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Abstract

In this paper, we introduce the notions of Ajs-sets and A,-
closed sets using a-open sets and a-closed sets. We also investigate
several characterizations and properties of Aj;-continuous functions,

A a-compact spaces and A ,-connected spaces.
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1. Introduction

In’, Maki introduced the concept of
A-sets in topological spaces. Georgiou et al.®
defined and investigated A s-sets and (A, 6)-closed
sets via o-open sets and -closed sets. Also
Caldas et al.? introduced A,-sets and (A,a)-
closed sets via « -open sets and o-closed sets.
In this paper, we introduce the notions of A,-
sets and Aa-closed sets via a-open sets and
a-closed sets. The notions of Aj-continuity,
Ag-compact spaces and Az-connected spaces

are also introduced and several characterizations
of them are obtained. Finally it is proved that

Ag-compactness and Aa-connectedness are
preserved Aa-irresolute surjections.

2. Preliminaries :

Throughout the paper (X,t) and (Y,c)
and (Z,n) (or simply X, Y and Z) represent
topological spaces on which no separation
axioms are assumed. For a subset A of (X,1),
cl(A), int(A) and A° denote the closure of A,
interior of A and the complement of A
respectively.

Asubset Aof a topological space (X,t)
is called an a-open set* if Acint (cl (ints(A))).
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The complement of an a-open set is called an
a-closed set. The a-closure of subset A of (X,1)
is the intersection of all a-closed sets containing
A and is denoted by acl(A) and the a-interior
of Alis the union of all a-open sets contained
in A and is denoted by aint(A). The family of
all a-open sets of X form a topology and is
denoted by t,. The family of all a-open (resp.
a -closed )sets of X is denoted by aO(X,1)
(resp. aC(X,1)). A subset A of a topological
space (X,t) is called an o -open set if Ac int
(cl (int (A))). The complement of an o -open
set is called an o -closed set. The family of all
o -open sets of X is denoted by « (X, 7).

Definition 2.1 A subset A of a
topological space (X,7) is called 5-closed™ if
A=cls (A) where cls (A) = {xeX :int
(cl(U))nA=¢, Uet and x €U}. The com-
plement of & -closed set is called 5-open set.
The family of all -open sets of X is denoted
by 5(X,1).

Definition 2.2 A subset A of a
topological space (X, ) is called regular open®
if A= int (cl (A)). The complement of regular
open set is called regular closed set. The family
of all regular open sets of X is denoted by
RO(X1).

Definition 2.3 A subset A of a topolo-
gical space(X,t) is called 5-semiopen® if Accl
(ints(A)). The complement of 3-semiopen set

is called d-semiclosed set. The family of all
d-semiopen sets of X is denoted by & SO(X, ).

Definition 2.4 A subset A of a topolo-
gical space(X,) is called a
(i) Agset? if A=A, (A) where Ay (A)
="{Oea (X, 1): Ac O}.
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(i) As-set® if A=As(A) where As(A)=n
{0ed (X, 1):Ac O}

(iii) Ar-set® if A= A*where A((A)=n
{0 € RO(X, 1): Ac O}.

(iv) A’ -set® if A=A (A) where A% (A)=
N{O € & SO(X, 1): Ac O}.

Definition 2.5 A subset A of a topolo-
gical space(X,t) is called a
(i) (A,o)-closed? if A=T " C where Tis a A
set and C is an a-closed set.
(ii) (A,5)-closed® if A=T N C where Tisa As
set and C is a &-closed set.
(iii) A, -closed® if A=TAC where T is a A-set
and C is a closed set.
(iv) (A,s8)-closed® if A=TNC where T is a

A% -set and C is a &-semiclosed set.

Definition 2.6 A function f: (X,1)—>
(Y,0) is called
(i) completely continuous? if f1(V) is regular
open in X for every open set Vin Y.
(i) a-continuous® if f1(V) is a-open in X for
every open set Vin Y.
(iii) super continuous® if f1(V) is 5-open in X
for every open set V in Y.

Lemma*® 2.7 Let A, B be subsets of
a topological space(X,t). Then the following
hold:
(i) A c acl(A).
(ii) acl(A) is an a-closed set.
(iii) Ais a-closed if and only if A=acl(A).
(iv) X-acl(A)= aint(X-A).

Lemma 2.8 Let A, B be subsets of a
topological space(X,t). Then the following
hold:
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(i) If A < B, then ac(A) cacl(B).
(iacl(acl(A))=A.

