examples.

Example 4.10 Let X = {a,b,c,d} and
={, {a}, {b}, {a,b}, X}. Then {c} is a-closed
but not (,)-closed .

Example 4.11 Let X = {a,b,c,d} and
={, {a}, {c}, {a,b}, {a,c},{ a,b,c},{ a,c,d}, X}.
Then {a,c} is (,)-closed but not a-closed.

Example 4.12 Let X={a,b,c,d,e} and
={, {a}, {d,e}, {a,d,e}, X}.Then {d} is
(,s)-closed but not a-closed.

Remark 4.13 The following example
shows that the concepts of a-closed sets and
r-closed sets are independent of each other.

Example 4.14 Let X= {a, b, c, d} and
={, {a}, {b, c}, {a, b, c}, X}. Then {a, b, c}
is a-closed but not r-closed.

Example 4.15 Let X = {a,b,c} and
={,{a},X}. Then {b, c} is r-closed but not
a-closed

Remark 4.16 The following table
shows the relationships of  a-closed sets with
other known sets. The symbol"1" in a cell
means that a set implies the other set and the

symbol "0" in a cell means that a set does not
imply the other set.

set I II III IV V
I 1 1 0 0 1
II 0 1 0 0 0
III 1 1 1 0 1
IV 0 1 0 1 1
V 0 0 0 0 1

I - a-closed,  II - (,)-closed,
III- (,)-closed, IV-r - closed
V- (, s)-closed

Theorem 4.17 If Ai is a-closed for
each i I, then {Ai : i I}is a-closed.

Proof: Since Ai is a-closed for each i
I, Ai = TiCi where Ti is a a-set and Ci is
a-closed set for each iI. We have  {Ai :
iI} = { TiCi : iI } = {Ti: iI}{Ci: i
I}. By theorem 3.7, {Ti : iI} is a a-set
and {Ci: iI} is an a-closed set and hence
{Ai:: iI}is a-closed.

Definition 4.18 A subset A of a
topological space (X,) is said to be a-open
if the complement of A is a-closed. The
family of all a-open sets of a topological space
is denoted by
aO(X, ).

Theorem 4.19 The following statements
are equivalent for a subset A of a topological
space (X, ).
(i) A is a-open.
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(ii) A= TC where T is a  Va-set and C is an
a-open set.
(iii) A= Taint(A) where T is a Va-set.
(iv) A= Va(A) aint(A).

Proof:
(i) (ii) Suppose A is a-open. Then X-A
=TC where T is a a-set and C is an a-closed
set. Hence A = (X -T)  (X - C) where X -T
is a Va-set and X-C is an  a-open set. which
implies (ii).

(ii) (iii) Suppose A= TC where T is a Va-
set and C is an a-open set. Since C  A and C
is a-open, C = aintC  aint (A) and hence A =
T C Taint(A) A. Thus A = T aint(A)
which implies(iii)

(iii) (iv) Suppose A= Taint(A) where T
is a Va-set. Since T A, by lemma 3.5, Va(T)
Va(A) and so T Va(A). Hence A=Taint(A)
Va(A)aint(A) A. Thus A= Va(A) aint(A).
which implies(iv).

(iv)(i)Suppose A= Va(A)aint(A). Then
X-A = (X- Va(A)) (X-aint(A)) = a(X-A)
acl(X-A). By lemma 3.2, a(X-A) is a a-
set and acl(X-A)is a-closed.Hence X-A is a-
closed and hence A is a-open which implies (i).

Proposition 4.20
(i)Every a-open set is a-open.
(ii)Every Va -set is a-open.

Proof:
(i) Let A be an a-open subset of a topological
space(X,). Then X-A is a-closed in X. By
proposition 4.2, X-A is a-closed and hence A

is a-open
(ii) Let A be a Va-set in X. Then A =A. By
theorem 4.19, A is a-open.