Proof:

(i) AcBcacl(B).Since acl(A) is the smallest
a-closed set containing A, ac(A) cacl(B).
(i) Since acl(A) is an a-closed set, the proof
follows.

3. Ag-sets and V,-sets :

In this section we introduce the notions
of Ag-sets and Vg-sets in topological spaces.

Definition 3.1 Let A be a subset of a
topological space (X,t). Define the subsets
Aa(A) and V,4(A) as follows:

Aa(A) =n{G:G e aO(X,1) :Ac O} and
Va(A) =u {H:H e aC(X,1) : HCA}.

Lemma 3.2 Let A, B and { B;:i € I}
be subsets of a topological space(X,t). Then
the following hold:

(i) AcAa (A).

(ii) If A B, then Aa(A) < A4(B).

(iii) Aa(Aa(A)) = Aa(A).

(iv) If A € aO(X,), then A = (A).

(V) AaU({Bi: iel}) = U{A«(BY) : i e I}.

(Vi) Aa(n({Bi: iel}) = {Aa(B) ;i e I}.
(Vi) Aa(A%) =(VaA))Sand Va(AY)=(Aa(A))".

Proof:

(i) Letx & Aa(A). Then there exists Ge aO(X,t)
such that Ac G and x ¢ G. Hence x ¢ A and
SOAC Ay (A)

(if) Suppose X ¢ Aa (B). Then there exists G
€ a0(X,t) such that BcG and x ¢ G. Since A
c B, wehave Ac G and x ¢ G and hence x
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& Aa (A) which implies (ii)

(iii) From (i) and (ii) Aa(A)cAa (Aa(A)). If x
€ Aa(Aa(A)), then there exists G € aO(X,1)
such that Ay(A)cG and xeG. By (i) AcAa
(A)cG. Hence xeAa(A) and so Aa(Aa(A))e
Aa (A). which implies (iii).

(iv) Follows from the definition of A, (A).

(v) Let B ={B;:iel}.By (ii) Aa(Bi) < Aa(B)
for each i € 1 and hence W{Aa(B;): icl}eA,
(B) = Aa (U{Bi: iel}).

Conversely, suppose x ¢ U{Aa(Bi) : i
el}. Then x ¢ Aa(B;) for each i e I. Hence
there exists GjeaO(X,t) such that BicG;and

x¢ G foreachi e I. We have \_B; <G,

iel iel
for each i e 1 and _uIGi is an a-open set such
that x ¢ Y G;. Thus xe Aa(\{B, :il}) which
ie iel
shows that Aa( U{B, : icl})c{Aa(Bj).:ic I}.
iel

(vi) Suppose x ¢n{Aa(Bi): iel} then there

exists ipel, such that x ¢Aa( Bio). Hence

there exists G € aO(X,t) such that B, cG

and x ¢ G. Hence we have n{B; : i €l}c

B, G and x ¢ G which implies x ¢ (~{B;:
iel}) and so Aa(N{Bi: iel})={Aa(Bi):i €l}.
(vii) (Aa(A))=X-~{G € aO(X,1) : Ac G}=uU
{G° € aC(X,1) : G°cA"} = V4(A"). Similarly
we can prove that (Va(A))® =Aa(A°)

Remark 3.3 In general Ay(AnB)

#Aa(A)NAa(B) as the following example
shows.
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Example 3.4 Let X = {a,b,c} and
w={¢,{a}, {a,b},X}. ThenaO(X,7)={¢,X}. If
A={a} and B={b}, then A;(A~B)=¢ whereas
Aa(A)NA, (B)=X.

Lemma 3.5 Let A, B and {B;:i €l}
be subsets of a topological space (X,t). Then
the following hold:

() Va(A) cA.

(ii) If Ac B, then V:A)  Va(B).

(iii) Va (Va (A)) =Va (A) .

(iv) If A € aC(X,1), then A = Va(A).
(V) Va {Bi: iel}) =~{Va (B)) : i l}.
(Vi) Va(U{Bi: icl})ou {Va(B) : i I}.

Proof: Follows from lemma 3.2

Definition 3.6 A subset A of a
topological space (X,t) is said to be a A,-set
(resp. Va-set) if Aa(A) =A.(resp. Va(A)=A))

Lemma 3.7 Let A, B and {B;: icl} be
subsets of a topological space(X,t). Then the
following hold:

(i) ¢ and X are Ag-sets and V,-sets.

(i) If A € aO(X,1), then Ais a Aa-Set.

(iii) If Ay is a Ag-set for each iel, then A is
iel

a Ag-set.

(iv) If Aj is a Ag-set for each i<l, then A

iel

is a Ag-set.

(v) If A e aC(X, 1), then Ais a V,-Set.

(vi) If A is a Vg-set for iel, thenisa U A is
iel

a V,-set.

(vii) IfAjisaV,-setforil, then A isaVs-

iel
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set.

Proof: Follows from lemma 3.2 and
lemma 3.5

Remark 3.8 Let 1%« (resp.tVe)
denotes the family of all A,-sets (resp.Va-sets)
in a topological space (X,t), then T« (resp.tV«)
is a topology on X consisting of all a-open (resp.
a-closed) sets. Clearly (X,t"«) and (X,t")
are Alexandroff spaces (ie) arbitrary intersections
of open sets are open.

4. A,- closed sets and Ag- open sets

Inthis section we introduce and investigate
Ag-closed szets in topological spaces which

are stronger than (A, @)-closed sets and (A,S9)-
closed sets.

Definition 4.1 Asubset Aof a topological
space (X,t) is said to be As-closed if A=TnC
where T is a As-set and C is an a-closed set.
The family of all A,-closed sets of X is denoted
by AaC(X,1).

Proposition 4.2 Every Ag-set (resp.
a-closed set) is Aa-closed.

Remark 4.3 Converse of the above
proposition need not be true as the following
example shows.

Example 4.4 Let X = {a,b,c,d} and

={¢, {a}, {b,c}, {a,b,c}, X}.Then {b,c} is
Ag-closed but not a-closed .Also { a, d} is As-

closed but not a Az-set.

Theorem 4.5 The following statements
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are equivalent for a subset A of a topological
space (X,1).

(A is Aa-closed.

(ii) A=T macl(A) where T is a As-Set.

(iii) A=Aa(A) acl(A).

Proof:

(i)=(i1)Suppose Ais Aa-closed. Then A=TC
where T is a Ag-set and C is an a-closed set.
Since AcC, by lemma 2.8, acl(A) cacl(C) =C
and hence A = TnCo Trmacl(A) oA.Thus
A=Tn acl(A).

(if) = (iii Suppose A=Tacl(A) where T isa
Ag-set. Since Ac T, by lemma 3.2, Aa(A)cAa
(T)=TandsoAc Az (A)nacl(A) = Tmacl(A)
= A. Thus A= Ay(A) acl(A).

(ii)=(i) Since Aa(A) is a As-set and acl(A) is
a-closed, the proof follows.

Theorem 4.6 For a subset A of a
topological space (X,t), the following hold.
() Aa(A) = As (A).

(i) Aa(A) < Aa (A).

(i) Aa(A) c AL
(iv) A% (A) € Aa(A)

Proof:

(i)Suppose x & As (A). Then there exists G €
6 O(X,t) such that Ac G and xgG. Since
every &-open set is a-open®, there exists G e
aO(X,t) such that AcG and x ¢ G. Hence xg
Aa (A) which implies

(ii) Follows from the fact that every a-open
set is a-open®.

(iii) Follows from the fact that every regular
open set is a-open®,

(iv) Follows from the fact that every a-open
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set is & -semiopen®.

Theorem 4.7:

(i) Every As-set is a Ag-set.
(ii) Every A4 -set is a A, -Set.
(iii) Every A-set is a Aa-Set.

(iv) Every Aa-setisa A’ -set.

Proof:

(i) Let A be a subset A of a topological space
(X,7). Suppose Ais a As-set. Then A=As(A).
By lemma 3.2, AcA, (A).By theorem 4.6,
Aa(A)cAs(A)=Aand so A=A,(A). Thus Ais
a Ag-set.

(i) Suppose Ais a A;-set. Then A=A4(A). By
lemma? 2.1, AcAq(A). By theorem 4.6, Ay(A)
cAa(A)=Aand so A= Aa(A). Thus Aisa As-
set.

(iii) Suppose Ais a Ar-set. ThenA= A*. By
lemma 3.2, AcAa(A). By theorem 4.6, Aa(A)
< A" =Aand s0 A=A4(A). Thus Ais a Aa-set.
(iv) Suppose A is a Ag-set. Then A=A, (A). By

lemma® 2.1,Ac A%, (A). By theorem 4.6, A’
(A) cAa(A)=Aand so A% (A)=A. Thus Ais

a A’ -set.

Theorem 4.8

(i)Every (A,0 )-closed is Aa-closed.
(i) Every A,- closed is (A, a)-closed.
(iii) Every A,- closed is (A,s6)-closed.