Theorem 4.21 If Ai is a-open for each
iI, then { Ai : iI} is a-open

Proof: Since Ai is a-open for each
iI, X-Ai is a-closed. for iI By theorem
4.17, { X-Ai : iI} is a-closed which implies
X-{Ai : iI} is  a-closed and so { Ai: iI}
is a-open.

Remark 4.22 It follows from theorem
4.8 and proposition 4.20 that the class of a-
open sets lies between the topology a and the
class of (,)-open sets.

5. -continuous functions :

Definition 5.1 Let (X,) be a topolo-
gical space and AX.A point xX is called a
a-cluster point of A if  for every  a-open set
U of X containing x we have AU. The
set of all a-cluster points of A is called the
a-closure of A and is denoted by a-cl(A).

Lemma 5.2 Let A and B be subsets
of a topological space (X,). Then the following
properties hold:
(i)A a-cl(A).
(ii) a-cl(A)= {F : F is a-closed}
(iii)If A B, then a-cl(A)a -cl(B)
(iv)A is a-closed if and only if A=a-cl(A).
(v) a-cl(A) is a-closed.

Definition 5.3 A function f: (X,)
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(Y,) is called a-continuous if f -1(V) is a a-
open subset of X for every open subset of Y.

Theorem 5.4 For a function f:
(X,)(Y,), the following are equivalent:

(i) f is a-continuous
(ii) f -1(V) is a a-closed subset of X for every
closed subset of Y.
(iii) For each xX and for every open set V
of Y containing f(x), there exists a a-open
set U of X containing x such that f(U) V.
(iii) f (a-cl (A)) cl (f(A)) for each subset A
of X.
(iv) a-cl(f -1(B)) f -1(cl(B)) for each subset
B of Y.

Proof:
(i)(ii)Let V be any closed subset of Y. Then
Y-V is open in Y. Since f is a-continuous, f -1

(Y-V) =X-f -1(V) is a-open in X. Consequently
f -1 (V) is a a-closed which implies (ii).

Converse is similar.

(ii) (iii) Let xX and V be any open set of
Y such that f(x)  V. Then x
f -1 (V) and  f -1 (V) is a-open in X  Let  U=f -1

(V). Then x U and f(U) V. Thus U is the
required a-open set such that x U and f(U)
V which implies(iii).

Conversely V be an open set of Y and
x  f -1(V). Then f(x)  V. By (iii) there exists
a a-open set Ux in X such that xUx and
f (Ux) V. Therefore xUx  f -1(V). and hence
f -1 (V) = {Ux : xf -1(V) }. By theorem 4.21,
f -1 (V)is a-open in X .which implies (ii).

(ii)  (iv) Let A be any subset of X. Since
cl(f(A)) is closed in Y. By (ii)f -1(cl(f(A)) is
a- closed  in X. Now A  f -1(f(A))
f -1(cl(f(A)). By lemma 5.2, a-cl(A)
f -1 (cl (f (A)) which implies  f(a-cl(A) )
f(f -1(cl(f(A))) cl(f(A) ) which implies (iv).
Conversely let V be a closed subset of Y. Then.
f -1(V) X. By (iv) f(a-cl(f -1(V))
cl(f (f -1(V) )cl(V)=V. which implies
a-cl(f -1(V))  f -1(V). By lemma 5.2,
f -1(V)a -cl(f -1(V)) and so f -1(V)=
a-cl(f -1(V)). Hence by lemma 5.2, f -1(V) is
a-closed in X which implies(ii).

(iv)  (v) Let B be a  subset of Y.By (iv)
f(a-cl(f -1 (B))) cl(f(f -1(B))) cl(B). Hence
a-cl(f -1(B))  f -1(cl(B)) which implies (v).