Proof:
(i) Let A be a subset A of a topological space
(X,t). Suppose Ais a (A,0 )-closed set. Then
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A=TNCwhere T isa AssetandC is a 5-closed

set. By theorem 4.7, T is a Aa-Set. Since every
o&-closed set is a-closed, C is a-closed. Hence
Ais Ag-closed.

Similarly we can prove (ii) and (iii).

Remark 4.9 The reverse implications
of the above theorem need not be true as shown
by the following examples.

Example 4.10 Let X = {a,b,c,d} and
w={¢, {a}, {b}, {a,b}, X}. Then {c} is A-closed
but not (A,0)-closed .

Example 4.11 Let X = {a,b,c,d} and

w={¢, {a}, {c}, {a,b}, {a,c}{ab,c}{ac,d}, X}.
Then {a,c} is (A, @)-closed but not A-closed.

Example 4.12 Let X={a,b,c,d,e} and

={¢, {a}, {d,e}, {a,d,e}, X}.Then {d} is
(A,s6)-closed but not A,-closed.

Remark 4.13 The following example
shows that the concepts of A,-closed sets and
Ar-closed sets are independent of each other.

Example 4.14 Let X={a, b, ¢, d} and
w={¢, {a}, {b, c}, {a, b, c}, X}. Then{a, b, c}

is Aa-closed but not A,-closed.

Example 4.15 Let X = {a,b,c} and
t={¢,{a},X3}. Then {b, c} is A,-closed but not
Ag-closed

Remark 4.16 The following table
shows the relationships of Aj,-closed sets with
other known sets. The symbol"1" in a cell
means that a set implies the other set and the
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symbol "0" in a cell means that a set does not
imply the other set.

set I ] Il v \%

I 1 1 0 0 1

] 0 1 0 0 0

Il 1 1 1 0 1

v 0 1 0 1 1

\% 0 0 0 0 1
I - Ag-closed, Il - (A,a)-closed,

- (A,6)-closed, 1V- A, - closed
V- (A, so6)-closed

Theorem 4.17 If A; is As-closed for
eachie I, then n{A;: i el}is As-closed.

Proof: Since Aj is Ag-closed for each i
el, Aj = TinC;i where Tj is a Ag-set and Cjis
a-closed set for each icl. We have n {A; :
icl} =n{TinCi:iel } ={Ti:iel}rn{"C;:i
el}. By theorem 3.7, {"T;: iel} is a Aa-set
and {~C;j: iel} is an a-closed set and hence
N{A;: iel}is As-closed.

Definition 4.18 A subset A of a
topological space (X,t) is said to be Ay-open
if the complement of A is Ag-closed. The
family of all A,-open sets of a topological space
is denoted by
AO(X, 1).

Theorem 4.19 The following statements
are equivalent for a subset A of a topological
space (X, 1).

(i) Ais Ag-open.
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(i) A=TuC where T is a Vg-set and C is an
a-open set.

(iii) A= Twaint(A) where T is a V,-set.

(iv) A= Va(A)u aint(A).

Proof:

(i) =(ii) Suppose A is Ag-open. Then X-A
=TNC where T is a Az-set and C is an a-closed
set. Hence A= (X -T) u (X - C) where X -T
is a V-set and X-C is an a-open set. which
implies (ii).

(if) =(iii) Suppose A= TUC where T is a V,-
set and C is an a-open set. Since C c Aand C
is a-open, C = aintC c aint (A) and hence A=
Tu CcTuaint(A) cA. ThusA=Tu aint(A)
which implies(iii)

(i) =(iv) Suppose A= Tuwaint(A) where T
isa Vg-set. Since T A, by lemma 3.5, V(T)c
Va(A) andso T < Vi(A). Hence A=Tuaint(A)

cVy(A) waint(A) A. Thus A= V,(A)u aint(A).
which implies(iv).

(iv)=(i)Suppose A= V,(A) waint(A). Then
X-A = (X- Va(A)) n(X-aint(A)) = Aa(X-A)
Macl(X-A). By lemma 3.2, Ay(X-A) is a As-
set and acl(X-A)is a-closed.Hence X-A is As-
closed and hence A is Agz-open which implies (i).

Proposition 4.20
(i)Every a-open set is Az-open.
(ii)Every V, -set is Ag-open.

Proof:

(i) Let A be an a-open subset of a topological
space(X,t). Then X-A is a-closed in X. By
proposition 4.2, X-Ais As-closed and hence A
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IS Ag-0pen
(i) Let Abe a Vg-set in X. Then A=Au¢. By
theorem 4.19, A is Ag-open.

Theorem 4.21 If Aj is Aa-open for each
iel, then U{ Aj: iel} is Ag-open

Proof: Since Ai is Ag-open for each
iel, X-A; is As-closed. for iel By theorem
4.17, n{ X-A;: iel} is As-closed which implies
X-U{Ai:iel}is Ag-closedand so U{A;:iel}
IS Ag-0pen.

Remark 4.22 It follows from theorem
4.8 and proposition 4.20 that the class of As-

open sets lies between the topology T, and the
class of (A,x)-open sets.

5. -continuous functions :

Definition 5.1 Let (X,t) be a topolo-
gical space and AcX.A point xeX is called a
Ag-Cluster point of Aif for every Aj,-open set
U of X containing X we have AnU=¢. The
set of all Ax-cluster points of A is called the

Ag-closure of A and is denoted by Ag-cl(A).

Lemma 5.2 Let A and B be subsets
of a topological space (X,t). Then the following
properties hold:

(DA cAacl(A).

(i) Aag-cl(A)= n{F : F is A,-closed}
(iii)If A < B, then As-cl(A)c Aa -cl(B)
(iv)Ais Ag-closed if and only if A=Aa-ClI(A).
(V) Aa-cl(A) is As-closed.

Definition 5.3 A function f: (X,7)—>
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(Y,o) is called Ag-continuous if f (V) isa Ag-
open subset of X for every open subset of Y.

Theorem 5.4 For a function f:
(X,1)—>(Y,0), the following are equivalent:

(i) f is Ag-continuous
(i) f (V) is a Ag-closed subset of X for every

closed subset of Y.

(iii) For each xeX and for every open set V
of Y containing f(x), there exists a Az-open
set U of X containing x such that f(U) c V.
(iii) T (Aa-cl (A))c cl (f(A)) for each subset A
of X.

(iv) Aa-cl(f1(B)) < f(cl(B)) for each subset
Bof Y.

Proof:
()= (ii)Let V be any closed subset of Y. Then

Y-V is open in'Y. Since f is Ag-continuous, f -1
(Y-V) =X-fL(V) is Ag-open in X. Consequently
f 1 (V) is a As-closed which implies (ii).

Converse is similar.

(i) <(iii) Let xeX and V be any open set of
Y such that f(x) € V. Then xe

f1(V)and f1(V)is Ag-openin X Let U=f?
(V). Then x €U and f(U) <V. Thus U is the
required A,-open set such that x €U and f(U)
< V which implies(iii).

Conversely V be an open set of Y and
x € f (V). Then f(x) € V. By (iii) there exists
a Ag-open set Uy in X such that xeUy and
f (Uy) V. Therefore xeUy < T 1(V). and hence
f1(V) = U{Uy: xef 1(V) }. By theorem 4.21,
f 1 (V)is Ag-open in X .which implies (ii).
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(i) < (iv) Let A be any subset of X. Since
cl(f(A)) is closed in Y. By (ii)f (cI(f(A)) is
Ag- closed in X. Now A c f 1(f(A))c

f L(cI(f(A)). By lemma 5.2, As-Cl(A)c

1 (cl (f (A)) which implies f(Aa-cl(A) )<
f(f 2(cI(f(A)))< cl(f(A) ) which implies (iv).
Conversely let V be a closed subset of Y. Then.
V)< X. By (iv) f(Aacl(f (V)

cl(f (f (V) )ccl(V)=V. which implies
Ag-cl(f 1(V)) < f (V). By lemma 5.2,

f (V) < Aq -cl(f 1(V)) and so f (V)=
Ag-cI(f 1(V)). Hence by lemma 5.2, f (V) is
Ag-closed in X which implies(ii).

(iv) < (v) Let B be a subset of Y.By (iv)
f(Aq-cl(f 1 (B))) ccl(f(f L(B))) <cl(B). Hence
Aq-cl(f 1(B)) < f *(cl(B)) which implies (v).

Conversely let Abe a subset of Y. Take
B=f(A). By(v) Aacl (A) < Aa-cl(ff 1(B))c
f L(cI(B)) < f L(cI(f(A)).Hence f(As-Cl(A))
ccl(f(A)) which implies (iv)

Definition 5.5 A function f: (X,7) —»
(Y,0) is called
(i) Ag-irresolute if (V) is a Ag-open subset
of X for every Ag-open subset of Y.
(i) quasi -Ag-irresolute if f 1(V) is a Ag-open
subset of X for every a-open subset of Y.