Conversely let A be a subset of Y. Take
B=f(A). By(v) a-cl (A) a-cl(ff -1(B))
f -1(cl(B))  f -1(cl(f(A)).Hence f(a-cl(A))
cl(f(A)) which implies (iv)

Definition 5.5 A function f: (X,) 
(Y,) is called
(i)a-irresolute if f -1(V) is a a-open subset
of X for every a-open subset of Y.
(ii) quasi -a-irresolute  if f -1(V) is a a-open
subset of X for every a-open subset of Y.

Theorem 5.6 A function f: (X,)(Y,)
is
(i) a-irresolute if and only if f -1(V) is a a-
closed subset of X for every a-closed subset
of Y.
(ii) quasi a-irresolute  if f -1(V) is a a-closed
subset of X for every a-closed  subset of Y.
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Proof:
(i) Suppose f is a-irresolute. Let V be any
a-closed subset of Y. Then Y-V is a-open in
Y. Since f is a-irresolute,
f -1(Y-V) = X-f -1(V) is  a-open in X and so
f -1(V) is a a-closed in X. Converse is similar.
(ii) Suppose f is quasi-a-irresolute. Let V be
any a-closed subset of Y. Then Y-V is a-open
in Y. Since f is quasi-a-irresolute, f -1(Y-V) =
X-f -1(V) is a-open in X. and so f -1(V) is a-
closed in X. Converse is similar.

Theorem 5.7 For a function f: (X,)
(Y,), the following properties hold:
(i) If f is a-irresolute, then f is quasi a-
irresolute.
(ii) If f is a-continuous, then f is a-continuous.
(iii) If f is a-irresolute, then f is quasi-a-
irresolute.

Proof:
(i) Let V be any a-closed subset of Y. By
proposition 4.2, V is a-closed subset of Y. Since
f is -irresolute, f -1(V) is a-closed in X. Thus
f is quasi a-irresolute.
(ii) Let V be any closed subset of Y. Since f is
a-continuous,  f -1(V)  is a-closed  in X By
proposition 4.2, f -1(V) is a-closed in X. Thus
f is a-continuous.
(iii) Let V be an a-closed subset of Y. Since f
is a-irresolute, f -1(V) is a-closed in X By propo-
sition 4.2, f -1(V) is a-closed in. Thus f is
quasi-a-irresolute.

Remark 5.8 The reverse implications
of the above theorem need not be true as
shown by the following example.

Example 5.9 Let X = {a,b,c,d} =Y,
={,{a},{b},{a,b},X}. and ={,{a}, {b,c},
{a,b,c},Y}. We have aC(X,) = {,{c}, {d},
{c,d}, {a,c,d}, b,c,d}, X} and
aC(X,)=P(X). Also aC(Y,)={, {d}, {a,d,},
{b,c,d}, Y} and a C(Y,) ={,{a}, {d}, {b,c},
(a,d),{a,b,c},{b,c,d},Y}. Define a function f:
(X,)(Y,) by f(a)=c, f(b)=d, f(c)=a and
f(d)=b. Then f is a-continuous but not
a-continuous since f -1({a,d})={b,c} is not
a-closed in X where {a,d}  is closed in Y. Also
f is quasi-a-irresolute but not a-irresolute
since f -1({d})={b} is not a-closed in X where
{d} is a- closed in Y.

Remark 5.10 Composition of two a-
continuous functions need not be a-continuous
as shown by the following example.

Example 5.11 Let X= {a,b,c,d}= Y,=
{, {a}, {b,c}, {a,b,c},X}, ={, {a},{b}, {a,b},
Y}. and ={,{a},{a,b},Z}. Now a C(X,)=
{,{a},{d},{b,c},(a,d),{a,b,c},{b,c,d},X}and
a C(Y,) =P(Y}. Define a function f : (X,)
(Y,) by f(a)=a, f(b)=c, f(c)=d and f(d)=b and
a function g: (Y,)(Z,) by g(a)=d, g(b)=a,
g(c)=b and g(d)=c. Then f and g are a-continuous
functions but gof: (X,)(Z,) not a-continuous
since
(gof ) -1({c,d})={a,c} is not a-closed in X
where {c,d}  is closed in Z.

Theorem 5.12 Let f: (X,)(Y,)
and g: (Y,)(Z,) be two functions. Then
the following hold:
(i) If f is a-continuous and g is continuous,
then gf: (X,) (Z,) is a-continuous.
(ii) If f is quasi-a-irresolute and g is a-continuous,
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then gof: (X,) (Z,) is a-continuous
(iii) If f is quasi-a-irresolute  and g is super -
continuous, then gof: (X,)(Z,) is a-
continuous.
(iv) If f is quasi-a-irresolute and g is completely
continuous, then gof: (X,)(Z,) is a-
continuous.
(v) If f is a-irresolute and g is a-continuous,
then gof: (X,) (Z,) is a-continuous.

Proof:
(i) Let V be any closed subset of Z. Since g is
continuous, g-1(V) is closed subset of Y. Since
f is a-continuous, f -1(g-1(V)) = (gof) -1(V) is a
a-closed in X. Thus gof is a-continuous.
(ii) Let V be any closed subset of Z. Since g is
a-continuous, g-1(V) is a-closed subset of Y.
Since f is quasi-a-irresolute, f -1(g-1(V))=(gof)-1

(V)  is a a-closed in X. Thus gof is a-
continuous.
(iii)Since every super continuous function is
a-continuous4. the proof follows.
(iv) Since every completely continuous function
is super-continuous4, the proof follows.
(v) Let V be a closed subset of Z. Since g is
a-continuous, g-1(V) is a-closed subset of
Y. Since f is a-irresolute,
f -1(g-1(V)) = (gof ) -1(V)  is a a-closed in X.
Thus gof is a-.continuous.

Theorem 5.13 Let f: (X,)(Y,) and
g: (Y,)(Z,) be two functions. Then the
following hold :
(I)If f is a- irresolute and g is a- irresolute,
then gof: (X,)(Z,) is a- irresolute
(ii) If f is quasi-a-irresolute and g is a-
irresolute, then gof: (X,)(Z,) is quasi-a-

irresolute.
(iii) If f is a-irresolute and g is quasi-a-
irresolute, then gof: (X,) (Z,) is quasi-a-
irresolute.

Proof:
(i) Let V be a a-closed subset of Z. Since g
is a-irresolute, g-1(V) is a-closed subset of
Y. Since f is a-irresolute, f -1(g-1(V))=(gof)-1

(V) is a a-closed in X. Thus gof is a-.irresolute.
(ii) Let V be a a-closed subset of Z. Since g is
a-irresolute, g-1(V) is a-closed subset of Y.
Since f is quasi-a-irresolute,
f -1(g-1(V))=(gof )-1(V)  is a a-closed in X. Thus
gof is quasi-a-.irresolute.
(iii) Let V be an a -closed subset of Z. Since g
is quasi-a-irresolute, g-1(V) is a-closed
subset of Y. Since f is a-irresolute, f -1(g-1(V))
= (gof) -1 (V) is a a-closed in X. Thus gf is quasi-
a-.irresolute

6. Applications :

In this section, we relate the concept
of -continuous functions to the classes of a-
compact spaces and a-connected spaces.

Definition 6.1 A topological space
(X,) is said to be
(i) a-compact if every cover of X by a-open
sets of X has a finite sub-cover.
(ii) a-compact5 if every a-open cover of X has
a finite sub-cover.

Theorem 6.2 For a topological space
(X,), the following properties hold:
(i)  If (X, a ) is compact, then X is a-compact.

(ii) If (X,) is a-compact, then (X,  aV ) is
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compact.

Proof:
(i) Let { IF  : } be any a-open cover of

X. By lemma 3.2, F is a a-set for each I.
Since (X, a ) is compact, there exists a finite

I0 of I such that X= { 
0: IF  } and hence

X is a-compact.