Theorem 5.6 Afunction f: (X,7)—(Y,0)
is
(i) Ag-irresolute if and only if f (V) is a Aq-
closed subset of X for every A;-closed subset
of Y.
(i) quasi Ag-irresolute if f (V) is a As-closed
subset of X for every a-closed subset of Y.
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Proof:

(i) Suppose f is Ag-irresolute. Let V be any
Ag-closed subset of Y. Then Y-V is Ag-open in
Y. Since f is Aa-irresolute,

fL(Y-V) = X-f (V) is Ag-open in X and so
f1(V) is a As-closed in X. Converse is similar.
(i) Suppose f is quasi-Ag-irresolute. Let V be
any a-closed subset of Y. Then Y-V is a-open
in Y. Since f is quasi-a-irresolute, f 1(Y-V) =
X-f (V) is Ag-open in X. and so f (V) is Aa-
closed in X. Converse is similar.

Theorem 5.7 For a function f: (X,t)
—(Y,0), the following properties hold:
(i) If T is Ag-irresolute, then f is quasi Aa-
irresolute.
(i) If fis a-continuous, then f is A;-continuous.
(iii) If T is a-irresolute, then f is quasi-Aa-
irresolute.

Proof:
(i) Let V be any a-closed subset of Y. By

proposition 4.2, V is A,-closed subset of Y. Since
fis -irresolute, f'l(V) is Ag-closed in X. Thus
fis quasi As-irresolute.

(ii) Let V be any closed subset of Y. Since f is
a-continuous, f (V) is a-closed in X By
proposition 4.2, f1(V) is As-closed in X. Thus
fis Ag-continuous.

(iii) Let V be an a-closed subset of Y. Since f
is a-irresolute, f (V) is a-closed in X By propo-
sition 4.2, f (V) is As-closed in. Thus f is
quasi-Ag-irresolute.

Remark 5.8 The reverse implications
of the above theorem need not be true as
shown by the following example.
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Example 5.9 Let X = {a,b,c,d} =Y,
={¢.{a} {b}.{a,b},X}. and 5={¢.{a}, {b.c},
{a,b,c},Y}. We have aC(X,t) = {¢,{c}, {d},
{c,d}, {a,c,d}, b,c,d}, X} and
AaC(X,1)=P(X). Also aC(Y,0)={¢, {d}, {a,d.},
{b,c,d}, Y} and A, C(Y,0) ={¢,{a}, {d}, {b,c},
(a,d),{a,b,c},{b,c,d},Y}. Define a function f:
(X,1)—>(Y,0) by f(a)=c, f(b)=d, f(c)=a and
f(d)=b. Then f is Aa-continuous but not
a-continuous since f *({a,d})={b,c} is not
a-closed in X where {a,d} is closed in Y. Also
f is quasi-Aga-irresolute but not a-irresolute
since f 1({d})={b} is not a-closed in X where
{d} isa- closed in Y.

Remark 5.10 Composition of two Aa-

continuous functions need not be A z-continuous
as shown by the following example.

Example 5.11 Let X={a,b,c,d}=Y,t=
10, {a}, {b.c}, {a,b.c} X}, o={¢, {a}.{b}. {a b},
Y}. and n={¢,{a} {a,b},Z}. Now A, C(X,7)=
{¢,{a},{d}.{b,c},(a,d),{a,b,c},{b,c,d}, X}and
AaC(Y,0) =P(Y}. Define a function f: (X,1)—
(Y,0) by f(a)=a, f(b)=c, f(c)=d and f(d)=b and
a function g: (Y,0)—(Z,n) by g(a)=d, g(b)=a,
g(c)=band g(d)=c. Then fand g are Az-continuous
functions but gof: (X,t)—(Z, 1) not Ax-continuous
since
(9of ) ({c,d})={a,c} is not Ag-closed in X
where {c,d} is closed in Z.

Theorem 5.12 Let f: (X,1)—>(Y,0)
and g: (Y,6)—>(Z,n) be two functions. Then
the following hold:

(i) If f is Ag-continuous and g is continuous,
then gof: (X,1)— (Z,n) is Aa-continuous.
(i) If fis quasi-Aa-irresolute and g is a-continuous,
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then gof: (X,7)— (Z,7) is Aa-continuous

(iii) If f is quasi-Agq-irresolute and g is super -
continuous, then gof: (X,1)—>(Z,n) is Aa-
continuous.

(iv) Iffis quasi-Ags-irresolute and g is completely
continuous, then gof: (X,1)—>(Z,n) is As-
continuous.

(v) If fis Ag-irresolute and g is Az-continuous,
then gof: (X,7)— (Z,7) is Aa-continuous.