(ii) Let { IF  : } be any cover of X by

Va-sets of X. By proposition 4.20, F is a a-
open for each I. Since (X,) is a-compact,
there exists a finite I0 of I such that X= 

{ 
0: IF  } which shows that  (X,  aV ) is

compact..

Theorem 6.3 If f: (X,)(Y,) is a
a-irresolute surjection and X is a-compact,
then Y is a-compact.

Proof: Let { IF  : } be a cover of

Y by a-open sets of Y. Since f is a-irresolute,

{f -1( IF  :) } is a cover of X by a-open

sets of X. Since X is a-compact, there exists
a finite I0 of I such that X={f -1( 0:} IF  }.

Since f is surjective, Y= f(X) = { 
0: IF  }

and hence Y is a-compact.

Theorem 6.4 Every a-continuous
image of a a-compact space is compact.

Proof: Let f : (X,)(Y,) be a  a-
continuous surjection from a a-compact space

X onto a topological space Y. Let { IF  : }

be any open cover of Y. Since f is a-continuous,

{f -1( IF  :) } is a  cover of X by a-open
sets of X Since X is a -compact space there
exists a finite  I0  of   I  such  that  X =

{f -1( 0:} IF  }.Since f is surjective, Y=

f(X)={ 
0: IF  } and hence Y is compact.

Definition 6.5 A topological space
(X,) is said to be a-connected (resp.a-
connected5) if X cannot be written as a disjoint
union of two non-empty a-open (resp. a-open)
sets of X.'

Theorem 6.6 For a topological space
(X,), the following are equivalent.
(i) X is a-connected.
(ii) The only subsets of X which are both a-
open and a-closed are  and X.

Theorem 6.7 Every a-connected
space is a-connected.
Proof: Let X be a a-connected space. Suppose
X is not a-connected. Then  X= AB where
A and B are disjoint non-empty a-open sets in
X. Since every a-open set is a-open, A and
B are disjoint non-empty a-open sets in X, a
contradiction to the fact that X is a-connected.
Hence X is a-connected.

Remark 6.8 The following example
shows that the converse of the above theorem
need not be true.

       Example 6.9  Let X={a,b,c,d} and = {,
{a},{b,c},{a,b,c},X}.ThenaC(X,)={,{a},{d},
{b,c},{a,b,c},{b,c,d}, X}. Then X is a-connected
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but not a-connected, since X={a,d}{b,c}
where {a,d} and {b,c} are disjoint non-empty
a-open sets in X.

Theorem 6.10 If a topological space
(X,) is a-connected., then (X, a ) is connected.

Proof: Suppose (X, a ) is connected.
Then X =AB where A and B are disjoint
non-empty a-sets in X. By proposition 4.2, A
and B are a-closed sets which shows that X
is not a-connected. Hence (X,) is connected.

Theorem 6.11 If f: (X,)(Y,) is a
a-continuous surjection and X is a-connected.,
then Y is connected.

Proof:  Suppose Y is not connected.
Then Y= AB where A and B are disjoint non-
empty open sets in Y. Then we have X=f -1

(A) f -1(B) and f -1(A)f -1(B)= . Since f is
a-continuous, f -1(A) and f -1(B) are disjoint
non-empty a-open sets in X which shows that
that X is not a-connected. Hence Y is connected.

Theorem 6.12 If f: (X,)(Y,) is a
a-irresolute  surjection and X is a-connected,
then Y is a- connected.

Proof: Suppose Y is not a-connected.
Then  Y= AB where A and B are disjoint
non-empty a-open sets in Y. Then we have
X= f -1 (A)  f-1 (B)and  f-1(A) f-1(B)= .
Since  f is a-irresolute, f -1(A) and  f -1(B)  are
disjoint non-empty a-open sets in X which
shows that  that X is not a-connected. Hence
Y is  a- connected.
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