Proof:

(i) Let V be any closed subset of Z. Since g is
continuous, g™(V) is closed subset of Y. Since
fis Ag-continuous, (g™ (V)) = (gof) (V) is a
Ag-closed in X. Thus gof is Az-continuous.
(ii) Let V be any closed subset of Z. Since g is
a-continuous, g’X(V) is a-closed subset of Y.
Since f is quasi-Ag-irresolute, f 1(g™(V))=(gof)*
(V) is a As-closed in X. Thus gof is Aa-
continuous.

(iii)Since every super continuous function is
a-continuous®. the proof follows.

(iv) Since every completely continuous function
is super-continuous®, the proof follows.

(v) Let V be a closed subset of Z. Since g is
Ag-continuous, g'l(V) is Ag-closed subset of
Y. Since f is Aa-irresolute,

f (g™ (V)) = (gof ) (V) is a As-closed in X.
Thus gof is Aa-.continuous.

Theorem 5.13 Let f: (X,1)—(Y,0) and
g: (Y,0)—>(Z,n) be two functions. Then the
following hold :

(DIf fis Ag- irresolute and g is A,- irresolute,
then gof: (X,1)—(Z,n) is As- irresolute

(i) If f is quasi-Aa-irresolute and g is a-
irresolute, then gof: (X,t)—(Z,7) is quasi-Aa-
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irresolute.
(iii) If f is Aa-irresolute and g is quasi-Aa-
irresolute, then gof: (X,t)— (Z,7) is quasi-Aa-
irresolute.

Proof:

(i) Let V be a Ay-closed subset of Z. Since g
is Ag-irresolute, g'l(V) is Aa-closed subset of
Y. Since f is Ag-irresolute, f 1(g(V))=(gof)?*
(V) isa Ag-closed in X. Thus gof is Ag-.irresolute.
(ii) Let V be a a-closed subset of Z. Since g is
a-irresolute, gX(V) is a-closed subset of V.
Since f is quasi-Ag-irresolute,

fL(g(V))=(gof ) 1(V) is a Aa-closed in X. Thus
gof is quasi-A,-.irresolute.

(iii) Let V be an a -closed subset of Z. Since g
is quasi-Ag-irresolute, g*(V) is As-closed
subset of Y. Since f is Aq-irresolute, f (g2(V))
= (gof) 1 (V) is a Ag-closed in X. Thus gf is quasi-
Ag-.irresolute

6. Applications :

In this section, we relate the concept
of -continuous functions to the classes of A,-
compact spaces and Aa-connected spaces.

Definition 6.1 A topological space
(X,7) is said to be
(i) Aa-compact if every cover of X by Az-open
sets of X has a finite sub-cover.
(i) a-compact® if every a-open cover of X has
a finite sub-cover.

Theorem 6.2 For a topological space
(X,7), the following properties hold:

(i) If (X, %) is compact, then X is a-compact.
(ii) If (X,1) is Ag-compact, then (X, £V2) is
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compact.

Proof:

(i) Let {F, :cx € | } be any a-open cover of
X. By lemma 3.2, F,is a As-set for each ael.
Since (X, 7 ) is compact, there exists a finite
loof I'suchthat X=U{F, : a € |, }and hence
X is a-compact.

(ii) Let {F, :a €| } be any cover of X by
V,-sets of X. By proposition 4.20, F, is a As-

open for each « € 1. Since (X,1) is Aa-compact,
there exists a finite Ig of | such that X= U

{F, :a e 1,} which shows that (X, 7"2) is
compact..
Theorem 6.3 If f: (X,1)—>(Y,0) is a

Ag-irresolute surjection and X is A;-compact,
then Y is Aa-compact.

Proof: Let { F, : ¢ € | } bea cover of
Y by As-open sets of Y. Since fis Aa-irresolute,
{fY(F,):a e 1} is acover of X by Az-open
sets of X. Since X is Ag-compact, there exists
afinite lo of I such that X=U{f {(F_}: a € I, }-
Since fissurjective, Y=f(X)={F, :a € 1,}
and hence Y is Az-compact.

Theorem 6.4 Every Aa-continuous
image of a A;-compact space is compact.

Proof: Let f: (X,1)—>(Y,0) be a Aa-
continuous surjection from a A,-compact space

Xontoatopological spaceY. Let{F_ :a €|}
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be any open cover of Y. Since fis A,-continuous,
{fY(F,):a e1}isa cover of X by A,-open
sets of X Since X is a -compact space there
exists a finite lIp of | such that X =

U{f }(F,}: a € |, }.Since fis surjective, Y=

f(X)={F, :a € |, }and hence Y is compact.

Definition 6.5 A topological space
(X,7) is said to be As-connected (resp.a-
connected®) if X cannot be written as a disjoint
union of two non-empty A,-open (resp. a-open)
sets of X.'

Theorem 6.6 For a topological space
(X,7), the following are equivalent.

(i) X is Aa-connected.
(i) The only subsets of X which are both A,-
open and Aa-closed are ¢ and X.

Theorem 6.7 Every Ajs-connected
space is a-connected.
Proof: Let X be a Aa-connected space. Suppose
X is not a-connected. Then X= AuB where
A and B are disjoint non-empty a-open sets in
X. Since every a-open set is Az-open, A and
B are disjoint non-empty A,-open sets in X, a
contradiction to the fact that X is Az-connected.
Hence X is a-connected.

Remark 6.8 The following example
shows that the converse of the above theorem
need not be true.

Example 6.9 Let X={a,b,c,d} and == {¢,

{a}.{b,c}{ab,c}, X}.ThenAC(X,1)={d.{a}.{d},
{b,c}.{a,b,c}{b,c,d}, X}. Then Xis a-connected
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but not Az-connected, since X={a,d}u{b,c}
where {a,d} and {b,c} are disjoint non-empty
Ag-0pen sets in X.

Theorem 6.10 If a topological space
(X,1) is Ag-connected., then (X, 7 =) is connected.

Proof: Suppose (X, 7 *4) is connected.
Then X =AUB where A and B are disjoint
non-empty Ag-sets in X. By proposition 4.2, A
and B are Ag-closed sets which shows that X
is not A,-connected. Hence (X,) is connected.

Theorem 6.11 If f: (X,1)—>(Y,0) is a
Ag-continuous surjection and X is Az-connected.,
then Y is connected.

Proof: Suppose Y is not connected.
Then Y=AuUB where Aand B are disjoint non-

empty open sets in Y. Then we have X=f 1
(A)u f1(B) and f 1(A)~f L(B)= ¢. Since f is
Ag-continuous, f 1(A) and f 1(B) are disjoint
non-empty Aa-open sets in X which shows that
that X is not Az-connected. Hence Y is connected.

Theorem 6.12 If f: (X,1)—>(Y,0) is a
Ag-irresolute surjection and X is Az-connected,
then Y is As- connected.

Proof: Suppose Y is not Aa-connected.
Then Y= AuB where A and B are disjoint
non-empty A,-open sets in Y. Then we have
X=f1(A) U f1(B)and FYA)N FL(B)= ¢.
Since fis Aa-irresolute, f1(A) and f(B) are
disjoint non-empty Aa-open sets in X which
shows that that X is not Az-connected. Hence
Y is Aa- connected.

Ultra Scientist Vol.24(3)A, (2012).

References

1.

10.

Arya S.P., Gupta R., On strongly continuous
mappings, Kyungpook Math. J., 14, 131-
143 (1974).

. Caldas M., Georgiou D.N., Jafari S., Study

of (A,a)-closed sets and related notions
in topological spaces, Bulletin of the
Malaysian Mathematical Sciences Society,
(2), 30(1), 23-36 (2007).

. Caldas M., Ganster M., Georgiou D.N.,

Jafari S., Moshokoa S.P., 5-semiopen sets
in topology, Topology Proceedings, Vol.
29, No. 2, 369-383 (2005).

. Erdal Ekici, On a-open sets, A*-sets and

decompositions of continuity and super-
continuity, Annales Univ. Sci. Budapest,
51, 39-51 (2008).

. Erdal Ekici, New forms of contra-continuity,

Carpathian Math.,24, No.1, 37-45 (2008).

. Georgiou D.N., Jafari S., Noiri Properties

of (A,d)-closed sets in topological spaces,
Bollettino Unione Mathematica ltaliana
8), 7-B, 745-756 (2004).

. Hauro Maki, Generalized A-sets and the

associated closure operator, The special
issue in Commemoration of Prof. Kazusada
IKEDA’s Retirement, 1, Oct (1986).

. Jeyanthi M.J., Pious Missier S., Thangavelu

P., On contra A,-continuous functions,
Theoretical Mathematics Applications,
\ol. 1, no. 1, 1-15 (2011).

. Stone M.H., Application of the theory of

Boolean rings in general topology, Trans.
Amer. Math. Soc., 41, 375-381 (1937).
Velicko N.V., H-closed sets in topological
spaces, Amer. Mat. Sci. Transl., 78, 103-
118 (1968).



